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ABSTRACT. Let {Bn(x)} be the Bernoulli polynomials. In the paper we establish some

congruences for Bj(z) (mod p™), where p is an odd prime and « is a rational p-integer.

Such congruences are concerned with the properties of p-regular functions, the congru-

ences for h(—sp) (mod p) (s = 3,5,8,12) and the sum > (%), where h(d) is
k=r (mod m)

the class number of the quadratic field Q(\/&) of discriminant d and p-regular func-

tions are those functions f such that f(k) (k = 0,1,...) are rational p-integers and

> k=0 (Z)(—l)kf(k) =0 (mod p"™) for n = 1,2,3,... We also establish many congru-

ences for Euler numbers.

MSC: Primary 11B68, Secondary 11A07, 11R29.

Keywords: Congruence, Bernoulli polynomial, p-regular function, class number, Euler

number

1. Introduction.
The Bernoulli numbers {B,,} and Bernoulli polynomials {B,,(z)} are defined by

Bo =1, g (Z)Bk —0(n>2) and Bn(z)= Zn: (Z) Brz"™* (n > 0).

k=0

The Euler numbers {F,,} and Euler polynomials {F,,(z)} are defined by

2et > tn T 2e”? > tn
21 ZE”E (It < 5) and 1 ZEn(x)ﬁ (t] < m),
n=0 n=0

which are equivalent to (see [MOS])

n

2n
E() = 1, Egn_l = 0, E_O (27’)E2r =0 (7’1, Z 1)
and

(1.1) En(z) + Zn: (”) E,(z) = 22" (n > 0).



It is well known that([MOS])

=i (B =2 (5))

Let Z and N be the set of integers and the set of positive integers respectively. Let
[x] be the integral part of = and {x} be the fractional part of z. If m,s € N and p is
an odd prime not dividing m, in Section 2 we show that

()

k=sp(mod m)

_ { Bya({52) - By ({221) (mod ) 2| m,
(B, 5 ({512)) — (0B, 5 ({2))) mod p) i24m.

For a discriminant d let h(d) be the class number of the quadratic field Q(v/d) (Q

is the set of rational numbers). If p > 3 is a prime of the form 4m+ 3, it is well known
that (cf. [IR])

(1.3) h(—p) = 2B (mod p).
If p is a prime of the form 4m + 1, according to [Er| we have
(1.4) 2h(—4p) = Ep (mod p).

Let (%) be the Kronecker symbol. For odd primes p, in Section 3 we establish the
following congruences:

h(—8p) = Ep-s G) (mod p);

2

h(—3p) = _4<Z_))Bp+1 (1) (mod p) for p=1 (mod 4);

3)7\3
1
h(—12p) = 8(2)3@1 (E) (mod p) for p=7,11,23 (mod 24);

1
h(—5p) = —8Bpi1 <g> (mod p) for p=11,19 (mod 20).

For m € N let Z,, be the set of rational numbers whose denominator is coprime
to m. For a prime p, in [S5] the author introduced the notion of p-regular functions.
If f(k) € Z, for any nonnegative integers k and Y ,_, () (=1)* f(k) = 0 (mod p")
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for all n € N, then f is called a p-regular function. If f is a p-regular function and
k,m,n,t € N, in Section 4 we show that

(15)  f(ktp™ ') = nil(—l)"_H (k ol r) (]:)f(rtpm‘l) (mod p™™),

= n—1-—r
which was annouced by the author in [S5, (2.4)]. We also show that
(16) ™) = (1 —kp™ ) f(0) + kp™ 1 f(1) (mod p™Fh) for p>2.

Let p be a prime, € Z, and let b be a nonnegative integer. Let (t), be the
least nonnegative residue of t modulo p and 2’ = (z + (—z),)/p. From [S4, Theorem
3.1] we know that f(k) = p(pBrp—1)+6(z) — pk(p_1)+ka(p_1)+b(x’)) is a p—regular
function. If p — 1 { b, in [S5] the author showed that f(k) = (Byp—1)4s(z) —
PPy oy (27))/(k(p — 1) +b) is also a p—regular function. Using such re-
sults in [S4, S5] and (1.5), in Section 5 we obtain general congruences for p By, (ps)1(2),
PBro(ps)+b, (mod p°"), where k,n,s € N, ¢ is Euler’s totient function and x is a
Dirichlet character modulo a positive integer. As a consequence of (1.6), if 2 | b and
p — 11b, we have

Bks@(ps)er -1 b—1y Bb 1 Bp—1+0
— - = (1- k? s 1-— — 4+ ]{7 5 b0 mod s+1 .
Fo(p*) + b (A= kp" ) (A =p" )5~ +kp p_1+b( ")

In Section 6 we establish some congruences for >~ (%) (—1)*pBy(p—1)+5(z) mod-
ulo p" !, where p is an odd prime, n € N, z € Z, and b is a nonnegative integer.

Let p be an odd prime and b € {0,2,4,...}. In Section 7 we show that f(k) =
(1— (—l)prlpk(p_l)er)Ek(p_l)er is a p—regular function. Using this and (1.5) we give
congruences for Ej,pmy4p (mod p™"), where k,m € N. By (1.6) we have

p_1 m— m
Erppmytp = (1= kp™ ™)1 - (=1) "= p")Ep + kp™ Ep_14p (mod p™F1).

We also show that f(k) = Eop4p is a 2—regular function and

n—1
Eompiyp = Z(—l)n_l_r (k —i- T) (k) Eomyqp (mod 2M7H7—),
r

n—1-—r
r=0

where k,m,n,t € N and a € N is given by 2%~ < n < 29,

2. Congruences for Bk({%}) — Br({?2}) (mod p).
We begin with two useful identities concerning Bernoulli and Euler polynomials.
In the case m = 1 the result is well known. See [MOS].
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Theorem 2.1. Let p,m € N and k,r € Z with k > 0. Then

S (2 (D)

5 s (2 (52 - coia((2).

z=r(mod m)

Proof. For any real number ¢ and nonnegative integer n it is well known that (cf.

[MOS])

(2.1) B(t+1) = B,(t)=nt""' (n#0) and FE,(t+ 1)+ E,(t) = 2t".

Hence, for x € Z we have

(S (2 (2 5
_{Bkﬂ(%—i— L) = By (2 =) =0 ifmfz—r,
| Bega (B 4 =l — By () = (k+1)(2)" ifm |z —r.

Thus

(5 (752 ()
S e 2 (24 (52)

—1

k+1 % N

= F E x".
=0

z=r(mod m)
Similarly, if € Z, by (2.1) we have
r—r— ]_ - - ]_ r-—x -
(—1)[71}Ek<x+ +{L}>_(_1)[ = ]Ek<£+{r x})
m m

(OFEIB R+ (5 - ) - B + {52 =0
itmtax—r,

T )T B (R 4 L) (L) B (2) = —(— 1) 2(2)
ifm|z—r.




Thus

:p_l N x+1 r—x—1
S e (2 2))
()

--2 Z (—1) ok

z=r(mod m)
This completes the proof.
Corollary 2.1. Let p be an odd prime and k € {0,1,... ,p—2}. Letr € Z and
m € N with pt m. Then

k

5o ({52 - () et

z=r(mod m)

and

p—1

T
=
8
31
!

8
el

=0
z=r(mod m)

(B[22 - o ()

Proof. If z1,29 € Z, and 1 = x5 (mod p), by [S5, Lemma 3.1] and [S3, Lemma
3.3] we have

Bk+1($1) - Bk—|—1(372) T1 — T2

(2.2) P = -pBr, =0 (mod p)
and
(2.3) Ey(z1) = Ex(z2) (mod p).

Thus the result follows from Theorem 2.1.
Remark 2.1 Putting £ = p — 2 in Corollary 2.1 and then applying Fermat’s little
theorem we see that if p is an odd prime not dividing m, then

(e ({552) -5 () oot

5

(2.4) Y i

=

Tr=
z=r(mod m)



and

L (= (£ F

Here (2.4) and (2.5) are due to my brother Z.W. Sun. See [Su2, Theorem 2.1]. Inspired
by his work, the author established Theorem 2.1 and Corollary 2.1 in 1991.

Corollary 2.2. Let p be an odd prime. Let k € {0,1,... ,p—2} and m,s € N with
p{tm. Then

i (e ({5 -~ ((3)

Z r® (mod p)

(s—Dp
o <r<a

(U5 - coen((2)

=2-1DF" > (=)™ (mod p).

(s=Up
o <r<i

and

Proof. It is clear that (see [S3, Lemma 3.1, Corollaries 3.1 and 3.3])

p—1

Z zk Z (sp —rm)* = Z (sp —rm)*k

(26) ccEspa(:;gd m) Ogs;—egm<p %<r§%
= (-m)" Z ¥ (mod p)
%<TS%

and

p—1

r—Ss
SR DR C T R0k
x=0 TGZ
z=sp(mod m) 0<sp—rm<p

(2.7) = Z (=1)"(sp — rm)*F

(s=Lp sp
Tmoo<rsay

= (—m)" Z (=1)"r* (mod p)

(s—=L)p sp
e <r<o=

Thus applying Corollary 2.1 we obtain the result.
Remark 2.2 In the case s = 1, the first part of Corollary 2.2 is due to Lehmer ([L,
p. 351]). In the case k = p — 2, the first part of Corollary 2.2 can be deduced from
[GS, p. 126].
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Corollary 2.3. Let p be a prime.

(p—3)/4
(i) (Karpinski[K, UW]) If p = 3 (mod 8), then mZ::I (%) = 0.
.o . . [p/6]
(ii) (Karpinski[K, UW]) If p =5 (mod 8), then mz::I (£) =o0.
(r—5)/12
(iii) (Berndt[B, UW]) If p =5 (mod 24), then ;::1 (%) =0.

Proof. By Corollary 2.2 and the known fact By,+1 = 0, for m € N with p{ m we
have

[p/m] [p/m] Ry =t
3 (1) = 850 = 07 (s ms((2))

—QBpTH({%} (mod p) if p=1 (mod 4),
—2Byi1 + 2Byi1 ({£}) (mod p) if p =3 (mod 4).

It is well known that Ba,(2) = Bs,(3) = (1 — 22"71)B,, /2"~ 1. Thus, if p =
3 (mod 8), by (2.8) we see that

p—3
As —p%g <34 (%) < %, we must have 221;—13)/4(%) = 0. This proves (i).
Now we consider (ii). For n € {0,1,2,...} and m € N it is well known that (cf.

[IR], [MOS])

m—1

(2.9) B,(1—z) = (~1)"Bn(z) and ; B, <x n %) — ml~" B, (mz).
Thus . ) . )

Begp (g;) + Bep (5, +3) =27 Bep ;)
and so

(2.10) Bout (%) _ (2>BP+1 (1) (1) By (”‘nl) (mod p).

2 p 2 n
Since p = 5 (mod 8), taking n = 3 in (2.10) we find

(2.11) By (%) — B (1) + By (1

ppr |3 3) =0 (mod p).
7



This together with (2.8) and (2.9) yields
[p/6]

52 (2) =am ({2 ~-2(2) e () =0 o .

As |Zp/6 (i)] < [E] we have Z /6] (p) = 0. This proves (ii).
Finally we consider (iii). Assume p =05 (mod 24). By (2.10) and (2.11) we have

s (1) = () (3) 50 () = s () oo
On the other hand, by (2.9) we have
B (1_12> Tl (152) B 3_%13”%1 G) ~Bep %)
= (5)Be (1) - 0 F e ()
= 0 (mod p).
Thus By (&) = Beti () =0 (mod p). Now applying (2.8) we see that

3 (2) = 2ps({1)) = 282 (5) =0 o)

This yields (iii) and so the corollary is proved.
Corollary 2.4. Suppose p,q,m € N, n € Z, ged(p,m) =1 and ¢ < m. Forr € Z let

A, (m,p) be the least positive solution of the congruence pr = r (mod m). Then
-

m m

Hr: A.(m,p) <gq, r €Z, —ngrgp—l—n}‘:[

Proof. Using Theorem 2.1 we see that

Hr Ap(m,p) <gq, r€Z, —n<r<p—1—n}}
q p—1-n q -

SIS ST DRI v
I_lrzpaj_(r;:d m) v=t 5= pm+n (mod m)

=3 (m( ) - {7))
1 m m m

S (2 ez ey gy
R (R PR () G

m

This proves the corollary.



Theorem 2.2. Let m,s € N and let p be an odd prime not dividing m. Then

Il
(]

E{qu({%})— - 1<{Sp}> (mod p) 2| m,
L(DITHE, o({1522)) — (~)IEIE, o({2})) (mod p) iF2fm.

Proof. Let r € Z. Since (p;l) = (—1)j (mod p) for j € {0,1,...,p— 1} we see
that
—1

LS (- - £ o

k=1 k=1
k=r(mod m) k=r(mod m) k‘ET(m d m)
( p—1
0 S (mod p) it 2] m,
. k r(rrTold m)
B p—l k—r
(—1)rt > (=1)= § (modp) if2fm.
\ kEr(k;n:old m)

Putting this together with (2.4) and (2.5) we see that

{%”(Bpl({fm D - B () (o 2 m,
o

(DB, o ({52)) — (-DEIE,_5({£})) (mod p) if 24 m.

k=sp(mod m)

:{Bp—l({%})— -1 ({5 }) (mod p) it 2 | m,
LB, ({8522 — (—D)EIB, o ({22))) (mod p) if21m.
On the other hand, putting kK =p — 2 in Corollary 2.2 we see that

B ({0 - m (2= X L

—Lp sp
™ <7“<m
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and

(_1)[%%_2({ (s :nl)p}) _ (_1)[%1%_2({%})

2 Z (=1)" (mod p).
Dp

T
(s—

m

S

IS}

<r<

3|

Now combining the above we prove the theorem.

Corollary 2.5. Let m,n € N and let p be an odd prime not dividing m.
(i) If 2 | m, then

—1

B, ({™)) - By = %i(—l)“ () tmod .

s=1 k=1
k=sp(mod m)

bS]

(ii) If 24 m, then

(1B, L ({)) + 2 -2 2MNS e pi (i) (mod p).

k=1
k=sp(mod m)

Proof. It is well known that pB,_1 = p — 1 (mod p). Thus, by (1.2) we have
Ep—2(0) =2(1—2"7")B,_1/(p— 1) = —(2P — 2)/p (mod p). Note that 37 (f(s) —
f(s—1)) = f(n) — f(0). Then the result follows from Theorem 2.2 and the above
immediately.

Combining Theorem 2.2, Corollary 2.5 with the formulae for > (¥) in the

k=r(mod m)
cases m = 3,4,5,6,8,9,10,12 (see [S1,52,53,5S,Sul]) we may deduce many useful
results, which had been given in [GS] and [S3].

3. Some congruences for h(—3p), h(—5p), h(—8p), h(—12p) (mod p).
Let {S,} be defined by

n—1

(3.1) So=1 and S,=1-)Y_ (:) 22n=2k=1g (n >1).
k=0

Then clearly S,, € Z. The first few S,, are shown below:
S1=-1, So=-3, S3 =11, Sy =57, S5 = —361, Sg = —2763.

Theorem 3.1. Let p be an odd prime. Then

1

h(—8p) = Ep <Z> = Sp%l (mod p).

10



Proof. From [UW, p. 58] we know that

p—1

)

Thus applying Corollary 2.1 in the case r =1, m =4 and k = %1 we see that

(3.2) h(—8p) = 2

(]

—

a=
a=1(mod 4)

ik 2\ ra Pl 1
h(—8p) =2 (-) (_ =9 1) 5
(~8p) > ) >
a=1(mod 4) 1(mod 4)

1

i
(B ((157)) - 2 (1) o
(1.

Since Es,(0) = 2n+1 (Bapy1 — 22" By, 1) = 0 by (1.2), we see that
E ({1—p}> E5,(0)=0 ifp=4n+1,
pT_l 4 E2n 1( )_21 2”E2n 1—0 1fp:4n—1

Thus
1

h(—8p) =47 Ep 1 <Z> =FEp (i) (mod p).

Let S!, = 4"E,(%). Now we show that S,, = S}, for n > 0. By (1.1) we have

478+ Z (Z) 4—165’,’C =2-47" andso S + Z (Z) 4n—k51/€ —9
k=0 k=0

That is, S, = 1 — Y1, (7)22"~2*18; . Since S) = Sy = 1 we see that S/, = S,,.
That is,

(3.3) S, = 4"E, G)

Hence Sp L =477 Ep 1 (3) = h(—8p) (mod p). This proves the theorem.
Corollary 3.1. Let p be an odd prime. Then pf Sp-1.

Proof. From (3.2) we have 1 < h(—8p) < p. Thus the result follows from Theorem
3.1.

Remark 3.1 Since S,, = 4"E,, (1), by (1.2) and the binomial inversion formula we
have

(3.4) S, = zn: (Z) (—=1)""2"E, and z::O (:) S, = 2"E,.

r=0

11



Theorem 3.2. Let p be a prime greater than 3.
(i) If p=1 (mod 4), then

. —4Bpi1 (3) (mod p) if p=1 (mod 12),
(=3p) = 4Bpi1(3) (mod p)  if p=5 (mod 12).

if p="7 (mod 24),

2112
2
h(—12p) = —83%1 ({5) (mod p) if p=11 (mod 12),
8BpT1 =)+ 8BPT1 (mod p) if p=19 (mod 24)
and
—SBpTl(g) (mod p) if p=11,19 (mod 20),
h(=5p) =
(=5p) 8Bpia L (3) + 4Bpis 1 (mod p) if p=3,7 (mod 20).

Proof. We first assume p = 1 (mod 4). From [UW, p. 40] or [B] we have

=25 (1)

Thus applying (2.8), (2.9) and the quadratic reciprocity law we see that

1

=25 (2) =0 (2)) = -a(2) e (3) oo

This proves (i).
Now let us consider (ii). Assume p =3 (mod 4). From [UW, pp. 3-5] we have

4 3 (g) if p=7,11,23 (mod 24),
B(—t2p) = T
PP=Y4 xv (2) if p=19 (mod 24).
B<z<it

By Corollary 2.2 and the fact Ba, () = Ba,(1 — x) we find

(= X o7 =2(om({f}) -2 (g)) moan

D 2p D 2p
12 <T< 13 13 <T< 15

and



Thus

—8(Bry (13) — Bega (5)) (mod p) if p=7 (mod 24),
h(—12p) = —8(BpT+1 (%) - Bpp (g)) (mod p) if p=11 (mod 12),
—8(3%1 (3) - Bpa (5)) (mod p) if p=19 (mod 24).

By (2.10) we have

B (13) = (5)Bess (5) - 2 (35) (o )

Thus, if p = 7 (mod 24), then h(—12p) = 8(BPT+1 (%) — Bu(%)) = 8Bp+1 (1—12)
(mod p). Tt is well known that ([GS])

1 317277, -1 1 217211 -1 317271 -1
Bgn<§> = TBQTL and B2n<—> = ( )< )Bgn

Thus

e (1) - N = (2 - ) () - 1) o

If p= 11 (mod 12), then (%) =1 and so B%(%) = 0 (mod p). Hence h(—12p)
—8Bpu1 (5) (mod p). If p = 19 (mod 24), then () = —1 and so Bpsi(3)
—Bpa (mod p). Thus h(—12p) = 8(BpT+1 (L) + Bpp (mod p).

Finally we consider A(—5p) (mod p). From [UW, p. 40] or [B] we have

m-sp)=2 > ().

P 2p
5<a<3

~ 3|

Observe that (_Tp) = (%) by the quadratic reciprocity law. Thus applying Corollary
2.2 and (2.9) we obtain

h(—5p) =2 Z <%)E Z a'T

=2 E0 (o ({2)) -2 ((2))
1 2
A(2) (5 () -5 () ).
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From (2.9) we see that

1 2 k p—1
Bp 1 QBp 1<—> 2Bp 1<—> - Bp 1(-) - 7TBp 1
p + 2B () +2Bupa (£) = Bupn (5) =5 et
k=0
and so 1 5 ]
_ b
Bus (3) + B (5) = 5((5) ~1)Bage (mod
Thus

= (2) 20 () + 30 (2) )
( if p=11,19 (mod 20),

mod p) if p=3,7 (mod 20).

The proof is now complete.
When d is a negative discriminant, it is known that 1 < h(d) < p. Thus, from
Theorem 3.2 we deduce the following result.

Corollary 3.2. Let p be a prime.
(i) If p=1 (mod 4), then BPTH(%) # 0 (mod p).
(ii) If p = 7,11,23 (mod 24), then Bps1(75) # 0 (mod p).
(iii) If p= 11,19 (mod 20), then BpT-i-l(%) # 0 (mod p).

Remark 3.2 Forn =0, 1,... it is well known that >, _, (}) n_;kHBk (z) = ™. From

this we deduce that if m € N and a,, = m"B,, (), then >_;_, (”Zl)m”*kak =n+1.

4. p-regular functions.

For a prime p, in [S5] the author introduced the notion of p-regular functions. If
f(k) is a complex number congruent to an algebraic integer modulo p for any given
nonnegative integer k and Y-, _, (¥)(=1)¥f(k) = 0 (mod p") for all n € N, then f
is called a p-regular function. If f and g are p-regular functions, in [S5] the author
showed that f - ¢ is also a p-regular function. Thus we see that p-regular functions
form a ring. In the section we discuss further properties of p-regular functions.

Suppose n € N and k € {0,1,... ,n}. Let s(n, k) be the unsigned Stirling number
of the first kind and S(n, k) be the Stirling number of the second kind defined by

n

=1 (x—n+1)=Y (-1)" Fs(n,k)z*
k=0

and



For our convenience we also define s(n, k) = S(n,k) =0 for & > n. For m € N it is
well known that

" /n
4.1 —1)" "™ =nlS
(@) > () e = nisomn
In particular, taking m = n we have the following Euler’s identity
" /n
4.2 )" " r" =n!.
(4.2 > ()i =

Lemma 4.1. Let x,d be variables, m,n € N and 1 € Z with ¢ > 0. Then

2 (e (%)

m m

- ;:L_" > (Z <’?>(—1)mks(m, k)dk*J')S(Hj,n)mj.

j=n—i k=j J

In particular we have

; (D(—l)”"’" (;f) r= % _‘Z( 1) s(m, ) S (i + j,n)a?

Proof. Since

m!(m;;d) =(ra+d)(re+d—1)---(ra+d—m+1)

= (=1 Fs(m, k) (re + )
k=

— i—o M

we have

— % > ( 3 (’;) (=1)™ ks(m, k)d’ﬂ*j>xﬂ' : zn: (7;) (=1)" it

j=0 k=j r=0

Now applying (4.1) we obtain the result.
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Lemma 4.2. Let p be a prime and m,n € N. Then

m!s(n,m)pn_m €2, and m!S(n,m)pn—m €z,
n! n!

Moreover, if m <n, we have

ml!s(n, m) mlS(n,m)

n!

n—m

p

oy p"~™ =0 (mod p) forp>2

and

Proof. It is well known that
( :v
E S(n,m) e

Thus, applying the multinomial theorem we see that

T m . xk m — m! & 1 n
(e” = 1) :(Zy> - Z( 2 kl!kg!---kn!Hr!kT>x

k=1 n=m k1+k2++k}n:m r=1
k14+2ko+--4+nk,=n

and so
n!
(4.3) S(n,m) = Z 1k ey 121k2 feol - o plRnf, 1
kitko+-tk,=m
ki1+2ko+---+nk,=n
Hence
m!S(n,m) . .. (k1 + k2 + - - < _ )
T p = Z ki lko! - H r!
kit+ko+t-+kn=m r=1

k14+2ko+---4+nk,=n

From [S5, pp. 196-197] we also have

n!
(44) 8(”7 m) = Z 1]()1 k1!2k2 k2! e nkn kn'

ki+kaot+-+knp=m
k‘l +2k2++nkn:n

and

m!s(n,m)pn_m Z (k1 + ko + - + ky) ﬁ ( - )

n! k‘l‘kfg
kit+ko+-+kn=m r=1
kl —|—2k2—|——|—nkn:n

16



It is known that (k1+- - -+kn)!/ (k1! - - k,!) € Z. For r € N we know that if p® || !(that
is p® | r! but p**tt {!), then a = > .2, [pi} < [ﬂ Thus p"~!/r, p"='/r! € Z,. For
p > 2 we see that p"~!/r = p"~1/rl =0 (mod p) for r > 1. Hence the result follows
from the above. For p = 2 we see that 2"~!/r = 0 (mod 2) for r > 2. Thus

mls(n,m) _, (k1 + k2)! m
— 1 LonTm = —_— = d 2).
n! 2 AN n—m) (004 2)
k1+k:2:m
k1+2k2:n

Summarizing the above we prove the lemma.
From Lemma 4.1 we have the following identities, which are generalizations of
Euler’s identity.

Theorem 4.1. Let x,d be variables and m,n € N.

(i) If m < n, then
Zn x+d !

r=0
In particular, when m = n we have

5 (o7 =

r=0

(ii)) If m <n+1, then
" /n ner(rT+d\ i1, nlynn+1) o mm-1-2d) . _,
;_O<r)(_1) ( m )7‘ _ﬁ( 2 U 2 v )
In particular, when m = n + 1 we have

" /n _fre+d n(z —1)

_17’LT = d _— ’I’L.
> () () = (e 2o )

Proof. Observe that s(m,m) =1 and S(n,n) = 1. Putting i = n — m in Lemma
4.1 we obtain (i). By (4.3) and (4.4) we have

s(nyn—1)=SMn,n—1)=n(n—-1)/2 for n=234,...
Thus applying Lemma 4.1 we see that if m < n + 1, then

(o (2

_n i (i <§> (=1)™ Fs(m, k)dk_j>8(n +1—m+j,n)a!

~—~

j=m—1  k=j

= :;—" (S(n + 1L,n)z™ + f: (mk_ 1) (_1)m—ks(m’ k)dk—(m—l)xm—l)
(

—1
m(m2 ))xm_l)‘
This yields (ii) and so the theorem is proved.

17
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Corollary 4.1. Let p be an odd prime, m € Z and d € {0,1,... ,p — 1}. Then
mP =m (mod p) and

m? —m EZ%[km_Fd] mzd: (mod p).
k=

p

Proof. From Theorem 4.1( ) we have

=S (e ()
-(" )2 @ (7))

As P71 L =0 (mod p), we see that
(merd) _ (mp+d)(mp+d—1)---(mp+d—p+1)

D p!
_mp (mp+1)---(mp+d)(m—-Vp+d+1)---(m—-1p+p—1)
P (p—1)!
d 1 p—1 1
Em(l%—mngﬁ—(m—l)p Z E>
=1 h=d+1
B 41 1
:m(l—i—mng—(m—l)pZE)
k=1 k=1
1
:m<1+pZE> (mod p*)
k=1

Let ri be the least nonnegative residue of km+d modulo p. For k € {1,2,... ,p—1}

we see that
Py _plp=1)-(p-k+1) _ (-D*!
k k! k

p (mod p2).

Thus,
1

- (1) ()

i

=

p (kmAd)(km+d—1)--(km+d—p+1)

A N
o |
k:lk p!
p—1
1 km-l—d—rk
- Z. . (k d—
pk—1k p (p—l'lj e ‘)
N z;érk
p—1 p—1
1 km+d—rg 1[k‘m+d} 5
E -_——— = —_ d .

18



Now putting all the above together we obtain the result.
Remark 4.1 In the case d = 0, Corollary 4.1 was first found by Lerch [Ler]. For a
different proof of Lerch’s result, see [S5].

Theorem 4.2. Let p be a prime. Let f be a p-regular function. Suppose m,n € N
and d,t € Z with d,t > 0. Then

T
r=0

i <n) (=) f(p™ 'rt+d) =0 (mod p™).

Moreover, if A, =p~* Zfzo (ff) (=1)"f(r), then

n

> (1) sonera

r=0
B { p™t" A, (mod pmntl) ifp>2orm=1,

2mngn S o (M) Argn (mod 2™ L) if p =2 and m > 2.

Proof. Since f is a p-regular function, we have Ay € Z,, for k£ > 0. Set
apg=Ap and a; = (—l)iZs(r,i)%Ar for i=1,2,... ,n.
As p"/r! € Zp, and A, € Z, we have ag, ... ,a, € Z,. From [S5, p. 197] we have
flk) = Zaiki (mod p"*™1) for k=0,1,2,....
i=0

Thus applying (4.1) and (4.2) we see that

Zn: <n) (Fflretd) = Xn: (n> (= Zn: a;(rt + d)’

r r :
r=0 r=0 1=0
= Z (:) (=) (ant™r™ + by 7™t 4o by 4 by)
r=0

n

p

= an(—t)"n! = (=1)"s(n,n) = Ay - (—t)"n!
n!
= p"t" A,, (mod p"*1),
where bg, b1, ... ,b,—1 € Zp. Thus the result is true for m = 1.
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Now assume m > 2. By the binomial inversion formula we have f(k) = Z];:o (’:)
(—p)*As. Thus

r=0
n n Pt pm_lrt
— _ T — k
- (T>( 1) Z( " )( p)" Ay,
r=0 k=0
pm—lnt . n n pm_th
= ey (M eu (")
r k
k=0 r=0
pm_lnt n! k A )
_ (—p)* Ay (_1)71]{_; (_1)k*33(k7j)5(j,n)(pmflt)J (by Lemma 4.1)
k=n 'j—n
P int k
" _i8(k,3)3" kg SGmIN! i
= 0 () ) A Y () TR B ()
k=n J=n
N (—1)k="s(k,n)n!
:Antnpmn+ Z (—p)n(—l)kAk( m ’ 'pk—n.p(m—l)ntn
k=n-+1
k N -
-1 k s ka])]' — S j,ﬂ)n -n m— j
Py (-1 k:!( k=i (]' = (p 1t)7).
Jj=n-+1
By Lemma 4.2, for j, k,n € N we have
S(k,j)]' . S(]an)n' j—1
Tpk ) €Z, and Tp] € L.

Hence, by the above, Lemma 4.2 and the fact (m —1)(n+1)4+n > mn+ 1 we obtain

r=0
p™ nt
=pm" (An + Z —S(k’]:)n!pk_"Ak)
k=n+1
p™t" A, (mod p™nt1) if p> 2,
= 2m—lng N noo s
2mmnn kgn (kin) Ay = 2mngn 1";0 (T)AHH (mod 2™m" 1) if p = 2.

Thus the result holds for d = 0.
Now suppose g(r) = f(r + d). By the previous argument,

)y (") (—1)7g(r) = p" Ay (mod pm 1),



Thus g is also a p-regular function. Note that

3 (") vrsemre+a - 3 (M) g,

r
r=0 r=0
By the above we see that the result is also true for d > 0. The proof is now complete.

Theorem 4.3. Let p be a prime, k,m,n,t € N and d € {0,1,2,...}. Let f be a
p-regular function. Then

n—1

— n—1—r k—1-—r k m— mn

flktp™ ' +d)=> (-1)"! (n L T) <r>f(rtp L+ d) (mod p™™).
r=0

Moreover, setting Ay =p~*> »_ (3)(=1)" f(r) we then have

POt ) — Sy A [ T

n—1-—r
r=0

_ ) (,Z)(—t)”An (mod p™mth) ifp>2o0orm=1,
| 2mm (ﬁ)(—t)n > o (n)AHn (mod 2™ L) ifp =2 and m > 2.

r

Proof. From [S4, Lemma 2.1] we know that for any function F,

P = S (U (e

(4.5) r=0 '

n Efj () ; (0)re.

where the second sum vanishes when k& < n.
Now taking F(k) = f(ktp™ ! + d) we obtain

Flktp™ 1+ d) = S 1yt C2 2D (D)o va

2 n—1—7r)\r
v i (1) () v

zk: (]:) (=17 f) (Z) (=1 f(stp™ " +d)

r=n s=0
n k . n s m—
=(-1) <n) z:; (8>(—1) f(stp™ ! +d)
_ (B)pm™(—t)" Ay, (mod pmn+1) ifp>2orm=1,
B (fb) 2mn (=) > o (M) Apgpn (mod 2m7FH)if p =2 and m > 2.

Now combining the above we prove the theorem.
Putting n =1,2,3 and d = 0 in Theorem 4.3 we deduce the following result.
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Corollary 4.2. Let p be a prime, k,m,t € N. Let f be a p-reqular function. Then
(i) ([S5, Corollary 2.1]) f(kp™~1t) = f(0) (mod p™).
(i) f(ktp™ ) = kf(tp™ ") — (k —1)f(0) (mod p*>™).
(iii) We have

Gty = "D oty i 2) g
+ (k= 1)2<k ) £(0) (mod p™).
(iv) We have
fkp™h)
_ { f(0) = k(f(0) — f(1))p™ " (mod p™*1) ifp>2o0rm=1,
L £(0) = 2m2k(£(2) — 4f(1) +3£(0)) (mod 2™*1)  if p=2 and m > 2.

Theorem 4.4. Let p be a prime and let f be a p-reqular function. Let n € N.
(i) Ford,x € Z,, and m € {0,1,... ,n — 1} we have

Xn: (Z) (—1)* (kx + d)f(k) = 0 (mod p"™).

m
k=0

(ii) We have

> (1) 08— 1) = = 1) (mod 7).

k=1

Proof. From [S5, Theorem 2.1] we know that there are ag,ai,... ,ap—m—1 € Z
such that

f(k) = an_m1k" ™ ' 4+ 4+ a1k +ap (mod p"~™) for k=0,1,2,...

Thus applying Lemma 4.1 and (4.1) we have

> (3 (’“”)ﬂ@

n—m-—1

This proves (i).
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Now we consider (ii). By [S5, Theorem 2.1] there are ag,as, ... ,an—1 € Z, such
that slas/p® € Z, (s=0,1,... ,n—1) and

fE)=an 1k" '+ +ark+ap (mod p™) for k=0,1,2,...
Note that p*~!/s! € Z, for s € N. We then have a; = -+ = a,,—1 =0 (mod p). Let
Un_1(k—=1)""1 4+ dtay(k—1)+ag =bp1 k"' 4+ bk + bo.
Then clearly by = --- = b,—1 =0 (mod p) and
f(k—=1)=bp_1k" '+ + bk + Dby (mod p") for k=1,2,3,...

Thus
fE =1 = b (p" )+ bip" T 4 by = by (mod p™).

Hence, applying (4.1) we have

i (Z) (—D*f(k—1) = i (Z) (=1)*(bp_1 k™' 4+ bik + b)

1 k=1
=2 lbzz<) 1)kki+bo;(2)(—
=—bo=—f(p""" — 1) (mod p").

So the theorem is proved.

5. Congruences for pBj,,m)+s(7) and pBy,pmy4p,, (mod p™™).
For given prime p and t € Z, we recall that (t), denotes the least nonnegative
residue of t modulo p.

Theorem 5.1. Let p be a prime, and k,m,n,t,b € Z with m,n > 1 and k,b,t > 0.
Let x € Zp, and ' = (v + (—x)p)/p. Then

katgo(p’”)—!—b(x) - pkt@(pm)+katap(pm)—|—b('r/)

ji-t-r E—1—r I
- Z - (n —-1- 7‘) ( ) <pBrt<P(pm)+b(fE) -/t )+bBrt<p(pm)+b($/)>

_{ (bnp)( )(=t)"p™ ! (mod p™") ifp>2orm=1,
~ L 0 (mod 2™) ifp=2and m > 2,
where
1 ifp=2andne{1,2,4,6,...}
d(b,n,p) = orifp>2, p—1|bandp—1|n,

0 otherwise.
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Proof. From [S4, Theorem 3.1] we know that

n n B . .
> (k>(_1)k(p3k<p1>+b($) - P 1)+b3k<p71>+b(w')) = p"~'6(b,n,p) (mod p").
k=0

Set f(k) = p<ka(p71)+b(x) _pk(p71)+ka(p71)+b($/))‘ Then 375, (Z)(—l)kf(k) =

§(b,n,p)p™ (mod p"t1). Thus f is a p-regular function. Hence appealing to Theorem
4.3 we have

Note that
1 ifn+re{l,2,4,6,...},

S(b,n +1,2) =
(b,n+r.2) {o ifn+re{3,57,...}

We then have

i (:) 5(b,n+1,2)

5(b,1,2) +6(b,2,2) =1+1=0 (mod 2) ifn=1,

=) X (})=2""=0(mod?2) itn> 1.
2?|ﬁn:—|(—)r
Thus X
f(ktpm Y nz yr-i-r k—1—7r\[(k\ f(rtpm™1)
— n—1—r/\r P
{ p™mnT 1( )( )"0(b,m,p) (mod p™") ifp>2o0rm=1,
~ L 0 (mod 2") if p=2and m > 2.

This is the result.

Corollary 5.1. Let p be a prime, and k,m,b € Z with k,m > 1 and b > 0. Let
x € Ly and &' = (z + (—x)p)/p. Suppose p > 2 orm > 1. Then

3 (mod 4) ifp=m=2,k=1andb=0,

By (pm =
PBrepm)+6(7) {pBb(CE) — p?By(2’) (mod p™)  otherwise.

Proof. Putting n =t =1 in Theorem 5.1 we see that

PBropmyss(®) — pPPP By my (') = pBy(x) — p°By(2') (mod p™).
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If p=m=2,k=1and b =0, then pByym)1p(z) = 2Bs(x) = 2(z* — z + )
3 (mod 4). Otherwise, we have kp(p™)+b > m+1 and so p**P" ) By oy (2') =
0 (mod p™). Thus the result follows from the above.

In the case p > 2, Corollary 5.1 has been proved by the author in [S4].

Let x be a primitive Dirichlet character of conductor m. The generalized Bernoulli
number B, , is defined by

L x(r)te™ _ > B tm
2 oni—1 = Py

Let xo be the trivial character. It is well known that (see [W])
1 & ,
Bixy =g Buxo=Bu (n#1) and By =m"" 3 x(r)Bu( ).
r=1

If x is nontrivial and n € N, then clearly > | x(r) = 0 and so

Bux _ n1yN Bu(3) = Bn | B 1Ny Brl5n) = Bn
n ;X(T)< n +7):m ;X(T) n ’
When p is a prime with p { m, by [S4, Lemma 2.3] we have (B, (%) — Byn)/n € Zy.
Thus B, ,/n is congruent to an algebraic integer modulo p.

Lemma 5.1. Let p be a prime and let b be a nonnegative integer.

(i) ([S5, Theorem 3.2], [Y2]) Ifp—11b, z € Z,, and 2’ = (x+(—x),)/p, then f(k) =
(Br(p—1)4p(z) — pF@=D+=1B o 1y (2')/(k(p — 1) + b) is a p—regular function.

(i) ([S5, (3.1), Theorem 3.1 and Remark 3.1]) If a,b € N and p 1 a, then f(k) =
(1 — ptP=DF=1) (Fe=DF — 1By () 1)1/ (k(p — 1) + b) is a p-regular function.

(iii) ([Y3, Theorem 4.2}, [Y1, p. 216], [F], [S5, Lemma 8.1(a)]) If bm € N, pt m
and x is a nontrivial primitive Dirichlet character of conductor m, then f(k) =
(1= x(p) p*P= VTN By 1y461/(k(p — 1) + b) is a p—regular function.

(iv) ([S5, Lemma 8.1(b)]) If m € N, p f m and x is a nontrivial Dirichlet char-
acter of conductor m, then f(k) = (1 — X(p)pk(p_1)+b_1)ka(p_l)HLX is a p—regular
function.

From Lemma 5.1 and Theorem 4.3 we deduce the following theorem.

Theorem 5.2. Let p be a prime, k,n,s,t € N and b € {0,1,2,...}.
i) Ifp—1tb, z € Zy and 2’ = (x + (—x),)/p, then

ktp®~Y(p—1)+b—1
p* (p—1)+ Byip

Bitpo—1(p-1)+5(2) =P 1 (1))

ktps=Y(p—1)+b

S (1))

rip® 1 (pfl)erilBrtp

% Brtpsfl(p—l)—l—b(x) —p

rtps~l(p—1)+b
25

sfl(p—1)+b(33’) (

mod p°").



(ii) If a,b € N and pta, then

s— s— B s—1 —
1 — pktp* H(p=1)+b—1) (ktp* " (p—1)+b _ ktps—1(p—1)+b
(1-»p )(a >ktp5_1(p— 1)+b

n—1—r/\r

% (artps_l(p—1)+b . 1) BT'tpsil(p—l)—l-b

d p°™).
1 — 1) 15 047

(iii) If bbm € N, p + m and x is a nontrivial primitive Dirichlet character of
conductor m, then

s—1
(1 - X(p)pktp (p_1)+b_l)Bktps—1(p—l)—i—b,x
ktps=1(p—1)+b

n—1
k—1—1r\ [k
= -1 n—1—r
;< ) (n—l—r)(r)
« (1 - X(p)prtps_l(pil)eril)Brtpsfl(p—l)—i—b,x
rtps~l(p—1)+0b

(mod p°™).

(iv) If m € N, ptm and x is a nontrivial Dirichlet character of conductor m, then

s—1/¢ _
(1= x@p*" P ) pBye o1 gy
_nil( 1)n—1—r k—1—r k
o = n—1—r/\r
x (1-

s—1 _ _ n
x(p)p"t® (p—1)+b 1)pBTtp871(p_1)+b’X (mod p*™).

Remark 5.1 Theorem 5.2 can be viewed as generalizations of some congruences
in [S5]. In the case n = 1, Theorem 5.2(i) was given by Eie and Ong [EO], and
independently by the author in [S5, p. 204]. In the case s = t = 1, Theorem 5.2(i)
was announced by the author in [S4] and proved in [S5], and Theorem 5.2(iii) (in the
case p — 1 1 b) and Theorem 5.2(iv) were also given in [S5]. When n = 1, Theorem
5.2(iii) was given in [W, p. 141].

Combining Lemma 5.1 and Corollary 4.2(iv) we obtain the following result.
Theorem 5.3. Let p be an odd prime, k,s € N and b € {0,1,2,...}.

(i) Ifp—11b, x € Zy, and 2’ = (z + (—x),)/p, then

Bkcp(ps)—l-b(x)
ke(p®) +b

By(z) — p" 1 By(a') okl By_146(7)

b p—14+b
26
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(ii) If bbm € N, p ¥ m and x is a nontrivial primitive Dirichlet character of
conductor m, then

Blp(p)+b,x -1 b—1\ Bb 1 Bp—1+4b: X
PR = (1= kp® ) (1 - —X 4 kp* T 2% (mod p ).
Fo(p™) 1 b (L=kp" ) (1 =x(P)p") = ) (mod p**™1)

(iii) If m € N, ptm and x is a nontrivial Dirichlet character of conductor m, then

(1= x(@)p™ P )" By sy 41
=(1—kp* ") (1= x(p)p" " )pBoy
+kp (1 — x(P)pP 2 pBp_14,x (mod p ).

Corollary 5.2. Let p be an odd prime and k,s,b € N with 2 | b and p—11b. Then

Blp(pe)+b -1 b—1y Bb —1 Bp-14p 1
—— = (1-kp° 1—p = pkptTt 2 (mod pt ).
Fo(p*) + b ( ) )% . ( )

Theorem 5.4. Let p be a prime, a,n € N and p 1 a.
(i) There are integers bg, by, - ,bp_1 such that

1 _ Bip-1)
1 — pFle= D=1y (gklp—1) _ 1) 2222
( (ot ) Py
=by_1k" ' -+ bk + by (mod p™) for k=1,2,3,...

(ii)) If p > 2 or n > 2, then

n

— q¥@")
NN Nk o k(p—1)—1y\/ k(p—1) _ Brp-1) I —a? n
S (o) 0t Rt ey = B (mod 1)

Proof. Suppose b € N. From Lemma 5.1(ii) we know that

)b _ Brp—1)+b
flk) = (1 _pkz(p 1)+b 1) (ak(p 1)+b _ 1) o (i? 1))1 -

is a p-regular function. Hence taking b = p — 1 and applying [S5, Theorem 2.1] we
know that there exist integers ag,a1,... ,a,_1 such that

B
1 — pHD (=1 =1y (,(k+1)(p=1) _ (k+1)(p—1)
o s ARV

=G kK" '+ +ark +ag (mod p") for k=0,1,2,...
That is,
1) _ Bip-1)
1 — pkle=D=1) (ghlp=1) _ 1) 22222
( (@t 1) Doy

=ap 1 (k—1D)"1 '+ 4a;(k—1)+ag (mod p™) for k=1,23,...
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On setting

an_1(k—1)"" 4+ tay(bk—1)+ag=bp1k"t + - +bik+ by
we obtain (i).

Now we consider (ii). Suppose p > 2 or n > 2. Since f(k) is a p-regular function,
by Theorem 4.4(ii) we have

" /n (1) b 1) (p— B—1)(p—1)+b
—1)F(1 — p=Dp=1)+b=1y( (k=1 (p—1)+b _ ( P
> (})cvra-s ) e

k=1
n—1 n—1 B nfl_l)( —1)+b
= (1 —p®" ~DE=D+o=1y (" =D(p=1+b _ g (p P
( . o - Dp- 1)+

(mod p™).
Substituting b by p — 1 4+ b we see that for b > 0,

Z (n> (_l)k(l . pk(p—1)+b—1)(ak(p—1)+b . 1) Bk:(pfl)er
(5.1) o \F k(p—1)+b

n n B n
= —(1 — prP)Fo=Ly e+t _ 1)% (mod p").

By Corollary 5.1 we have pB,,») = p — 1 (mod p"). Thus taking b = 0 in (5.1) and
noting that ¢(p™) > n + 1 we obtain

> (Z> (1) (1 = D1y (@b _ 1) DEe=l)

k=1 k(p—1)
n n B n
= (1 — pP®")=1)(qe") _ 1 e (™)
( ) ) o(p™)
" @) —_1 pB.(in e(") —_1
= —(1—p*® )—1)0‘ _— PBopm) _ @ . (mod p™).
p p—1 p

This completes the proof of the theorem.

6. Congruences for > . (7)(—1)"pByp_1)+s(x) (mod p™*1).
For a € N and b € Z we define x(a | b) = 1 or 0 according as a | b or a1 b.

Lemma 6.1. Let p be an odd prime and n € N. Then

i (Z) =—x(p—1]n) (mod p).

s=n+1 (;nod p—1)

Proof. Let ng € {1,2,...,p— 1} be such that n = ng (mod p — 1). Since Glaisher
(see [D]) it is well known that

i (Z) - i (n;) (mod p) for reZ.

5=0
s=r (mod p—1) s=r (mod p—1)
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From [S1] we know that

5=0 s
s=r (mod p—1) s=n—r (mod p—1)
Thus
n n no
> ()= 2 ()= 2 ()
s s) s
s=0 s=0 s=0
s=n+1 (mod p—1) s=—1 (mod p—1) s=p—2 (mod p—1)
p—1=—-1(modp) ifng=p-—1,
=< 1 (mod p) if ng =p—2,
0 (mod p) if np <p-—2.
Hence

i (Z) = Zn: (Z) —x(p—1[n+1) = —x(p—1|n) (mod p).

s=1 =
s=n+1 (mod p—1) s=n+1 (mod p—1)

This proves the lemma.

Proposition 6.1. Let p be an odd prime, n € N and v € Z,. Let b be a nonnegative
integer. Then

i (Z> (—1)F (ka(p—1)+b(x) =PI B, 1y, (QH-;%%»

k=0
p—1 . .
N\b—n,_n z+J)P — (z+ n n
= (z+4)°"p Bn<< =1 j)) + p"A(b,n,p) (mod p™t1),
=0 p(p_ 1)
J#(—T)p
where
n=bT—-n ifp—1|bandp—1]|n,
-0)T fp—11bandp—1|n,
A(b,n,p) = (=) Z,fp fbandp=1in
b—n ifp—1|bandp—1|n+1,
0 otherwise
and X
= Np—1+b _ b
T- 3 (= +J) (+j)"
=0 p
Proof. Let
= ~(n 1)k _ k(=1)+b T+ (—1)p
Sn l;) (k‘>( 1) (ka(p—le(-T) p Bk(p—l)+b(—p ))
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From [S4, p.157] we know that

n(p—1)+b p—1 n

S, = ; VB, (Z)(—l)k(k(p_1)+b)(x+j)k(p—1)+b—’“.

- (E () g (v

i=0 =0 \J

Now taking f(k) = (k(pj})er) and g(k) = a*®P=1+b=7 (4 £ 0) in (6.1) we obtain

5 () (£t
A G
('Z)ab—r(l _ ) ; (” ; 5) (_1)¢< ilp—1) + i( — 1)+ b>'

Thus applying the above and Lemma 4.1 we have

I |
(= L0]=

I
o

S

n(p—1)+b

z<><>
(e

Since pB,. € Z, and so p"**B,. = 0 (mod p"*1) for r > n — s+ 2, by Theorem 4.1 we
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have

n(p—1)+b

;— (21 )T B, 2 (n - S) (1) (i(p 1)+ i(p —1)+ b)
= (a4 )" "B, ; (") (e
+ (x4 ) st rg Ti (n ; s) (=1 <1(p - 1714: Z(i; 1) + b)

1=0
= (@4 )P By - (1= p)" "+ (w4 )" B,
x(s(p—1)+b+(n—s)p—2)/2)(1—p)"*
= (x4 4)" " (1 —p)"*p"Bn_s
+ (x+ 7)) (h — n)p" B, _ 41 (mod ptY).

Thus,
p—l n . -1
n 1 - .’13—|—j P s \Nb—n-+s n—s,n
SnE ( )( ( ) > <($+])b * (1_p) p Bn—s
, s P
7=0 s=0
j?é<_m)p
4 (1, + j)b—n+s—1(b . n)pn+1Bn—s+1>
p—l n . -1 .
_ \Nb—n n,n n <1_(I+])p x—f—])s
- 1- : Bn—s
> w0 Z() : L
Jj= 5=
J#E(—T)p
p*l mn . —1
n\/1—(x+75)? s
+ () (Y o - ) B
7=0 s=0 5 p
j?é<_w>p
p—1 p—1 n n
= Y @raerne s > Y (1)
Jj=0 j=0 5=0
J#A(—z)p j#(—x), P—1ln—s+1
1— p—1ys
x ( ($+]) ) (.Z’—I—j)b n-+s 1(77, b)pn (HlOd pn—i—l)’
p
where

.lejz
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For a € Z, using Lemma 6.1 and Fermat’s little theorem we see that

Xn: (Z“)as zn: (Z)a5+x(p—1|n+1)

s=n+1 5(?nod p—1) s=n+1 S(?nod p—1)
n
= gl " 1 1
=a S (5)sxe-riney

s=n+1 (mod p—1)
=-—x(p—1[n)a"" +x(p—-1|n+1)
—a"tt = —q (mod p) ifp—1|n,
=< 1 (mod p) ifp—1|n+1,
0 (mod p) ifp—1fnandp—11fn+1.

We also note that (see [S5, (5.1)])

p—1 p—1
(6.2) Y (@+i)'=)_r"=-x(p—1]b) (mod p).
=0 r=1
j7ﬁj<_5r>p

Thus

) zil @ zn: <Z)<1—(:E+j)l’—1)s

7=0 s=0 p
JE(—x)p s=n+1 (mod p—1)
( p—1
pt(n—b) ) (z+5)°((z +5)P~" = 1)/p (mod p"+1)
if p—1|n,
= p—1
p"(n —b) 2 (z+7)"=—x(p—1]b)(n—0b)p" (mod p"*')
J?é]<:x>p
ifp—1|n+1,
[ 0 (mod p"*1) ifp—1ltnandp—11fn+1.

On the other hand, for t € Z,, we have B, (t) — B,, € Z,, (cf. [S4, Lemma 2.3]) and so

np™ (mod p"*t1) if p—1|n,

— "B, (x:) = —np" 1B, =
(=np)p" Bn(z;) P { 0 (mod p"*1) if p—11n.
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Thus applying (6.2) we get

p—1
> (@+4)"" - (—np)p” Bn(;)
j=0
j?é<*95>p
p—1
(x4 4)"-np™ = —np™x(p
— =0
- j?ﬁj<_$>p

Hence, by the above and the fact (1 —p)”

—11]b) (mod p"™t) ifp—1]n,

if p—11n.

= 1 — np (mod p?) we obtain

p—1 p—1
(+ )" (1 —p)"p" Z (@ + 4)""p" Bn(x;)
j=0 Jj=
J# _w)p .77é< >P
p—1
= (@ +5)""" - (—np)p" Bn(x;)
=0
J#(—T)p

B { _npn (mod pn—|—1)
~ | 0 (mod pn*?)

Now combining the above we see that

p—1

> (x+4)""p" Bula;)
=0
j?é<_$>p
—np" + (n —b)p"T (mod p"*1)

p™(n —b)T (mod p"*')
p"(b—n) (mod p"T1)
0 (mod p™*1)

This is the result.

ifp—1|bandp—1]n,
ifp—14borp—11fn.

ifp—1|bandp—1]n,
ifp—1tbandp—1]n,
ifp—1|bandp—1|n+1,
otherwise.

Remark 6.1 When p =2, b > 1 and n > 2, setting A(b,n,p) = b —n we can show

that the result of Proposition 6.1 is also true.

Theorem 6.1. Let p be a prime greater than 3, v € Z,, n € N, n # 0,1 (mod p—1)

andb € {0,1,2
Set
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(Z> (<1 (PBrp-1y+(@) = X0 By 1y (#))



Then

no

ﬂ.h.pn(modpm‘l) ifp—1tborp—1tn+1.

nog pno

. {(l-i%g-i-%)p” (mod p"*1) ifp—1|bandp—1|n+1,

Proof. Since p — 1 { n we know that B,,/n € Z,. For t € Z,, by [S4, Lemma 2.3]
we have (B, (t) — By)/n € Z,. Thus

B.(t) B,({t)—B, B,
®) _ Bult) + =2 €7,
n n n

Asn # 0,1 (mod p — 1), by [S5, Corollary 3.1] we have

B, (t) _ By (t) — p™ 1By, ((t + (—t)p) /D) _ By, (1) (mod p).
n no o

Set x; = ((z + j)? — (¢ +j))/(p(p — 1)). Then z; € Z,. Thus B,(z;)/n € Z, and
By, (z;)/n = Bp,(x;)/no (mod p). From Proposition 6.1 and the above we see that

Sn ST (@t ) B + (- mx(p— 1| Dx(p— 1] n+1)

§=0
J#(—z)p
p—1
b Brno (T4
=0 Y )P -1 [~ 10 1) (mod p)
=0
j?&*iv)p
and so
Sh 1 bemnn Bno (T4
womng 3 (o) 2ol )y 1 D~ 1 4 1) (mod p)
pre =0 no
J#A(=z)p
Thus
Sn _ n (Sh,
= (G = b= mox =1 DX~ 1 n+ 1)
+O-n)x(p—1[b)x(p—1[n+1)
n S, n
=—. b(1— —)x(p—1|b)x(p—1 1
e (s OB DINCER EES)
n Sy, n
= — 0—|—b<1+—>x(p—1|b)x(p—1\n—|—1) (mod p).
N "0 2

This proves the theorem.
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Theorem 6.2. Let p be an odd prime, x € Zp, byn € Z withn > 1 and b > 0. If
p|n andp—11n, then

n

Z (Z) (—l)k (ka(p—l)er(:U) - pk(p_1)+ka(p—1)+b <—x i ;_@p ))

k=0
_{bp”(modp”“) ifp—1|bandp—1|n+1,
~ L 0 (mod p™*1) ifp—1tborp—1tn+1.

Proof. Asp—1¢{n and p | n, for t € Z, we see that B, (t)/n € Z, and so
B, (t) =nB,(t)/n =0 (mod p). Thus the result follows from Proposition 6.1.

Theorem 6.3. Let p be an odd prime, n € N and b € {0,2,4,...}. Ifp(p—1) | n,

then .

n _ _

> (k>(_1>k(1 =" By
k=0

p" = 2p™ (mod p"*t) if p—1]0,
0 (mod p"t1) ifp—1¢tb.
Proof. From Proposition 6.1 we see that

(]
R
> 3

)(—1)'%1 _pDetyp

k=0
“ i
=3 " B (=) — bTp" (mod pY),
ot p(p—1)
where
=l p—1+b b
T =
= P

For p > 3 and m € N, from [S5, (5.1)] we have

p—1 P2 P’
ij =pB,, + EmBm_l + Em(m —1)Byu_2 (mod p?).
j=1

If m > 4 is even, then B,,_; = 0 and pB,,,_2 € Z,. Thus

(6.3) pzljm = pB,, (mod p*) for m =2,4,6,...
j=1
Hence
po_H;—pBb (mod p) if p>3andb>0,
T = po+j(p—1)(modp) if p>3and b=0,
22+;—2b =20 = (-1)’ =1= 28222 (mod 3) ifp=3.
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If p>3and b=Fk(p—1) for some k € N, by [S4, Corollary 4.2] we have
(6.4) pBy = pBy(p—1) = kpBp—1 — (k— 1)(p — 1) (mod p?)
and

PBp-116 = pBii1y(p—1) = (k+1)pBy—1 — k(p — 1) (mod p?).

Thus
T = po—l—l—b _pBb _ po—l - (p - 1) (
b b

If p> 3 and p — 11b, by Kummer’s congruences we have

mod p).

By146 _ By B B,
p—1+b - b (mod p) andso Bp_14p=(b—1) ; (mod p).

Thus B B b 1 B
=P p—1+pb_p b — ; Bb—Bb:_Tb (mod p).

Summarizing the above we have

(6.5)

pBy_1—(p—1) :
T —r=—— (mod p) ifp—1]b,
— 25 (mod p) if p—1+¢0.

As p(p — 1) | n, from Corollary 5.1 we have pB,(z) = p — 1 (mod p?) for = € Z,.
Note that j® = 1 (mod p?) for j =1,2,... ,p — 1. Combining the above we obtain

n

n _ _
> (k)(_l)k(l =PI PB4

k=0

“ i
= Zjb—npn—l . an< N > . prn
ot p(p—1)

p—1
=> " (p—1) = bTp" (mod p™*).
j=1

From (6.3) and (6.4) we see that

( pBy = 327 - pBy1 — (52 — 1)(p — 1) (mod p?)
ifp>3,b>0andp—1]b,

5° pBy (mod p?) ifp>3andp—115b,

p—1 (mod p?) if p>3and b=0,

L 1+(1+3)352+%b52+6b(m0d9) if p=3.
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That is,

Iiljbz 2 (Bp1—(p—1)) +p—1 (mod p*) ifp—1]d,
=" | pBy (mod p?) if p—110.

n n B B
> (k>(_1)k(1 =PI By 1)1

k=0
p—1
=p" p—1)) " —bTp"
j=1
p* N b(pBp-1 — (p— 1)) + (p = 1)?) = p"'b(pBp-1 — (p — 1))
= =p" t(p—1>=p" ' —2p" (mod p"*) if p—1]b,
p"t(p—1)-pBy — bp" - (—%) = p" "B, =0 (mod p"*t!) if p—110.

This completes the proof.

Theorem 6.4. Let p be a prime greater than 3, v € Z,, n € N, n # 0,1 (mod p—1)
andb €{0,1,2,...}. Let ng be given by n = ng (mod p—1) and ng € {2,3,... ,p—2}.
Let

- T+ (—x
(k) = pBrp—1y4(@) = 0" By 14 (%) :

Then for k =0,1,2,... we have

9= Sy (B (B gy 2 BRSO 8

Z n—1—r)\r 0 pro n
o1l o118 (52 () - (,5)) cor tmoa

Proof. From [S4, Theorem 3.1] we have

Z <TIZ) (=D)*f(k)=p™ x(p— 1| m)x(p—1]|b) (mod p™) for m € N.
k=0
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Thus applying [S4, Lemma 2.1, Theorem 6.1 and the above we see that

k) 72(—1)"—1—’“ 2200

> (D (D evse

(-1
r=n s=0
Vs (v () e S () e
n o \S n+ = s
e (

(
@ (. Zs2o (D) D F(s) | (n+ 200

g po 2
k
# ()0 )V = 1 DX~ 1) mod )

This yields the result.

Corollary 6.1. Let k,n € N.
(i) If n =2 (mod 4), then

—1
—1

x(p=1]n+1x(p—1]b))

n—1

k—1—1r\ [k
g4k — _1\n—1—r _ E4r
(6=5")Bu =3 () (n L ) () (5~ 57) By
k n n+1
+ 3n " 5" (mod 5"7)
and
n—1
k—1—r\/(k
4k+2 — n—1—-r 4r+2
(5-5 )Bagt2 = ;:o(_l) (n 11— r) (r) (5-5 )Bart2

- n(k) 5" (mod 5™T1h).
n

(ii) If n =3 (mod 4), then

(5 — 5*)Byy, zni(—l)"—l—f (k -1 r) (k) (5 — 5By,

n—1-—r T
r=0

k
n n+1
+(n+1>5 (mod 5"
and
n—1
k—1—1r\ [k

5_54k+2 B = -1 n—1-—r 5_54T+2 B .
( )Bujot2 ;( ) a1 )¢ )Buiri2

k
+n( >5” (mod 5"*1).
n
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7. Congruences for Euler numbers.
We recall that the Euler numbers {E,,} are given by

" /2
Eo=1, Eypo1 =0 and Y (;)&Tzomzly
T
r=0

The first few Euler numbers are shown below:
Ey=1, Er =-1, E, =5, Eg = —61, Eg = 1385, F1p = —50521,
Eq15 = 2702765, F14 = —199360981, F1¢ = 19391512145.

By (1.2) and (2.9) we have

1 92n+1 3 1
By, = 2*"Ey, <§> = 2%n. <an+1 <—> — Bopt1 (—))

4
24n—|—1 1 1
_'2n4—1<'_£b”+1<1>‘_fb"+1<1>>'

That is,

(7.1) Eyp = —

Lemma 7.1. Let p be an odd prime and b € {0,2,4,...}. Then f(k) = (1 —
(—1)%1pk(p_1)+b)Ek(p_1)+b is a p—reqular function.

Proof. Asp > 2 and 2 | b we see that p—11b+ 1. For « € Z,, from Lemma 5.1(i)
we know that F(k) = (Bp-1)+o4+1(x) = p*P DBy, 1y ipi1(2))/(k(p—1) +b+1)
is a p—regular function, where 2’ = (z + (—x),)/p. It is clear that

-1 e
i+<—%1>p:{%<i+%>:i if p=1 (mod 4),
1
P

p (2 +322) =2 ifp=3 (mod 4).

4
Thus, using (2.9) we see that

B pses () < (1)) = 7 ()

Hence

p—1 B, _ (l)
E) = (1 — (—1)5 pklp—1)+b) Zklp=1)+b+114
W={-tu=s )MP—D+b+1

— 4~ (k(p=1)+b+1) (1 _ (_1)%_1pk(p—1)+b)Ek(p

—1)+b

is a p—regular function. For n € N we see that
n

Z (n) (_1)k( _ 4k(p—1)+b—|—1) — _4b+1(1 _ 410—1)” =0 (mod pn)‘

k
k=0

Namely, —4*(P~1+b+1 is a4 p—regular function. Hence, using [S5, Theorem 2.3] we see
that f(k) = —4F(P=1+b+1g(k) is also a p—regular function. This proves the lemma.
From Lemma 7.1 and Theorem 4.3 we have:
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Theorem 7.1. Let p be an odd prime, k,m,n,t € N and b € {0,2,4,...}. Then

1= (—1) i o+

~—

Eltpm—1(p—1)+b

n—1

k—1—1r k p—1 m—1

-1 n—1—r 1— (=17 prte (p—1)+b

() Bos e
X Epgpm—1(p—1)45 (mod p™").

Putting n =1,2,3 and ¢t = 1 in Theorem 7.1 we obtain the following result.

Corollary 7.1. Let p be an odd prime, k,m € N and b € {0,2,4,...}. Then
. p-1 m
(i) ([C, p- 131]) Exppmyto = (1 — (=1)7= p®) B} (mod p™).
(i) Erp(pmyss = kEppmyrs — (k — 1) (1 — (=1)"= p*) By (mod p>™).
(iii) We have
k‘ k - 1 p—1 m
Erppm)+o = %E&P(Pm)% —k(k—2)(1— (1) p? )+b>E<p(pm)+b

n (k — 1)2(l<:—2)

(1- (—1)%71pb)Eb (mod p*™).

From Lemma 7.1 and Corollary 4.2(iv) we have:

Theorem 7.2. Let p be an odd prime, k,m € N and b € {0,2,4,...}. Then

Epppmyts = (1= kp™ 1)1 = (=1)"= p") By + kp™ " Ep 115 (mod p™ ™).

Corollary 7.2. Let p be an odd prime and k,m € N. Then
Broimy = { k’pm‘lEpT (mod p™+1) ff p= 1 (mod 4),
2+ kp™ Y Ep,—1 —2) (mod p™*1) ifp=3 (mod 4).
From [S5, Theorem 2.1] and Lemma 7.1 we have:
Theorem 7.3. Let p be an odd prime, n € N and b € {0,2,4,...}. Then there are

integers ag, ay, ... ,an_1 Such that

p—1 — n— n
(1-— (—1)Tpk(p 1)+b)Ek(p,1)+b =an, 1 k"t - +ark + ap (mod p")

for every k = 0,1,2,... Moreover, if p > n, then ag,a1,...,an—1 (mod p") are
uniquely determined.

As examples, we have

(7.2) (1+3%)Ey, = —12k + 2 (mod 3?),
(7.3) (1 = 5" By, = —750k> + 1375k% — 620k (mod 5°),
(7.4) (1 = 5" Eyp o = 1000k 4+ 1500k + 540k + 24 (mod 5°).
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Theorem 7.4. Letn € N and b € {0,2,4,...}. Suppose a,, € N and 291 < n <
2% Then

Z (Z) (—=1)*Esp 1y = 0 (mod 227~ %n),
k=0

Proof. We first prove the result in the case b = 0. Taking x = 0 in (1.2) we find

n 2n+1
3y (Z) ()" B = e (Buga — 277 B,

n
r=0

Thus applying the binomial inversion formula we have

= (n) 2m (1 —2m A
E, = Bini1.
Z <m) m+1 +

Using this we see that

o e

k=0 k=0 m=0 m
2n
2m—|—1(1 - 2m—|—1) n . 2%
= B,, -1)"
P T SN (U [
m=0 m<p<n
2n n
2m+1(1 — 2’”“) n i [ 2k
= Z — Bm+12(k>(_1) (m)
m=1 k=0
By Lemma 4.1 we have
" /n i [ 2k n! m—i Nl j
> () (3F) = 2 i stm st -2
k=0 T j=n
Z m jj's m ])2m—] . TL'S(], n)2j—n . 2j+n—m.
— m! J!
Thus
" /n
-1 n—kE
> ()
k=0
2n m . . .
2mtl(] — gm+l) - jls(m, ) - nlS(j,n) ,
o . m—3J o\ S ogm—35 TN Y g5—n J+n—m
=y o Bm+1Z( 1) 2 i 297 .2
m=1 j=n
2n m . . .
2mHi(1 —2mt) Jls(m, j) oy 1S(j,n)
= Bm —1 m*J—’Qm*] . —’23 n 2j+n m.
— m+1 + jz_%( ) m/! 4!



It is well known that 2B}, € Zy. Suppose 2°792(m+1) || 1 4+ 1. We then have

1 2" B 2B
gm—orda(m+1) m—+1 o 9—ordz(m+1) (m + 1)

€ ZLs.

On the other hand, by Lemma 4.2 we have WT”_J‘ € Zo and %?‘” € Zo.
Hence, if n < 7 < m < 2n, then

2m—|—1(1 o 2m+1)
m—+1
= 0 (mod 2/ +n—ord2(m+1))

3180, 5) gy PSR 5o iin-
Bm+1 ’ (_1)m ]sz J. sz . 2]—!—71 m

When n < j <m < 2n, we also have m +1 < 2(n+1) < 2% *! and so orda(m+1) <
Qp, thus j+n —orde(m+1) > j+n— a, > 2n — a,. Therefore, by the above we
obtain Y7 (7)(=1)*Es, = 0 (mod 22"~*). So the result holds for b = 0.

From [S5, (2.5)] we know that for any function f,

w5 S (1)t m =3 (7)o > ("7 s

& = <
Thus,
(7.6) g (1) -0* B = % (k) (~1)* 2 ("7

As ais 41 = a5 or ag+1, we see that 2(s+1)—as 1 > 2s—a;, and hence 2r—a,. > 2s—ag
for » > s. As the result holds for 6 = 0 we have

k+n
k
Z ( i n) (_1)TE2T =0 (mod 22(’””)—%%).

,
r=0
k+n
Since 2(k+n) —ag+n > 20—, we must have (ki”)(—l)’"E% = 0 (mod 227—n).
r=0

Hence applying (7.6) we obtain

n

Z (Z) (—=1)kEsptp, = 0 (mod 2277 9n).

k=0

This proves the theorem.
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Corollary 7.3. Letn € N and b € {0,2,4,...}. Then

" /n & [ 2 (mod 4) ifn =1,
> (k>(_1) Eaevo = { 0 (mod 2"+1) ifn > 1

k=0

and thus f(k) = Eak1p is a 2—reqular function.

Proof. Suppose a,, € N and 2%»~! < n < 2% . By Theorem 7.4 we have

Xn: (Z) (=1)* Eggqp = 0 (mod 227~n).

k=0

If o, > m, then 2771 < 29»=1 < . For n > 3 we have 2”71 > n, thus a,, < n
and hence 2n — a,, > n + 1. Therefore, for n > 3 we have ZZ:O (Z’)(—l)kEQker =
0 (mod 2"™1). As Eg—FEy=1—(-1)=2and Ey —2E; + B, =1—2(—1) +5 =8,
applying (7.6) and the above we see that E, — Epyo = Fy — Es = 2 (mod 8) and
Ey —2Ey 15+ Epyy =0 (mod 8). So the result follows.

Theorem 7.5. Suppose k,m,n,t € N and b € {0,2,4,...}. For s € N let as € N be
given by 271 < s < 2% and let e, =273 (3)(=1)"Es. Then

T

n—1
k—1—nr\ [k
Fam = —1)nter Eom,
oy = > (1) (n—l—r)(r) 2m it 4b

r=0

k
+ gmn ( > (_t)nen (mod 2mn—|—n+1—an+1).
n

Moreover, for m > 2 we have

n—1
k—1—nr\ [k
Em = —ln_l_r EmT
oty = 3 (—1) (n—l—r)(r) oM rttb

) n(n—1)

5 en+2> (mod 2mntnt2=antyy

k
+ 2™mn <n) (—t)" (en + nepiq +

Proof. For s € Nset Ay =275%"_ ()(—1)"Eay1. Since ag < s, by Theorem 7.4
we have Ag € Zo and 2°7% | A;. As asy1 < ag+1 we have s+1—agy11 > s—as and
hence r — o, > s — s for r > s. Therefore 2° —a; | A, for r > s. As 1+ 41 > Qs
we see that n +3 — ap43 > n+ 2 — a,41 and thus Qnt2—anta | A, for r > n+ 3. By

(7.6) we have

k=0

Since 2" T2-n+1 | e, for r > n+3, 2" T27%+1 | 2¢,, 1 and 272741 | 22¢ Lo we see
that A,, = e, (mod 2"T2-n+1),
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From Corollary 7.3 and the proof of Theorem 4.2 we know that

Zn: (:) (=1 Bazm-rrits

r=0
2 (=1)""s(r,n)n!
_ n _omn _o\nN[/_1\T — ) ‘or—n _g(m—1)nyn
= A" -2 4 T:%Hrl( 2)"(—1) AT( . 2 2 t
. (_1)T_jS(T7j)j! r—j S(]’ TL)TL' j—n m—1,\j
+ = 2 S (2 ) ).

j=n+1
By Lemma 4.2, for n 4+ 1 < j7 < r we have

W1 (i I !
S(T,])j 27“—3’ (],'n)n 2i—"n ¢ Zg and MQT_” = n (mod 2).
7! J! rl r—n

As 2ntl=ant1i | A for r > n + 1, by the above we obtain

D> (n) (—1)" Egmpisp = 27" Apt™ = 2™y, (mod 2T

r
r=0
and so
" /n
(78) Z < )(_1)TE2mrt+b =0 (HlOd 2mn+n—an).

T
r=0

Forr>n+1wehave mr+r—a, >mn+1)+n+1—app1 >mn+n+2— ayqq.
Thus, if » > n+ 1, by (7.8) we have

(79) Z (Z) (_1)8E2mst+b =0 (mOd 2mn+n—|—2_an+l).

s=0

By (4.5) we have

n—1
neirf(k—=1—=1\ [k
Eynpep =) (=1)" (n —-1- 7“) <7“> Banrieo

Lo E Qe

Hence, applying (7.9) we obtain

n—1
k—1—7\/[k
Eom — —)n-t-r Eom,
omktss — Y (1) (n—l—r)<r) 2 rttb

(7.10) =
= (5) 03 (2) (-1 Bemarss (asod gmsizen),
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In view of (7.7), we get

n—1
k—1—7r\/(k
— § : n—1—r
Ekat+b = (—1) (n . 1 i r) (r) E2mrt+b

r=0

n

k

Now assume m > 2. Then (m — 1)(n + 1) + n > mn + 1. From the above we see
that

z”: (Z) (=1)"E2mrito

r=0
2m—1lng
—1yrn |
= 2" A"+ Y (<2)"(—1)" A, - (=1) f(r’ ) gr—n  gm—1nyn
r=n-+1 r
om—lpg n n+2 n
r=n r=n

= 2mmnyn <en +neni1 + (Z) en+2> (mod 2mnHnt2=ons1)

This together with (7.10) yields the remaining result. Hence the proof is complete.
As 2" | e, and n + 1 — a1 > n — au,, by Theorem 7.5 we have:

Corollary 7.4. Let k,m,n,t € N and b € {0,2,4,...}. Let a € N be given by
201 < < 2% Then

n—1
Banten = 30" (21T (8) B (od 27,
T

n—1-—r
r=0

Corollary 7.5. Let k,m € N and b € {0,2,4,...}. Then
Eompyp = 2™k 4+ Ey (mod 2™,

Proof. Observe that e; = 1 and es = 2. For m > 2, taking n =t = 1 in Theorem
7.5 we obtain

Eompyy = Ey 4+ 2™(—k)(e1 + e2) = 2™k + Ej, (mod 2™11).

So the result holds for m > 2. Now taking m = 2 and b = 0, 2 in the congruence we see
that By = 144k (mod 8) and Eg 12 = —1+4k (mod 8). Hence Eqr, = (—1)* (mod 4)
and so Egpyp = (—1)FT0/2 = (—1)%2 4 2k = B}, + 2k (mod 4). So the result is also
true for m = 1. This completes the proof.

Remark 7.1 Corollary 7.5 is equivalent to the following Stern’s result (see [St)):

2m H En1 —En2 — 2™ || ny — na.

Putting n = 2, t = 1 in Theorem 7.5 and noting that es = 2, e3 = 10, e4 = 104 we
obtain the following result.
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Corollary 7.6. Let k,m € N, m >2 and b € {0,2,4,...}. Then
Eompip = kEomyy, — (k — 1)Ey +2°™k(k — 1) (mod 22™2).

Taking m = 2 and b = 0,2 in Corollary 7.6 we get:
Corollary 7.7. For k € N we have

B { 4k 4+ 1 (mod 64) if k=0,1 (mod 4),
7 4k + 33 (mod 64) if k=23 (mod 4)
and
4k — 1 (mod 64) if k=0,1 (mod 4),

E =
et { 4k — 33 (mod 64) if k= 2,3 (mod 4).

Corollary 7.8. Letk,m € N, m >2 andb € {0,2,4,...}. Let 0 =0 or 1 according
asdtk—3 ord|k—3. Then

2

k

E2mk—|—b = <2> E2m+1+b — k(l{ — 2)E2m+b + ( )Eb + 23m+15k (mod 23m+2)‘

Proof. Observe that e3 = 10, ey = 104, e; = 1816 and (g) = J) (mod 2). Taking
n =3 and t =1 in Theorem 7.5 we obtain the result.

Taking m = 2, b = 0,2 in Corollary 7.8 and noting that Fg = 105 (mod 256),
E1p = —89 (mod 256) we deduce:

Corollary 7.9. Let k € N and 6, =0 or 1 according as 41k —3 or 4|k —3. Then

Eyp, = 48k* —44k+1+1286), (mod 256) and Eyx o = 16k* —76k—1+1286;, (mod 256).

Remark 7.2 Let {S,} be given by (3.1). From Remark 3.1 we know that (—1)*S
is a 2-regular function and hence f(k) = (—1)¥*°S; ,; is also a 2-regular function,
where b € {0,1,2,...}. Thus, by Corollary 4.2, for m > 2, k > 1 and b > 0 we have
Som-144p = Sp (mod 2™) and Som-1444 = Sp—2""2k(Spr2+4Sp11+3Sp) (mod 2m+1).
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