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Abstract: Let {S,} be the Apéry-like sequence given by S, = X, (Z)(Zkk)(zziik) We show that

for any odd prime p, Zi : ”8% = (1 - (—1)%)p2 (mod p*). Let {Q,} be the Apéry-like sequence

3
given by Q, = X, (Z)(—S)"‘k 21;:0 (’;) . We establish many congruences concerning Q,. For an

3 3
odd prime p, we also deduce congruences for 37~} (Zkk) = (mod p?), > (Zkk) 64"(11—+1)2 (mod p?) and

_ 3 . . . . . .
Zfzé (zkk) m (mod p), and pose lots of conjectures on congruences involving binomial coefficients
and Apéry-like numbers.
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1. Introduction
Let Z be the set of integers. In 2009, Zagier [36] studied the Apéry-like numbers {u,,} satisfying
up=1,u;=b and (n+ D’upy = (an(n + 1) + b)u, — cn’u,_; (n > 1),

where a,b,c € Z,c # Oand u, € Z forn > 1. Let

n 2 n 3 n 2

, n\"(n+k n n\ (2k

w= 20 -2 =200
k=0 k=0 k=0 n

¢ ["Z:m(zk)z(n)4n_2k B Z":(n)(Zk)(Zn—Zk) 0
e k| \2k e kI\Nk\ n ’
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n\"(2k
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A 2k\(3k n— 3k
SRR

where [x] is the greatest integer not exceeding x. According to [2,36], A 1S0) {an), {04
and {W,} are Apéry-like sequences with (a,b,c) = (11,3,-1),(7,2,-8), (12,4, 32),(1(),3,9), (-17,
-6,72),(-9,-3,27), respectively. The sequence {f,} is called Franel numbers. In [22-25], the author
systematically investigated congruences for sums involving S ,, f, and W,.. For {A,}, {f.}, {an},
{0,} and {W,} see A005258, A000172, A081085, A002893, A093388 and A291898 in Sloane S
database “The On-Line Encyclopedia of Integer Sequences”.

Let p be an odd prime. In [29], Z. W. Sun posed many congruences modulo p? involving Apéry-
like numbers. In [24,25], the author conjectured many congruences modulo p?* involving Apéry-like
numbers. In Section 2, we show that for any odd prime p,

= (1 - (~1)'T)p* (mod p*), (1.2)

and obtain a congruence for Y’ ;é (2;)2— (mod p). In Section 3, we establish some transformation
formulas for congruences involving Apéry-like numbers and obtain some congruences involving a,
and Q,.. For example, for any prime p > 3 we have

(%) (mod p?), (1.3)

gl
L
~~
N
r
0
ol
N
N
1l

Q. =1 (mod p*) and
=0 —8) n=0

where (%) is the Legendre symbol. We also pose some conjectures on congruences involving Q, and a,,.

For positive integers a, b and n, if n = ax* + by? for some integers x and y, we briefly write that
n = ax®> + by*. Let p > 3 be a prime. In 1987, Beukers [4] conjectured a congruence equivalent to

3
_ |0 (mod )23 if p =3 (mod 4), (14)
~ |4x% = 2p (mod p») if p=1(mod 4) and so p = x? + 4y”. .

Nl
o —_

—
(@) =~

This congruence was proved by several authors including Ishikawa [8] (p = 1 (mod 4)), Van
Hamme [7] (p = 3 (mod 4)) and Ahlgren [1]. Actually, (1.4) follows immediately from the following
identity due to Bell (see [5, (6.35)], [17]):

5 (2k\ (n+ k) 1 0 if n is odd,
Z kI ok Jcaok Y (n\ e, (1.5)
o (-4) 2T(n /2) if n is even.

In 2003, Rodriguez-Villegas [14] posed 22 conjectures on supercongruences modulo p?.
In particular, the following congruences are equivalent to conjectures due to Rodriguez-Villegas:

_ [4x* =2p (mod p?) if p = x* +3y* =1 (mod 3),
|0 (mod p?) if p =2 (mod 3),

AIMS Mathematics Volume 7, Issue 2, 2729-2781.



2731

2
2 (F) () (402 —2p (mod p?) ifp =2 +2y% = 1,3 (mod 8),
10 (mod p?) if p=5,7 (mod 8),

S

p - (Zkk)(gkk)(gl/z) _ 4x* —2p (mod p?) if p = x* +4y? = 1 (mod 4),
(3) 2 = (1.6)

0 (mod p?) if p =3 (mod 4).

These conjectures have been solved by Mortenson [13] and Zhi-Wei Sun [28]. Since g +3 = (Zkk) (k2+k1)’
from (1.4), (1.6) and [28], one may deduce that

3
”i () (4 -2p (mod p?) if p=x2+4y2 = 1 (mod 4),
L4645+ 1)~ | =2p+2-27)( 02 (mod p) if p = 3 (mod 4),
S
k 2 2 2 2
——— =6x"—4p (mod p°) for =x"+ 4y =1 (mod 4),
kzz(; TR p p p y
SN
"k—" 4% = 2p (mod p*) for p=x*+3y* =1 (mod 3),
£ 1084k + 1)
S )() =4x* —=2p (mod p*) for p=x*+2y*=1,3(mod 8),
£4 256k (k + 1)
=1 (2k\(3k\(6k
p ( )( )(3k) ) 2 2 2 _
(5) T 4% = 2p (mod p?) for p=x*+4y* =1 (mod4). (1.7)

k

1l
(=)

Let p be an odd prime, and let m be an integer such that p f m. In [27, 29], Z. W. Sun posed many
conjectures for congruences modulo p? involving the sums

-1 (2k)3 -1 (2k)2(3k) -1 (2k)2(4k) -1 (2k)(3k)(6k)
k k) \k Z k) \ok )\ )\3k
K’ P P PR
=0 = M =0 M k=0 m

For 13 similar conjectures see [16]. Most of these congruences modulo p were proved by the author
in [17-19]. In [25, 26], the author conjectured many congruences modulo p?* involving the above sums.
For instance, for any prime p # 2,7,

4x* —2p— L 25 (mod p?) if p=1,2,4 (mod 7) and so p = x* + 7y?,
-1 o3 |1 230/ Bp/7\ 2 :
pz: (2k) (0 )_2 ~1p( )_2 (mod p?) if7|p -3,
_£p2(3[‘0/7]) = _%pz(BP/ﬂ) (mod p3) if 7 | p- 5,

k=0 ) /1)
25 23T\ — 11 2(Bp/T . ~
176 P ([pm) =-3p <[p/7]) (mod p°) if 7| p-6.

Let p be an odd prime. In Section 4, we deduce congruences for

-1 (2 -1 (2k)3 -1 (2k)3
Z ~— (mod p?), Zm(modp) and Zm(modm.

k=0
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In Section 5, based on calculations by Maple, we pose lots of challenging conjectures on congruences
modulo p? for the sums

SN N N s T 1
ka(k+1) m"(2k Zm"(2k—1)2’ mk(2k — 1)’ Zm"(k+l)

k=0 k=0 k=0 =0 k=0
SIS (“") OO0 SO0 e
komk(Zk—l) kz mk(k + 1)’ kom"(2k—1) ka(k+1) kz K2k - 1)’
and congruences modulo p? for the sums
RO O O
pn mk(k + 1)’ pa mk(2k — 1)’ pan mk(k + 12’
¢ o O ¢
i mh(k + 127 & mh(k + mk(k + 1)2° L mk(k + 1)

where m is an integer not divisible by p. As two typical conjectures, if p is an odd prime with p =
1,2,4 (mod 7) and so p = x*> + 7y, then
(p-D)/2 3
1 (2k
— = —44y* +2 d p*);
2. k+1(k) y~ +2p (mod p°)

if p=1,3,4,5,9 (mod 11) and so 4p = x*> + 11y?, then

p- 3k)(6k)
Z; 32)3k(k + 1)) —26y” + 2p (mod p°).

In Section 6, we pose many conjectures on Z,f gg{ 5 modulo p?, where u,, € {A), fu, S, an, On, Wy}
In addition to the above notation, throughout this paper we use the following notations. For a
prime p, let Z, be the set of rational numbers whose denominator is not divisible by p. For a € Z,,,
let g,(a) = (@' = 1)/p and (a), be determined by (a), € {0,1,...,p — 1} and a = (a), (mod p). Let
Hy=0,H,=1+3+---+%(n>1)andlet{E,} be the Euler numbers given by

n 2
Ey 1 =0, Ey=1, £Ey= Z(Zk)Ezn w(m=1,2,3,...).

2. Two congruences involving S, and A,

Let {S,} be the Apéry-like sequence given by (1.1). In this section, we prove the congruence (1.2).
Z. W. Sun stated the identity

G2k k L
S,,_Z(k)(n_k)(—4) (n=0,1,2,..), 2.1)

k=0
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which can be easily proved by using WZ method, see [34]. Using this identity we see that for any
positive integer p and a give sequence {c,},

n=0 n=0 k= k=0 n=k
S1 (26 -1 _1 (2K\2 poi-
_1’1 k ' Citr (k)_pl(k) plk(k) Cltr
- _A _D)k+r - k _9)
o Y G 8 V2
Thus, for p € {1,3,5,...},
2 2
S Sn " (2kk) : k Ch+r & (zkk) = k Cl+r
Crat = o > = L =R 2.2)
n=0 k=0 =0 \ k=(p+1)/2 =0 \/
Theorem 2.1. Let p be an odd prime, then
L\ ns 1
o = (1= (=D)T)p* (mod p?).
n=1

Proof. Clearly,

0 SES ol L BV 3 () B RO

r=0 r=0

Thus, taking ¢, = n in (2.2) and then applying the above gives

i nS, a (zkk)ZP_l_lC k k+r_(p_1)/2(2(p S) = p—s\p—s+r
2% ‘%m?;(r)wy‘ 2 Z( ) o

Observe that p | ( ) for 5 <k < p.By[27, Lemma 2.1],

2(p-s)
(pl;s ) - (3) (mod p) for s=12,...,——.
N

Now, from the above we deduce that
p—1 (p 1)/2 s—1 s-1
nS, 4-8 )
=p _ (mod p*). (2.3)
L g Zl Sz(zss)z Z( )( -2y
B n+k k _ ~n _ rfx=1+r
y [5, (1791, Xy (") /24 = 27 Since () = (=1)(*"}*"). we see that for s > I,

S -5\ 1 Ss—1+A1T
Z;(r)ez)f:Z;( RS

r= r=
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and

It then follows that

& (—-s\r—s w1 (25)\1 1 25\ 1
N e

Substituting into (2.3) yields

By [12,(25)],

Thus,
D2 g 45
2 )= Ay ) =AEDT -Dmedp
2
and so Pl ¢ P P2y ;

which completes the proof.
Theorem 2.2. Let p be a prime with p #+ 2,11, then

p_l(Zn)A;_ x* (mod p) if (£) =1andso4p = x> + 11y?,
— 4" 10 (mod p) if (&) =-1.

n

(1)(=%)- Thus,

Proof. For nonnegative integers k, m and n with k < n < m, it is known that (’Z)(Z)
applying Vandermonde’s identity we see that

Sl B

B N (m m—k)(Zk)(n+k) -
= (=D
1 L4 (k)(n—k k
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O (m)\(2k i O (m = k\(n+k ek
‘Z k) k)Y Z n—k)( 2k )(_1)
k=0 n=k
" (m\(2k &N (m - k\(2k + r
= G )( )(—1)’
kzz;l k) k rZ:;J r r
m m—k
:Z m) 2k (—1y m—k )(—Zk—l)
k:O k\ k o m—k—r r
= (m\(2k m—3k-1
= (—1)’""‘( )
kzz(; k) k m—k
_ Z’": m) 2k( 2k )_ Zm:(m)(Z(m—k))(Zm—Zk)
L\ k\k \m—k)— L\k)\ m-k ko)

— 2k
Note that p | (zkk) for £ < k < p and (%) = (_%) ) (mod p) for k < £. Taking m = pT_l in the
above, we deduce that

-1 (p—-1)/2 -1
2n\A, p-! 5 by
L =(=D7 2 (-DH7T A
n=0 (I’l )4n ( ) HZ(; n ( ) '
o P2 oty (2L N ok
SCUE Y DS (i
o VKN -
(P-1/2 /p-1 pl
. pot bt <2k = 1
= (-7 2 ( n )(‘4)2_k( )
; V=" k
(P=1)/2 1 p=1)2
_ p ([’T) 4p;1—k(3k)
k=0 k k
(=12 ()2 (3K p-1 (2K\? (3%
_ Z (k) (k) _ Z k) (k) (mod p)
= =

Now applying [18, Theorem 4.4], we deduce the result.
Remark 2.1. In [29], Z. W. Sun conjectured that for any odd prime p,

”Z‘i (Ar _ {x2 —2p(mod p?) if (£)=1andso4p = 2* + 11y?,

k - _
4 0 (mod p?) if (&) = -1.

3. Congruences involving a, and Q,

In this section, we establish some transformation formulas for congruences involving Apéry-
like numbers, obtain some congruences involving a, and Q,, and pose ten conjectures on related
congruences.
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Lemma 3.1. Let n be a nonnegative integer, then

h=y (Z)(—l)"—kak = (Z)sHQk,

k=0 k=0

0, = Z()( 9" a, —Z()ﬁ—Z()WQk

k=0

Proof. By [15, 38)], a» = Yo (Z)fk Applying the binomial inversion formula gives f, =

k0 (Z)(—l)”‘kak. Since (_Qg”)n = ZZ:O( )( 1)" 5> applying the binomial inversion formula gives
L=y, (})%. Also,

2l )9 ta
_ n -1 n—k nz_li n—k 8" C n -8y N -r -1 n—r—k
= (=D ax 2\ . (-8) k D"

=S8y s = 0.
)

tan

Applying the binomial inversion formula yields a,, = >};_, (;’)9""C Ok, which completes the proof.
Theorem 3.1. Let p > 3 be a prime, then

bS]

-1 p-1 Q
8n)" =1 (mod p*) and -

(g) (mod p?).

Il
(=]
S
Il
(=]
~
O
N~
=

n

Proof. 1t is well known that Zﬁ ;,: (Z)
= 20 (Z)(—g)”‘k Jx» we see that

oo & S A S
(_8)n:Z (k)( 8k Z( 8)";()

(,2,) and (") = (=) (mod p) for 0 < k < p — 1. Since

n=0 n=0 k
-1
_ S fk(p): i N0 p(p—l)
L4 (=8)\k+1)  (-8)] ko(—s)k k+1\ k
— fp—l +pp—2 ﬁ< Z fp 1-k
Cer VL gk 81’1 (p — k)8r=1-k
Pl ok
_ 8 fr-1-
z_f”‘l—p Ttk (1n0d )
" k=1 k
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By [30, Theorem 1.1 and Lemma 2.5],

p—1
for = 14 3pg,2) (mod p) and 3 (<12 = 0 (mod p?),
k=1

Thus,

p—1
On _ fp—l _ 1+3pqp(2) _ )
= (8 Tl T + pg,(2))3 = 1 (mod p7).

Using Lemma 3.1,

By [11] or [25, Theorem 3.1], a, = (%)9’ap_1_r (mod p). By [32, Lemma 3.2], a,_; = (%)(1+2pqp(3)) =
(£)977! (mod p?). Taking x = 1 in [32, (3.6)] gives yr! % = 0 (mod p). Now, from the above we

r=1

deduce that

—

1

S

Ne)

1l
(=]

n r= r=

This completes the proof.

Lemma 3.2. Let p be an odd prime and m € Z, with m % 0,1 (mod p). Suppose that ug, u,, . .

Z,and v, = Y, (Z)uk (n > 0). Then

p-1 v p-1
k
— = (mod p)
k _ 1)k
k=0 k=0 (m —1)
Proof. 1t is clear that
p-1 p—1 k p—1 p-1
1 k 1 (-1
D3 1 D 99 3 (i S
k=0 im0 M 20 \S =0 1= T -s
B s U o (—1 — s) 1 s U p_l_g(—l - s)( 1
- s _ s s B
s=0 k=s k $ ( I’I’l) s=0 r=0 r m

On ap-1 o Va, i p p < a. _(p d p?
=9y ~ o1 pz r (5) - p(§)z Pl (g) (mod p°).

s Up1 €
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This proves the lemma.

Theorem 3.2. Suppose that p is an odd prime, m € Z, and m # 0,1 (mod p), then

S

= Z & (mod ) 'f 3 d
Z Zk k= 0 ((m=3)3 [(m—1))F p if m # 3 (mod p),

k P 1 L))k (mod p) if m # -3 (mod p)

k= k=0 ((m+3)3/(m—1)?

and

¢! p1 G o
O 2 o (@n=3p (=D} (mod p)  ifm # 3 (mod p),
S Ty (mod p) if m % 3 (mod p).

Proof. By Lemma 3.1, a, = Y_, (Z) fr. From Lemma 3.2, Zf;é % = Z,’(’;& (mj:k1)k (mod p). Now
On  _

applying [23, Theorem 2.12 and Lemma 2.4 (with Z = 11)] yields the first result. Since

=8 =
ZZ:O( )( 8 applying Lemma 3.2 gives );_ (; = 8m)k = 0 m (mod p). From [23, Theorem 2.12
and Lemma 2.4 (with z = m)] we deduce the remaining part.

Theorem 3.3. Suppose that p is a prime with p > 3, then

M"“
/\
p—k
\S)
—~
=

5 0, [2x@modp) if3|p—1,p=x2+3y*and3|x—1,
"~ |0(mod p)  if p =2 (mod 3).

:O

Proof. Putting m = %, % in Theorem 3.2 yields
p-l p- p-l 3k
0, ()
= = d
2. oy Z; oy ; £~ (mod p)

Now applying [20, Theorem 3.4] yields the result.

Lemma 3.3. [31, Theorem 2.2] Let p be an odd prime, uy, u,, ..., u,-1 € Z, and v, = Y, (Z)(—l)kuk
forn>0. Form € Z, withm % 0,4 (mod p),

&S (2k\ v m(m—4) N2k u
b= 5 2 (et e

k k=0

Theorem 3.4. Let p be an odd prime, m € Z, and m # +2 (mod p), then

'E

M'ﬁ

= (Zk) a ((m +2)(m — 2))

2K\ fi
(m + 2)F » ( ) (mod p), (3.1)

£ k | (m—2)

Il
(=]

k

1l
(=]
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& (2K Ok _((m+2)(m - 2) s fi

Z;‘( )( 8(m +2))F ( p Z;‘( )(8(—2))k (mod p), (3.2)
(2K Ok _(m+2)(m—2)\ & (2 a

k ( )(—9(m + 2))k - ( p ) £ ( )m (mod P), 3.3)

and for 9m — 14 # 0 (mod p),

& (24 O _(m+2)9m — 14)\ © ! £
kzz(; ( k )(—9(m + 2 ( » ) £ ( )m (mod p). (3.4)

Proof. We first note that p | ( ) for ”” <k < p—1. By Lemma 3.1, taking u; = (—1)*f; and vy = a;

_ Jk Ok

in Lemma 3.3 gives (3.1). Since —=%; - 8),, = Y- 0( ) taking u; = < and v, = CoF

o in Lemma 3.3
in Lemma 3.3 yields (3.3). Combining (3.3)

(- S)k’
gives (3.2). By Lemma 3.1, taking u; = g and v; =
with (3.1) yields (3.4).

(- 9)k
Theorem 3.5. Suppose that p is a prime with p > 5, then

o 20\ @y 20\ Q. &S (20) O,
=17 Z(n)54" =Z(n)18" =;(n)(—36)n

n=0

_ [4x* (mod p) if p =1 (mod 3) and so p = x* + 3)?,
~ |0(mod p)  if p =2 (mod 3).

Proof. Taking m = 52 in (3.1) and then applying [23, Theorem 2.2], we obtain

20\ a, (31K (2K f
Z(;(n)54”= Z( )50k

n=

B (=1)= 4x% (mod p) if3|p—landso p = x> +3y?,
|0 (mod p) if p =2 (mod 3).

Taking m = —4 in (3.3) gives ") (2) & = (3) 27 ()& (mod p). Taking m = 2 in (3.4) and

18" 54
(mod p) (see [23, p.124]) yields

applying the congruence for Y;_ ( k) Car

”Zl‘(zn) . ”Z“(zk) fi _ [42(modp) if3]|p—Tandsop=x?+3y>
(=36 LI\ k /(=4 |0(modp) if p=2(mod3).

n=

Now combining the above proves the theorem.

Theorem 3.6. Suppose that p is a prime such that p = 1,19 (mod 30) and so p = x> + 15y?, then

& 2n\a, & (20 ay _p_l 2n\ O, _p_] 2n\ O, _ .,
:0( ) Z( )( 45)"22(”)(—27)":;(n)(—8—1)"=4x (mod p).

n n= n=0

AIMS Mathematics Volume 7, Issue 2, 2729-2781.
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Proof. Taking m = 7 in (3.1) and then applying [23, Theorem 2.5] gives

E2n\a, 55 2K\ £
205 = G 2 ()5 =42 e

Putting m = —47 in (3.1) and then applying [23, Theorem 2.4] gives

p

V(2n\ a5\ (2K fi
Z ( n )(—45)" B (;) Z ( k )(_49)k = 4x (mod p).

n=0 k=0

Taking m = 1,7 in (3.3) gives

C2n)y 0, & (2k\ax
( )(—w: ( )_ (mod p)

- (Zn 0 _X 2k) i q
2\ sy = 2\ i Jcasy (ol P

Now combining the above proves the theorem.

3

Theorem 3.7. Suppose that p is a prime with p > 3, then

<

21\ 0O, ”Z‘i m\ 0, (43 (mod p) if p=2x2+2y>=1,3(mod83),
64"

n | (=32) i\ n 0 (mod p) if p=15,7 (mod 8),

3 i
—_ O

[

wm\a, ‘&3(2 i
nn 2a0" =2, ( nn)(_?@n =4x* (mod p) for p=x"+5y* = 1,9 (mod 20),

T i
- o
S
Il
(=)

2n\ O, 4x* (mod p) if p=x*+9y*> =1 (mod 12),
n)(=48)" |0(@modp) ifp =11 (mod 12).

(=]

n=

Proof. Taking m = ¢, —% in (3.3) yields

1 (20 0, (2 1 (20 a,
Z;(n)ew = (7);(n)4_" (mod p).

n=|

&\ 2n 0, & (2n\ a,
Z(n)64"52:(;(n)100” (mod p).

Now applying [23, Theorem 2.14] and [21, Theorem 5.6] yields the first congruence. Taking m = 0
in (3.2), m = 18 in (3.1) and then applying [23, Theorem 2.10] yields the second congruence. Taking
= 1?0 in (3.3) and then applying [21, Theorem 4.3] gives the third congruence.

Based on calculations by Maple, we pose the following conjectures.

Conjecture 3.1. Let p > 3 be a prime, then

ES(n+3)0,  [3p2modp®)  if p=1(mod3),
L4 (=8)"  |-15p® (mod p?) if p =2 (mod 3),

AIMS Mathematics Volume 7, Issue 2, 2729-2781.
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pi (n=2)Q, _ |-2p* (mod p*) if p =1 (mod3),
(-9 | 14p? (mod p?) if p =2 (mod 3).

Conjecture 3.2. Let p be a prime with p > 3.
(i) Ifp=1(mod3)andso p=x*+3y*with3 | x—1, then

S

p-

p 2
E =2x— — d p°).
:0( 12)n X 2x(mo p°)

I
[«

(11) If p = 2 (mod 3), then

p-1

p 2
- (mod p°).
-6y (p-1/2
n= ( ((z—S)/6)

Conjecture 3.3. Let p be a prime with p > 3.
() If p = 1 (mod 3) and so p = x> + 3y, then

p-1 p-1 2
2n\ O, 2n\ 0, ) p 3
= =4 -2p—-— d .
z :( n ) 18" nz:O: ( n )(—36)” X P 412 (mod p”)

n=0

(11) If p = 2 (mod 3), then

p-l p-l 2
2n\ O, 2 n
E ( n) 0 =-2 ( n) Q = P > (mod p3).
“\n 187 “\n (=36)" ((,;—1)/2)

B (p—5)/6

Conjecture 3.4. Let p > 5 be a prime, then

S (2 On _p_l 2n\  On pl _(P & (2n a, 2
,,Z_(;(n)(—27)n =;(n)(—81)n _o(n)( —45)" =(§) _o(”)& (mod p?).

n

@ Ifp=1,17,19,23 (mod 30), then

(2) p-! (Zn)a,, {4x2 —op- L £z (mod p)  if p =119 (mod 30) and so p =  + 157"

(i) If p = 7,11, 13,29 (mod 30), then

31 2 5[P/3]( [17//3]]) (mod p3) if p = 7 (mod 30),
pzi (Zn) an _ 341 2 5[17/3]([5717/135]]) (mod p>)  if p=11 (mod 30),
2L slﬂ/3l([“’/ﬁ;]) (mod p*) if p = 13 (mod 30),

3 p? 5[1’/31([[;/13;]) (mod p3)  if p = 29 (mod 30).

n=0

2p —12x% + 22(modp) if p= 17,23 (mod 30) and so p = 3x* + 5y°.
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Conjecture 3.5. Let p > 3 be a prime, then

& ”Z (Zn) ay _ |4x* =2p (mod p?) if p ="+ 3y’ =1 (mod 3),
n J54* |0 (mod p?) if p =2 (mod 3).

Conjecture 3.6. Let p be an odd prime, then

=0 n ) 64" 0 (mod p?) if p=15,7 (mod 8).

i _KS (1) Q0 _ [4@ =2p(mod p?) ifp = +2y? = 1,3 (mod B),
( )( 32>"=Z( ) )

Conjecture 3.7 Let p be a prime with p # 2,5, then

T
[S—
~—
S|
|
—_—
s ¥
~————
\®]
Q
Q=
Il
~
|
p—
N
S
N‘L
gl
—_——
(\°]
S

4x* —2p (mod p*) if p = 1,9 (mod 20) and so p = x> + 5y,
2x* = 2p (mod p?) if p = 3,7 (mod 20) and so 2p = x> + 5y,
0 (mod p?) if p = 11,13, 17, 19 (mod 20).

Conjecture 3.8. Let p > 3 be a prime, then

p-1 2 0 4x% — 2p (mod pz) if12| p—1andso p = 2+ 9)’2,
(nn)(_4g)n =<2p—2x* (mod p?) if12|p—>5andso2p=x*+9y°,
"0 0 (mod p?) if p = 3 (mod 4).

Conjecture 3.9. Let p be a prime with p > 3. If m € {-7,-25,-169,-1519, -70225, 20, 56, 650,
2450} and p ¥ m(m — 2), then

p-1

_m(m—2) = 2n fr 5
( )(16(m 2))n=( p );(n)(mm)” (mod p).

EM

Conjecture 3.10. Let p be a prime with p > 3. If m € {—112,-400, -2704, —24304, —1123600} and

pt m(m+4), then
& \ _m(m+4)p ) i
() = S e o

n=0

3
4. Congruences involving (2:)

For an odd prime p and x € Z,, the p-adic Gamma function I',(x) is defined by

=1, T,m=n" [] & for n=123,..

ke{1,2,...,n—1},ptk
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and
I',(x) = lim I',(n).
p(0) nef0.1,...}lx-nl,—0 p()

Theorem 4.1. [25, Conjecture 4.10] Let p be an odd prime, then

3
- (2kk) {4x2 -2p - f_zz (mod p?) ifp=x*+4y* =1 (mod 4),

2 _ -2 .
G464 |-z (03) " (mod p*)  if p =3 (mod 4)
and
W) P
= k = 452 3 ) 2 _
(=D 2. (=512)F =4x" - 2p— v (mod p’) for p=x"+4y" =1 (mod 4).

= (Zkk)3 {—r,,(}f (mod p*)  if p =1 (mod 4),

=0 4 _f_zrp(%f (mod p*) if p =3 (mod 4)
and
g (Zkk)3 B 14 ; ~
v k=0 (=512) - _FI’(Z) (mod p”) for p =1 (mod 4).
By [35, 9],
r(2) = s (2) (1 - ) mod ) if41p- 1. .

pP=
P

207316 + 32p + (48 — 8E,_3)p?)( ) (mod p*) if4]|p-3.

2
T

By [24, Theorem 2.8], for p = x> + 4y*> = 1 (mod 4),

(5 P’ p2
F(p—l) (1- ?Ep_3) = 4x% - 2p — -+ (mod p°). (4.2)
4
Combining (4.1) with (4.2) gives
1.4 2 P’ 3 2 2
- p(é_l) =4x —2p—@(modp) for p = x* +4y* = 1 (mod 4). 4.3)

Now combining all the above proves the theorem.

Theorem 4.2. Suppose that p is an odd prime, then

3
pz_i (zkk) 8x%> — 5p (mod p?) if p=x*+4y> =1 (mod 4),
644 (k + 17 = |=6Ri(p) - p (mod p) if p = 3 (mod 4),
3
S (2kk) 1+62" 1 -p)+ (’x%z (mod p?) if p=x*>+4y* =1 (mod 4),
644 (k + D i+ 6(27~!1 — p) — 24R,(p) (mod p?) if p = 3 (mod 4),
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where Ri(p) = 2p +2 — 2p—1)((p—1)/2)2'

O \p=3)/4
Proof. By [35], for any positive integer n,
n+k 250\ | 16-14] .
Z ( ) _{2([32]) 16 22 if 2 | n, 4.4)
k 2 2024201 (23] 2] ’
(- 4) (e 12 |2t () - 16718 if2 .
From [16],
p-1 Zk)
N +k ( P~ 1
d f k=0,1,...,——. 4.5
( ok ( 16)k( od p?) for > (4.5)
Now, taking n = p ! in (4.4) and then applying (4.5) gives
_ 2k\3 - 20\2 (55 +k
(ézifz (k) _ utifz (k) ( 3;-)
k - _A)k 2
Ld 64k + 1~ &b (=Akk+ 1)
(P-D12\ 1 -2 -
_ 22((2_1)/4) 1677 (mod p?) ifd4|p-1,
) (-3 -2 2076 ((p-1)/2)? -
(%ﬁﬁiwﬁl64 = shm((ays) (mod p?) if41p-3.
For p = X2+ 4y2 =1 (mod 4), from [17, Lemma 3.4],
e
4x* - 2p = F(é) (mod pz). 4.6)
4
Thus,
(p=1)/2 (Zk)3 =
k 2 2 2
= =8x -4 d p°).
L1 64k + 12 2 l(pT—l) x = 4p (mod p7)
For p = 3 (mod 4), we see that
20— 6 -6 —6
= = —6(2p +2 - 27! d
o1 - A+ =D =2p) - Tx@ —1-2p) - 0GP ) (mod p°)
and so
(r-1)/2 (35)3 p=1,2
——~ = _@2p+2-2""N 2 d
4 645k + 1) @p )(I’T) (mod p°)

Notethatpl( )for—<k<pand

1{2(p - 1)\’ 2p—2)2p -3 1
_((p )):p((p )2p=3)---(p+ )) _p (mod ),

P\ p-1 (p—D!
Then we get
3 3
S ) e G e g
2

- "4 6dkk+ 1)?

= = d p).
64k(k+1)2 641 p? | L 6Ak + 1) (mod p7)

k=0
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2k
Now, combining all the above proves the congruence for ;- é z 45(]31)2 (mod p?). By [35],
pL 2%k\3
5 (%)

64k (k + 1)7

rp(Z)4

8 — r3(8f)4 (mod p?) if p = 3 (mod 4).
r(3

{8 — 2" (mod p?) if p =1 (mod 4),

This together with (4.1) and (4.3) yields

el 1 (2k)3 8 + 61’ (mod p ) ifp = x2 + 4y2 =1 (mod 4),
Z 6 (k+ 17 |g— #ﬂm( ) (mod p?) if p = 3 (mod 4).
For p = 3 (mod 4) we see that ((1’; gﬁ) 2?;11)(25 :;;ﬁ) and so
3.2 —1.2 —1.2 1.2
T - (2! )2”7 _ DY Ap 1T
3] TOp-on/\e2) T ) T4\ P
1 7 7 7
Thus,
_ 3 3.2
G 96 P\ . 96 ap+ (5
L 6aGk+ 1) T (T+ @ = D)1 +2p)\ 22 v —142p 4\

(»-1/2\

= p— p— _1 —_—
=8-24(1 - (27" = 1 +2p)dp + 1)((p a4

It is well known that (2" 1) = 1 (mod p?). Hence,

Cr) () !

64r-1p3 ~ (1+20-1—1)62p -1~ (1+6(271 = 1)1 - 6p)
=—(1-62"""'=1)(1 +6p)=—-(1-62""-1)+6p)
=3.27 —6p -7 (mod p?).

Slncep|( )for—<k<

o I =1
64F

_ N\ L 3.97 _6p— 7 (mod p?).
64k(k +1)3 (k+1)  64r-1p3 £ 64k(k + 1)3 + P (mod p?)

k=0
Now combining all the above proves the theorem.
Theorem 4.3. Let p be an odd prime, then

)

p-l )3 b1 % el (21{,{)3 2
64k(2k— 1) (5 B E)([f‘-’]) _szz(; 6452k — 12 (mod p~)

k=0

|

) = 8 — 24R,(p) (mod p?).

2
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and so
—1 2

) (mod p).

=
|
S

()

oM 2k —1) _E([ ]

~
Il
ENJRSII N

0
Proof. Using (4.5),

(”7_1+1+k)_”7_1+1+k(”7‘1+k)

o 2(p+ D) 2l vk
2k Coliok\ 2%

‘(m‘ )( 2

() ()

(2(p+1)(p+2k—1)_ ) (_ 2k—1+(2k—1)p+p_1)

= “Qk— 1)y (—16) k- 1) (—16)k
2 2 2 (3)
- (1 d p?).
(1+ -1 2%k—1 (k- 1)2)(—16)k (mod p7)
Thus,
gt 2l g3
k(B TR = (%) 2 2p 2p
=— 1 d p?
kzo(k) ( 2% )(—4)k ; ot Tt (21<—1)2)(m° r)
and so
(r-1)/2 (’i{kf ) »
_2
kzz(; 64k (Zk— 1 2% =1 (k- 1)2)
_ 2%\ _ _
=(pzl):/2(k_) +<’JZ”:/ 2 (21<)2(”—21 +1 +k) L mod
k=0 64k k=0 k 2k (_4)k
By (1.5),
(p-D)]/2 2/ p—1
(Zk) ("7+ 1 +k) 1
Zi \k 2%k (A
(p+1)/2 2 1 2
_ Z (Zk) (%+k) 1 _(p+11) 1
k + p+l
=\KJ\ 2k JEH N s
{o (mod p?) if p=1 (mod 4),
= (prD/2\2 _ (p-1)/2\2 R
%((ﬁjl) /4) = #l(é—z) /4) (mod p?) if p =3 (mod 4).

From the above, (1.4) and (4.6),

(=12 (2k)3
k

1 )4 14
+ +
k:O 64k (2k -1 2k-1 (Q2k- 1)2)
_ 2 .
_ |2 = 2p) = =5 () (mod p) if p =¥+ 4y = 1 (mod 4),
= 2 .
_% . 21#_1(25_;%3) (mod p?) if p = 3 (mod 4).

AIMS Mathematics Volume 7, Issue 2, 2729-2781.



2747

Hence,

(p=1)/2 <2kk)3

)
— = —— (mod p)
L4 6442k - 1) 2\[2]

and so
2

p=1\2  (p-D)2 23 r1
E 1
o) S <k_>§__( ) a2
k=0

2\[2] 6452k — 1)? 2r\[£]

k
6452k - 1)

(p-1)/2 (Zk)3

To see the result, we recall that p | ( ) for S<k<p.
5. Conjectures on congruences involving binomial coefficients

Fork=1,2,3,...,1tis clear that

1 (2% Ue—2\ (2k-2\ 2[2%k -2
—_— :2 —_— = — :2 _ Z
2k—1(k) ((k—l) ( k )) k(k—l) Cr1 €2,

where C;, = ﬁ(i") is the k-th Catalan number. For an odd prime p, let
(= D2y
Ri(p)=QC2p+2-2° )( [p/4] ) , (5.1
» - [p/8] p-1
R(p) = (5=4-DT)(1+@4+2-D)7T)p -4 -1 -3 Z ( ; ) , (5.2)
5]
Rip) = (1+2p 45027 =337 - 1))((" . /16)]/ 2) - (53)
Calculations with Maple suggest the following challenging conjectures.
Conjecture 5.1. Let p > 3 be a prime, then
pz_i (2,5)2(3,{]() ~ {3x2 —4p — p? (mod p?) if3|p—1andsodp = x>+ 27y
L (-192)(k+ 1)~ |2@2p + 1)([21’/;]]) +p (mod p?) if p =2 (mod 3),
2 (zkk)2(3kk) _ | 4x* =3p (mod p*) if3|p—1andsodp = x>+ 27y
kzz(; (—192)%(k + 1) ~ {13(2p + 1)([[2p1’//33]])2 + 2 (mod p?) if p =2 (mod 3),
el (2kk)2(3kk) 32+ 9p + 3p > (mod p?) if3| p—1andso4p = x*+ 27y,
£ (-192)2k - 1) ~ {—%(2p + 1)([[215’/33]]) +2p (mod p?) if p =2 (mod 3).

Conjecture 5.2. Let p > 5 be a prime, then
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5 (GG

— (= 12288000)%(k + 1)

B 26082y2 +2p— (%))p (mod p?) if3| p—1andsodp=x*+27y%
1280(2p + 1)([[215’/33]]) + 1922, (mod p?) if p = 2 (mod 3),

(G
— (= 12288000)(k + 1)?
:{ ”3204 24 (B (10))p (mod p?) if3|p—1andsodp=x*+27y%,

11776(2p + 1)([[2;/33]]) B+ (19)p (mod p?) if p = 2 (mod 3),

5 (GG
4 (~12288000)"(2K — 1)

{ 177 .2 53199 56157

SooXt + 28 + 64000sz (mod p*)  if3 | p—1andsodp = x*+ 27y,

—%2p + 1)([[2;/;]]) + 245 (mod p?) if p =2 (mod 3).
Remark 5.1. Let p be a prime with p > 5. In [25], the author conjectured that if p = 1 (mod 3) and so
4p = x* + 27y?, then
2k\? %k 2K\ (3K (6k
S o B L
(=192)F p — (- 12288000y x? ’

k=0

if p = 2 (mod 3), then

AR 80010 "2 )G
( 192)" N 161 (—12288000)F

3 ,(12p/31\ ;
4 ([p/s]) (mod 77

k=0

p-1 (zkk)2(3kk)

k=0 (T00f (mod p?) was conjectured by Z. W. Sun [27] earlier.

The congruence for ),

Let p > 3 be a prime. In [27,29], Z. W. Sun conjectured congruences for Zf;é (215‘)3/mk
(mod p?) with m = 1,-8,16,-64,256,-512,4096. Such conjectures were proved by the author
n [17]. In [25], the author conjectured congruences for Zf;é (2}(1()3 /mF (mod p?) in the cases

=1,-8,16,-64,256,-512,4096.

Conjecture 5.3. Let p be an odd prime, then
3
2 (B) (—24y2 +2p (mod p*) ifp = 2% +4y> = 1 (mod 4),

4 (=8)(k+1) " |1R\(p)+ p(mod p*) if p =3 (mod 4),

2 _(Zkf _ [-32y” (mod p?) if p=2x>+4y* = 1 (mod 4),
(—8Fk+ 17 3R (p) +2p (mod p?) if p =3 (mod 4),
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<
|

()
i (=8)K2k - 1) ~
(%) 4 +2p+ 152 (mod p*) if p= x> +4y* = 1 (mod 4),
(8 2k — 17 6R,(p) (mod p?) if p =3 (mod 4),
()

(=8)4(2k - 1)’

_|-4x* = Zp* (mod p?)  if p=x*+4y* =1 (mod 4),
2p = 2Ri(p) (mod p*)  if p =3 (mod 4),

».
O

=
|

M

k=

O

S
|

{48y+ erp’ (mod p°)  if p=x*+4y* =1 (mod4),

e 6p — 12R,(p) (mod p?) if p =3 (mod 4).

Conjecture 5.4. Let p be an odd prime, then

(p=1)/2 (Zk)3
— M =162 +2p (mod p*) for p=x2+4y* =1 (mod4)
£ 64k + D) :
p-1 2k)3 .
(k) 2+ p+ & (modp) if p=x*+4y* =1 (mod 4),
642k — Do —1Ri(p) (mod p?) if p =3 (mod 4),
p-1 2k)3 :
G (2@-p—L(modp®) ifp=x+4y%=1(mod4)
£ 6442k = 1)* | 3R (p) (mod p?) if p=3 (mod 4),
3
& (zkk) _ |z2p? (mod p?) if p=x*>+4y* =1 (mod 4),
642k = 1)’ —-3R(p) (mod p?) if p =3 (mod 4).

Conjecture 5.5. Let p be an odd prime, then

(=12 (2kk)3

(=1)14! Z _[-32y*+2p(mod p?)  if p=x*+4y* =1 (mod 4),
£ (512G + 1)

—4R,(p) - 2p (mod p*) if p =3 (mod 4),

(_1)[§] pz_i (zkk)3 _ —16x> + (8 — (—1)[£])p (mod p?) ifp=x*+4y* =1 (mod 4),
(=512 (k+ 1) | -24R,(p) — (-D'¥1p (mod p*)  if p =3 (mod 4),
~Dls ]Z (Zk)S -3x% + p+@p (mod p?) ifp=x*+4y* =1 (mod 4),
(-512fQ2k—1) ~2+ 1R\ (p) (mod p?) if p =3 (mod 4),
(-t pz_] (2kk)3 = 20 = 3p - 32x2 (mod p*) if p=x* +4y* = 1 (mod 4),
(=512)K2k = 1)* | =3R(p) + 2p (mod p*)  if p = 3 (mod 4),
3
1y ]Z (Zk) _ —%xz + %p 32xzp (mod p*) if p=x*+4y* =1 (mod 4),
(=512)"2k = 1)* | 3Ri(p) - 2p (mod p?) if p = 3 (mod 4),

Conjecture 5.6. Let p > 3 be a prime, then

Z D) (-2 42— g (mod p) ifp = +4y = 1 (mod 4),
648k(k +1) - —3Ri(p) — £ (mod p?) if p =3 (mod 4),
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<

2
4 ()6) (me-%pmoedp)  ifp=x+4P=1(mod4)
648k + 1)* | ~11Ry(p) ~ p (mod p*) if p =3 (mod 4),

liag

=0

_ 26\2 (4K .

& (k) (2k) _ ;gx2+ lgfp+324x2p (mod p*) ifp=x>+4y’> =1 (mod 4),
4 6482k —1)  |-2Ri(p) + g p (mod p?) if p =3 (mod 4).

Conjecture 5.7. Let p > 3 be a prime, then
)5 GGG _
12%(k+1) = | 2R\(p) (mod p?)

(2) W _ |8 =4+ (§)p(mod p*) ifp=x>+4y°
3 123%(k+1)2 138R1(p) - &)p (mod %) ifp =3 (mod4),

RICE)

12362k — 1)

if p =3 (mod4),

= ¢Ri(p) (mod p?) if p =3 (mod 4).

(=]

Conjecture 5.8. Let p be a prime with p # 2,3, 11, then
& pz‘ WG (1042 +2p — (2)p? (mod p¥) if p = 22+ 4y* = 1 (mod 4),
Py 663"(’< +1) " |-39R,(p)~ 15p (mod p?)  if p=3 (mod 4),

CICIGE) _ [48822 — (295 + (2))p (mod p?)
= 66%(k+ 17— [=52Ri(p) + (51 = (3)p (mod p?)  if p =3 (mod 4),
= (GG

33
(?) L4 66%(2k - 1)

—-1

]

@)

p

OM

]

SR1(p) + 235 p (mod p?)

3993 if p =3 (mod4).

Conjecture 5.9. Let p > 3 be a prime, then

3
v () {_16y2 +2p (mod p’)  ifp=x"+3y* =1 (mod 3),

k=0 16k +1) —§R3(p) - %P (mod p?) if p =2 (mod 3),
S (215)3 _ {—24y2 + p (mod p?) if p=x*+3y? =1 (mod 3),
16Kk + 1) | -8Rs(p) - 3p (mod p?) if p =2 (mod 3),
"i () _ {4y2 ~ 2 (mod p) if p=+3=1(mod3),
k=0 1642k - 1) _gRa(P) + %[9 (mod p*) if p =2 (mod 3),
S (zkk)3 _ {—12y2 +2p + % (mod p?) if p=x>+3y* =1 (mod 3),
k=0 1642k —1)> 8R3(p) (mod p?) if p =2 (mod 3),
S (zkk)3 _ {—12y2 - &pZ (mod p*)  ifp =x*+3y? =1 (mod 3),
k=0 1642k —1)* ~ —16R3(p) — 2p (mod p?) if p =2 (mod 3).
AIMS Mathematics

~ {—16y2 +2p = (D)p* (mod p*) if p = x> +4y? = 1 (mod 4),
=1 (mod 4),

_{ 2+ Bp+ L xz (mod p*) ifp=x*+4y* =1 (mod 4),

ifp=x*+4y* =1 (mod 4),

= {_%xz + 1579 P + 330z’ (mod p?)  if p = x> +4y* = 1 (mod 4),
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Conjecture 5.10. Let p > 3 be a prime, then

3
e {_8y2 +2p(mod p*)  if p=x"+3y*=1(mod 3),

DT Y sg =
Z(; 256k Kk + 1)~ | LR3(p) + 2p (mod p?) i p =2 (mod 3),

_ 2%)\3 p- )
iy § (3 _[162 -8+ (—1)_171)p (mod p?) ifp =2 +3y? = 1 (mod 3),
42564k + 172~ |32R3(p) = (=D)'T p(mod p?)  if p =2 (mod 3),
3
e il (Qkk) 8 -32p- 162 (mod p*) if p=x*+3y* =1 (mod 3),
£4256K2k = 1) ~ | 2Ry(p) — £ (mod p?) if p = 2 (mod 3),
3
s o (3 2x2 = 2p— 2 p2 (mod p*) ifp=x?+3y* = 1 (mod 3),
425642k = 1)* | -2Rs(p) + £ (mod p?) if p =2 (mod 3),
3
e = (zkk) =+ 2+ Z5p? (mod p?) if p=x* +3y* = 1 (mod 3),
£4256K2k — 17 ~ |4R3(p) — £ (mod p?) if p = 2 (mod 3).
Moreover,
TG
-1z = — _— 2
=b= kzz(; 2562k — 1) Z ek =y (Mod P Jor p=2(mod3)

Conjecture 5.11. Let p > 3 be a prime, then

<

= )( (=122 42p - p2(mod ) ifp=a2+3y2 = 1 (mod 3),
108k + 1) |=2R3(p) (mod p?) if p = 2 (mod 3),

HIH) _ {8x2 _ 5p (mod p?) ifp=x2+3?=1(mod3),

M

k=

—O

<

4 1084k + 1)* | ~13R3(p) — p (mod p») if p = 2 (mod 3),

2
v () () [9-2@+pmodp)  ifp=x+3?=1(mod3),
1085k + 17 |9 - USR:(p) (mod p?)  if p =2 (mod 3),

(i") ()

108%(2k — 1)

LWM

bS]

_ {—g(4x2 —2p)+ £ (mod p) if p = x> +3y* = 1 (mod 3),

= —3R3(p) (mod p?) if p =2 (mod 3).

O

Conjecture 5.12. Let p > 3 be a prime, then

pZ_l M _ {—1@2 +2p - p? (mod p*) if p=x*+3y* = 1 (mod 3),
L (~144)(k + 1) | 2Rs(p) + 2p (mod p?) if p =2 (mod 3),

S (2]5)2(4211;) _ { Ly? — £ (mod p?) if p=x*>+3y* =1 (mod 3),
L4 (—1440(k + 1> ~ | BRy(p) + 2p (mod p?) if p = 2 (mod 3),
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26\2 (4k 2 )
5 s _{ 56+ 5p = s (mod pY) i p = 3= 1 mod 3,

d (-144)(2k - 1) 8R:(p) + 2p (mod p?) if p =2 (mod 3).

Conjecture 5.13. Let p > 5 be a prime, then
(2 ) . (Qkk)(%kk)(gi)
57 £ 54000%(k + 1)

(2) GGG _ (582 —(  @)pmod p)  ifp=a2+37 = 1 (mod3),
5744540004k + 12 | ~184R5(p) + (A2 - (£))p (mod p?) if p =2 (mod 3),

p

(5)

(GG

=

_ & +2p-(&)p? (mod p*) if p=x* +3y* =1 (mod 3),
—20R;(p) — 2p (mod p*)  if p =2 (mod 3),

_ O

Mw»

.—-O

"::?v

- ‘%xz + %P + 5502 P” (mod p*) if p = x> + 3y = 1 (mod 3),
Ci 5400042k — 1)

£R3(p) + 12 p (mod p?) if p =2 (mod 3).

Conjecture 5.14. Let p > 3 be a prime, then

1458k(k +1) | =12R5(p) + 2(=1)"= p (mod p?) if p =2 (mod 3),

() _[42¢-@2+2(-DF)p(mod p)  ifp=22+3* =1 (mod 3),
14585k + 12 | =78Rs(p) — (1 + 2(=1)’T)p (mod p?) i p = 2 (mod 3),
(Zk) (3k)
k k

14582k — 1)

p-1 2 3 ot ) 5 L
( ) {2(—1) 7 p—p° (mod p°) if p=1(mod 3),

k=0
-1

b

Iaglh

k=

v—tO

b

2
_{_%(4#— 2p- 1= ‘m(—l) T p(mod p*) if p=2x>+3y> = 1 (mod 3),

k=0 _%R3(P) 243( 1) P (mOd Pz) lfp =2 (mOd 3)

Conjecture 5.15. Let p be an odd prime, then

(p-1)/2 (Zkk)3

= ,;4 6k k+1)
(2k)3 4x* —5p (mod p*)  if p=x*+2y* =1 (mod 8),
D% ZW =4 3pmod | ifp =t 2y =3 (mod 8
—3Ry(p) = 2+ (=1)7)p (mod p*) if p=5,7 (mod ),

—~12y* +2p (mod p*)  if p = x* +2y* = 1,3 (mod 8),
—1Ry(p) — p (mod p?) if p=5,7 (mod 8),

(-7 EL p = 3x* (mod p’) if p=x*+2y*= 1,3 (mod 8),
(=64 2k = 1) ~ |1Ry(p)— £ (mod p?*) if p=5,7 (mod 8),

-7 pj (Zkk)3 _ |+ 2 (mod p°) if p=x*+2y* = 1,3 (mod 8),
(=64 2k — 1) 4R2(p) + 2 (mod p?) ifp=5,7(mod8),

D Pz_i () _[2+p-5(modp’) ifp=2+2"=1,3(mod8),
(=64 (2k = 1)* | 2Ry(p) (mod p?) if p=5,7 (mod 8).
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Conjecture 5.16. Let p be an odd prime, then

o (@) _

— 256k(k+1) |-

()

—4 256 (k + 1)2
(1))

25652k — 1)

<

>~

<

1hgh

?v‘
O

59 —2p -
1
8

<

k=0

Conjecture 5.17. Let p be a prime with p # 2

()

]

—8y* + 2p — p? (mod p?)

$R>(p) (mod p?)

16y + 3p (mod p?)

ZRy(p) — p (mod p?)
2

& (mod p?)

Ry(p) (mod p?)

ifp=x*+2y*=1,3 (mod8),
if p=15,7 (mod 8),

ifp=x>+2* = 1,3 (mod 8),
if p=5,7 (mod 8),

if p=x*+2y*=1,3 (mod 8),
if p=15,7 (mod 8).

, 7, then

5 BULt/IE {—?iz;c: +(142 + 1:14(1;));9 - ;;2 (mod p?) l:fp - 2 +2y2=1,3 (mod 8),
=0 - 2(p) + 144(3)p (mod p~) if p=5,7 (mod 8),

e (G _ {5576x2 — (2789 + 864(L))p (mod p?)  if p = +2)% = 1,3 (mod 8),
£ 28%(k + 1)* | =1078Rx(p) — (1 + 864(£))p (mod p*) if p = 5,7 (mod 8),
()6 _ {—%xz ¢ LN 4 22 (mod p?) if p = %+ 2% = 1,3 (mod 8),
L4 28% 2k = 1)~ | =L Ry(p) — 2% (2)p (mod p?) if p=15,7 (mod 8).

Conjecture 5.18. Let p be an odd prime, then

L1

<

Z ~11y?> +2p — p* (mod p*) ifp = x> +2y*> = 1,3 (mod 8),
LiB(k+1) ~ |-iRy(p)-3p(mod p¥)  ifp=5,7 (mod38),

1 (2K\2(3k )

& ()G _ 321y2+p(modp2) if p=x2+2?%=1,3 (mod 8)
8 k+1)>  |-BRy(p) - Zp(mod p*) ifp=5,7(mod3),

21\2 (3k )

& G ) _ 2 +3p - fhp? (mod ) if p= 27 +2y* = 1,3 (mod 8),
4 82k —1) | -2Ry(p) + 3p (mod p?) if p=5,7 (mod 8).

Conjecture 5.19. Let p be a prime with p + 2,5, then

—5 o (GG _ |=3y +2p = ()p* (mod p?)
k 4 203"(’C +1) | 2Rx(p) + p (mod p?)
55 CXD s
p ) & 20%(k + 1)
p-1

(G _ { B+ i+

— 2032k - 1) - SRy(p) -

AIMS Mathematics

42854x2
- {ERZ(p) - (25 + ( ))p (mOd pZ) lfp = 5’ 7 (mOd 8)’

350p (mod p?)

ifp=x>+2y> = 1,3 (mod 8),
if p=5,7 (mod 8),

))P (mod p*)  ifp=x*+2y* = 1,3 (mod 8),
ifp=x*+2y*=1,3(mod 8),

if p=5,7 (mod 8).

125x2p (mOdp)
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Remark 5.2. Let p be a prime with p > 7 and p # 71. In [25], the author conjectured congruences for
sl @NE) o @XE" and Y/ GG (XEn)

2565 ° 28% T20F 28%
was conjectured by Z. W. Sun [27].

For any odd prime p, let

modulo p’. The congruence for Y7, ! (mod p?)

(p-1)/2 (Zk)3

Rilp)= )

k=0
Conjecture 5.20. Let p be a prime with p # 2,7, then

—44y* +2p (mod p?) if p=x*+7y* = 1,2,4 (mod 7),

_ 3 2 i
Ro(p) = (pzl):/z (2kk) _ —%([[3,5/77]]) (mod p) if p =3 (mod 7),
7 N _m([[%])z (mod p)  ifp=5(mod7),
([[3;5/77]) (mod p)  ifp=06(mod7),
p-1 o (26)? :
(X) (~68y? (mod p?) ifp=x+T2=1,2,4(mod7),
£ (k+ 172 ~ |6Ry(p) + 2p (mod p?) if p = 3.,5,6 (mod 7),
3
”Z‘i (3) _ [-365*+14p - Lp* (mod p) if p= x>+ 7y* = 1,2,4 (mod 7),
£ 2k~ 1~ |32R,(p) + 48p (mod p?) if p=3,5,6(mod7),
3
”Z‘i (%) ~284y2 +34p + 2 p? (mod p*) if p =22 + Ty = 1,2,4 (mod ),
e 2k — 1)2 —96R;(p) — 96p (mod p?) if p=3,5,6 (mod7),
3
= (3 ~804y2 — 18p — 22 p? (mod p*) if p = 22+ Ty* = 1,2,4 (mod ),
 (2k - D 192R;(p) + 144p (mod p?) if p=3,5,6 (mod 7).

Conjecture 5.21. Let p be a prime with p + 2,7, then

b2 (zkk)3
7T K
b kz(; 20965k + 1)
_|72y* + 2p (mod p?) ifp=x2+7"=1,2,4 (mod 7),
| -64R;(p) — 66p (mod p?) if p=3,5,6 (mod 7),

o
SN Z 4096t (k + 1)
_1136y2 + (64 — (—1)2 )p (mod p?)  ifp = +7y* = 1,24 (mod 7,
_384R5(p) — (456 + (=1)"2)p (mod p) if p = 3,5,6 (mod 7),
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S
D" Z 4096k(2k— 1)
222 - Ip- 256) ~(mod p¥) ifp=x2+Ty=1,2,4 (mod 7),
| -3Rs(p) - 3p(mod p?)  if p=3,5,6(mod 7),

p—1 (2k)3
D= Z 4096k(21<— 1)
~17y* + gp + 256y2 (mod p*) if p=x*+7y*=1,2,4 (mod 7),
§R7(P) + %P (mod p?) if p=3,5,6 (mod 7),
o)
b= Z 4096"(2k— 1)
_|y-ar- 22 (mod p*) if p =% +7y* =1,2,4 (mod 7),
—3R;(p) — £2p (mod p?) if p=3,5,6 (mod7)
and
1 (2k)3 s
D=y K o
b= Z 20062k —1) - 64 Z

k=0

Conjecture 5.22. Let p be a prime with p + 2,3,7, then

-1

S

(%f)z(;”;)
81k(k + 1)
(4 ()
81k(k + 1)?
() ()

8142k — 1)

]

;,
»—-O

S

>~

=0
1

=
|

k=0

={2
|

12y* +2p - p? (mod p?)

3R;(p) + 3p (mod p?)

ifp=x*+7y*=1,2,4 (mod 7),
if p=3,5,6 (mod 7),

B0y2 + 319 (mod p?)

11R;(p) + 2 p (mod p?)

ifp=x*+7y*=1,2,4 (mod 7),
ifp=3,5,6(mod7),

4362 23p2
7Y 81p 324y?

LR (p) + 3 p (mod p?)

ifp=x*+7y*=1,2,4 (mod 7),
if p=3,5,6 (mod7).

(mod p?)

|

Conjecture 5.23. Let p be a prime with p # 2,3,7, then

G
k:O (=3969)(k + 1)
S (2kk)2(3]1§)

M

— (=3969)(k + 1)

(1))

»
»—-O

S

e

d (—3969)%(2k — 1)

>~

AIMS Mathematics

B892 +2p - p* (mod p*) if p=x*+T7y*=1,2,4 (mod 7),

—21R7(p) — & p (mod p*)  if p=3,5,6 (mod 7),
|30 + B8 p (mod p?) ifp=x*+7y*=1,2,4 (mod 7),
|- 154R;(p) - %62 p (mod p?) if p =3,5,6 (mod 7),
[y - I - Ay (mod p) ifp =+ Ty =1,2,4 (mod 7),
ZR:(p) + 3583 p (mod p?) ifp=3,5,6(mod 7).
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Conjecture 5.24. Let p be a prime with p > 7, then

-13) Z ()6
(—15)3%*(k + 1)
B “‘Sy + 2p (22)p? (mod p*) if p = x> +7y* = 1,2,4 (mod 7),
BR:(p) + £ p (mod p?) if p=3,5,6 (mod7),

15) Z - (2")(3")(2’2)

15)%*(k + 1)?

12752y2 - (3 +(52)p (mod p?) ifp=x>+7y*=1,2,4 (mod 7),
T\ LRy(p) + (2 - (52))p (mod p*) if p = 3,5,6 (mod 7),

2k\(3k\ [ 6k
-15) Z (GG
(—15)%(2k — 1)
Z{Mﬁ 238, _ W (mod p?) ifp=x+T7y?=1,2,4 (mod 7),

225 500y2
—XR;(p) — 12 p (mod p?) if p=3,5,6 (mod 7).

Conjecture 5.25. Let p > 3 be a prime, then

—144y* + 2p — p* (mod p*) if12| p— 1 and so p = x* + 9>,

2
”Zi zkk) (4k) 72y* = 2p — p* (mod p?) if12| p—5andso2p = x* + 92,
L4 (—12288)(k + 1) — 24([“’/1321]) (mod p) if p =7 (mod 12),
48([[17”/132]) (mod p) if p= 11 (mod 12),
—128x* +75p (mod p?) if12| p—1and so p = x* + 9y,
1 2K\? (4k ) . ) )

& (k)(Zk) 64x> — 77p (mod p?) if12| p—5andso2p = x~+9y",
£ (—12288)k(k + 1)? —176([[”/132]]) (mod p)  ifp=7(mod 12),

352([“’/]32]]) (mod p) if p= 11 (mod 12),

. 13x2+64p+12258”;2 (mod p*) if12| p—1andso p = x>+ 9y
! (2k) (4k) ~ By - ap iiiz (mod p?) if 12| p—5and so 2p = x* + 9y?,
£ (-12288)(2k - 1) ﬁ([g’/f;]) (mod p) if p =7 (mod 12),
([55/1*2]) (mod p) if p= 11 (mod 12).
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p-1

Conjecture 5.26. Let p be a prime with p # 2,5, and Ry, (p) = ([p /;0])([3[720]), then
42—2p—”—2(m0dp3) if p=1,9 (mod 20) and so p = x*> + 5y?,
2p 2x* + £ (mod p*) if p = 3,7 (mod 20) and so 2p = x* + 57,
pzl‘ )() _ Rw) (mod p?) if p = 11 (mod 20),
(—1024)k 9R20 gm (mod p?) if p = 13 (mod 20),
7R20(f) (mod p?) if p = 17 (mod 20),
#ﬂ(m (mod p?) if p = 19 (mod 20).

2
Remark 5.3. For any prime p # 2,5, the congruence for Zf;é (Zkk) (‘2”,2)(—1024)"‘ modulo p? was first

conjectured by Z. W. Sun in [27]. Let p = 1 (mod 20) be a prime and so p = x*> + 5y. In 1840, Cauchy

proved that
> _((p=D/2) (p—-1/2
e ((p - 1)/20)(3<p - 1)/20) (mod p)

see [3, p.291].
Conjecture 5.27. Let p be a prime with p # 2,5, then

$Ry0(p) (mod p)  if p=1,3,7,9 (mod 20),
= (zkk)z(;:) sRx(p) (mod p) i p = 11 (mod 20),
=136 if =
/ (—1024)k(k + 1) 258R20(P) (mod p) l'fp = 13 (mod 20),
5R0(p) (mod p)  if p = 17 (mod 20),
ERy0(p) (mod p)  if p = 19 (mod 20).

bS]

=
1l

Moreover, if(‘f) =1, then

2
5 (6 {—32y2 +2p—p2(mod p*) ifp=1,9 (mod 20) and so p = 2% + 52,

<

(-1024(k+ 1) ~ |16y> —2p — p* (mod p*)  if p = 3,7 (mod 20) and so 2p = x> + 5y,

(Y (%) 32)% — 5p (mod p?)  if p = 1,9 (mod 20) and so p = % + 5

6D 32 -5pmodp)  ifp=1,9 (mod20) and so p = ¥+ 57,

(=1024)5(k + 1)> | =16y*> + 3p (mod p*) if p = 3,7 (mod 20) and so 2p = x> + 5%,
2

(%) G)

(—1024)k 2k — 1)

>~
o

<

[

>~
o

—_

<

_31.2

Ay - 2p - 32y2 (mod p*)  if p=1,9 (mod 20) and so p = x> + 5y°,
AV +Ep+ 16y2 (mod p*) if p = 3,7 (mod 20) and so 2p = x* + 5y%;

>¢.

=0

if(‘Tf) = —1, then

—1 (2kk) (4k) 2? pzz(; ( (2k) (4k)

]

5 _ :
(—1024)(k + 12 T2y sy T BEDF — Dp (mod po),

(Zkk) (4k) ) % pZ:O 1(2k) (4k)

1024)k(2k — 1) 024)k(k + 1)

».

=0
1

B
|

3 p-l
— =(=1)7 p (mod p?).
k=0 ( 8
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Conjecture 5.28. Let p > 3 be a prime with ( 6) = —1 and Ry(p) = (

P 3
{5R24(p) (mOd p )

- 482k
and
(mod p?)
5R24(P)
_1 (2K\2(3k
< (k) (k)= 5R24(p)( Odp)
=
= 216 11R24<p> (mod p?)

11R24(p>( mod p*)

Conjecture 5.29. Let p > 3 be a prime, then

IRy4(p) (mod p)
—ZR24(p) (mod p)
—§R24(P) (mod p)
§R24(P) (mod p)
ZRy4(p) (mod p)
— 2 Ry4(p) (mod p)

i : ()

165Gk +1)

Moreover; if(‘f) =1, then

’E

S ) () {—21y2 +2p—p®>(mod p*) if p = x>+ 6y* = 1,7 (mod 24),
=21 216Kk + 1) ~ |70 - 2p — p* (mod p?) if p=2x>+3y* = 5,11 (mod 24),
”Z_i () _ {‘fxz Bp(mod p?) ifp=x>+6y>=1,7 (mod 24),
=0 2164k + 1)* %xz - ?P (mod Pz) if p=2x*+3y*=5,11 (mod 24),

S (zkk) ) { P+ 6p + 24 e * (mod p*)  if p =% +6y? = 1,7 (mod 24),
£ 2162k — 1) 92 4 351 3 (mod p¥) if p = 2% +3y* =5, 11 (mod 24);

if(%s) = —1, then

S (0 g (0
Li216Mk+ 12~ 2 ,Z‘ 165k + 1)
-1 (2k)2(3k) a2 1 2(3k)
£i216'2k—1) 94 6’<(k 1)

AIMS Mathematics

'!

)(E) then

7l

\vm

1

2

£
[N

if p= 13,17 (mod 24),
2 .
_77sz4(p) (mod p?) if p=19,23 (mod 24)

if p = 13 (mod 24),
if p =17 (mod 24),
if p =19 (mod 24),
if p =23 (mod 24).

if p=1,11 (mod 24),
if p=5,7 (mod 24),
if p =13 (mod 24),
if p= 17 (mod 24),
if p =19 (mod 24),
if p =23 (mod 24).

~(1+ %(%))p (mod p?),

~+(Z)p (mod p)
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Conjecture 5.30. Let p > 3 be a prime, then

1Rou(p) (mod p)  if p=1,5 (mod 24),
Ii (4k) _ |=3Ru(p) (mod p)  if p=7,11 (mod 24),

A8%(k+ 1) ~ 2Ru(p) (mod p)  if p = 13,17 (mod 24),
~ZRyu(p) (mod p) if p = 19,23 (mod 24).

k=0

Moreover, if(‘f) =1, then

48%(k + 1) 4y2 -2p — p2 (mod p3) ifp= 2x% + 3y2 = 5,11 (mod 24),

2
”2 G {—8y2 +2p—p2(mod p*) ifp=x2+6y2 = 1,7 (mod 24),
k=0

-1 )2(4") 280 2 _ 157 2 . > ’ _
Z _ ) BlIp (mod p*)  if p=x>+6y* = 1,7 (mod 24),
482"(k +1)2 |20 4 ”9 p(mod p?) ifp=2x%+3y*=5,11 (mod 24),

k=0 9
o _By2 4 k 9,4 36x2 " (mod p*) if p =2 +6y* = 1,7 (mod 24),
£ ABK(2k — D~ 595 2 -2p- 72x2 (mod p®)  if p=2x*>+3y* = 5,11 (mod 24);

if(—?ﬁ) = —1, then

p-1 2k\“ (4k p-1 3k

pe (E) _ s G0 | pe

5) Ziggkk+1) 34 Siees Ty 323) +4) mod p,

ne 6 e (96 .

(3),; A8%(k+ 12 ~ kZ 216’<(k ) +5(35(3) — 8) (mod p?),
p-l 2k )" (4k -1 [2Kk\(3k

p (k)(Zk) _ 1% (k)(k) PP

(g) - 48%(2k — 1) = _§ 16k(k—+ 1 + —((g) - 6) (mod pz).

Remark 5.4. Let p be a prime with p > 3. In [25, Conjecture 4.24], the author conjectured the

con " o1 (Zk) (3k) p—1 (Zk) ( 5 . 6y _ .
gruences for 3, ) 5=~ and >, ~7% modulo p” in the case (p) = 1. The corresponding

congruences modulo p* were con]ectured by Z. W. Sun in [27]. In 2019, Guo and Zudilin [6] proved
Z. W. Sun’s conjecture:

Z(Sk + 1)( J () = (%)p (mod p?).

48%

Conjecture 5.31. Let p > 5 be a prime.
() If p = 1,19 (mod 30) and so p = x* + 15y?, then

pzl Zk) (3k)

——842+2 — p* (mod p?),

k=0
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St
2. 1P - = —96y” (mod p),
o (k) (V) _ 148, 26 p*

(mod p?),

[

k-1 37 97362
()
15%k + 1)
()

153 (k + 1)?

T
=

<
|

= 60y* + 2p — p? (mod p°),

[

T
=

i
L

= —1320y* + 36p (mod p?),

]

T
o

ki
L

(Zkk)z(Skk) _ 3508 , 1954 287p?

= - - d p?).
LTk —1) 75 © 11257 225002 (mod 77
(i) If p = 17,23 (mod 30) and so p = 3x> + 5y?, then
SIGI6
k k _ 2 2 3
AN o8y 2p— dp’),
2 G+ T Yy~ —2p — p” (mod p”)
L)
k k 2 2
— 7 7 =32yt -2 d
k=0 (=27)%(k + 1)? Y p (mod 7).
2
o O _ 148, 26  p’ (mod p*)
LTk - 9 T 9P 1y g
<)
k k 2 3
—2 " = 20y*-2p— d
=0 153’<(k+1) e med )
SN RIN
k) \k _ 2 2
4 15%(k + 1)? Y p(mod )
=1 (2K (3K 2
1954 287
G)G) _ ssos, 1054 og7p2 oo

15%Q2k - 1) 225 1125 7500y?

k*

=0

(iii) If(—T}S) = —1, then

N 2k)2(3k) 21 5- [[]g[[?[/;sl]]) 2(mod p) lf p f 7 (mod 30),

LT

=0 5 (/1sy) (mod p) if p = 13 (mod 30),
3.5 ([[pp/fs]])z (mod p)  if p =29 (mod 30).
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Moreover;

-1 2k

S

() () () )

k 135 p
e A} Z 7)k<k+ 1y +3(3) = p tmod %
S s () s
Li(2TF2k-1) 9 Z ST 33 med Y
O e T
kz(; 15k + 1) _202( Tk + 1) (5)” (mod p%).
SO s
2 TG 17 - —1302 G D ~(1+ 111(3)) (mod p?),
S as () s
ZIT5%2k—1) 2252( 27k + 1) 375( Jp (mod p?)

Conjecture 5.32. Let p be a prime with p > 5 and
(p=1)/2\((p—1)/2\([3p/40]

(

[7p/40] )( [9p/40]

Ryo(p) =

oz

[p/40]

([ 19p/40]
[p/20]

@) If(%)) =1, then

—2R4(p) (mod p)
—2R40(p) (mod p)
IR40(p) (mod p)

o

833

T5:R40(p) (mod p)
= 124k(k + l) 19;33

—>g5Ra0(p) (mod p)
555R40(p) (mOd p)
55R40(p) (mOd p)

Moreover;

1 4k )
pZ )() [ +2p-pP(mod pP)  ifp=
= 124k<’<+ D~ |22 - 2p - p? (mod p*) ifp=

-1 4k )
Z ( ) _ =Ry + B p(mod pP) ifp =
£ 124k(k +1)2 10888y2 271p (mod pz) ifp =

. 20\2 {4k
S (k) (2k) By — 5p - éfgz (mod p?)
L4TEk-T) ~83y2 4 B+ 22 (mod pY)
AIMS Mathematics

ifp=x*+10y* =
ifp=2x*+5y*=

)

if p = 1,23 (mod 40),
if p =7 (mod 40),

if p =9 (mod 40),
if p = 11 (mod 40),
if p = 13 (mod 40),
if p = 19 (mod 40),
if p = 37 (mod 40).

x2 +10y% = 1,9, 11, 19 (mod 40),
2% + 5y* = 7,13, 23, 37 (mod 40),

x? +10y* = 1,9, 11, 19 (mod 40),

2x? + 5y* = 7,13, 23,37 (mod 40),

1,9,11, 19 (mod 40),
7,13,23,37 (mod 40)
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4x2—2p—p—2(m0dp3) if p=1,9,11,19 (mod 40) and so p = x> + 10y,
2p —8x% + 2(modp) if p=17,13,23,37 (mod 40) and so p = 2x> + 5y*.

(i) If(-T}O) = —1, then

~2Ry(p) (mod p) i p =3 (mod 40),
—28R40(p) (mod p)  if p = 17 (mod 40),
2 —28R40(p) (mod p)  if p = 21 (mod 40),
& () C) _)-Rp) mod p) ifp =27 (mod 40),
241 ) - SRi(p) (mod p)  if p =29 (mod 40),
1Z9R40(p) (mod p)  if p = 31 (mod 40),
—*Ry(p) (mod p)  if p = 33 (mod 40),
33 Ru(p) (mod p)  if p = 39 (mod 40).
Moreover;
b1 (2K\? (4K -1 4k
2 256
Z (4k) (Zk) 2 =3 Z 4k Zk) (B) - 1)17 (mod Pz)’
LT+ 1?2 - 3 L %G+ 1) 5
2 2
& (ZZ() (4k) pz: ( ) 16( ) (mod p?)
L1202k~ 1) 216 &4 12%(k+ 1) TRI\s/P p
and

’” (e | e )
124’<(k+1) - 124k

4
= —%pz (mod p?).
k:O

Remark 5.5. Let p > 3 be a prime. In [27], Z. W. Sun conjectured the congruence for
-1 (6D

k 0 24k (mOd pz)
; CenZaen? i
Conjecture 5.33. Let p be a prime with p # 2,11 and Ry,(p) = ([ B ]) ([;,',]) /([;;,]) .
11 11 11
W)Ifp=1,3,4,59(mod 11) and so 4p = X+ 11y2, then

1 (2k\2(3k .
Zi GV (ZRup) mod p) ifp=1,4.5.9 (mod 11),
64Kk + 1) ~ ZR11(p) (mod p) if p =3 (mod 11).
Moreover,
1 3k
o) ) ) ;
——Yy +2p—p”~ (mod p’),

6 k(k+1) 2

k=0
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( —73)2 ( (G

— (=32)%(k+1)

( —73 ) ZZ_; (_(zkk)(3kk)(§£)

-2
= —26y” +2p — (7)192 (mod p),

e 17 = 48 - (24+ (_72))1’ (mod p?),

)5 K

) Ifp=2,6,7,8,10 (mod 11), then

_%Ru(l?) (mod p)

—3R11(p) (mod p)
={_2

oMk + 1) _22”?’) (mod p)

11 1v 1 p) (mod p)

—BR11(p) (mod p)

Moreover;

k _T73, 467  37p
32)%02k—1)  8° 2567 5122

if p=2(mod11),
if p=6(mod11),
if p=7 (mod 11),
if p=8(mod11),
if p=10 (mod 11).

+ gp (mod p?),

= =

(_TE)ZZ; (—<32i))(3}k()k(?1) =15 ZZ; 6512’{()2(?)1) ~5p tmod )

25 S O @ o,

2 - 2

(_?2)2 (—g))j’jgfi—) n- _% :z; 6%"()}((}")1) = 25gP (mod )

SO EINSTRI
(; 64k (k + 1))(; o3 ) = 337 (mod p).

AIMS Mathematics

(mod p*).
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Remark 5.6. Let p be a prime with p # 2,3,11. In [25], the author conjectured the congruences

2k 3k 2k (3k
for Y1 1% and Y, 1 G ()(3233(,6 modulo p?. The corresponding congruences modulo p? were

conjectured by Z. W. Sun [29]. Suppose that p = 1,3,4,5,9 (mod 11) and so 4p = x*> + 11y%. In [9],
Lee and Hahn proved that

(3;)(33)(‘2‘3)" (mod {9) if11|p—1land11|x-2,
_(3";1)(6';‘)(4;;1)1‘ (mod p) if11|p—3and11|x- 10,
x = q () (G 1 (mod p) ifl1l|p—4and1l|x—7,
Co&2) () (mod p)  if 11| p—5and 11| x -8,
(S )(@) (mod p) 111 p-9and 11]x—6,

where n = [p/11]. The case p = 1 (mod 11) is due to Jacobi.
Conjecture 5.34. Let p > 3 be a prime and

[8p/19])2([10;7/19])2([5;9/19])‘2

Rio(p) = ( [p/19] [4p/19] ) \[2p/19]

() If (&) = 1 and so 4p = x* + 19y?, then

—%Rw(l?) (mod p) ifp=1,7,11 (mod 19),

~ U8R g(p) (mod p)  if p=4,6(mod 19),

) Z CICIG)  _ |-L8Ri(p) (mod p)  ifp =5 (mod 19),
(=96)%(2k = 1) | -8 Rig(p) (mod p) if p =9 (mod 19),

—535-Rio(p) (mod p) if p = 16 (mod 19),

—37R19(p) (mod p) if p = 17 (mod 19).

Moreover,

(mod p?),

”Zi OCOE) 1183, 4273 23p2
Li(o6R2k-1) 72 ° 2304”7 51292
-1

2k\(3k\(6k
<‘6> LD - (0 e

2k\(3k\ [ 6k
_6 Z( g 623(k(])((3k)) = 6772y — (536+(p6))p (mod p?).
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(i) If (§5) = —1, then

2Ri9(p) (mod p)  if p =2 (mod 19),
sxR19(p) (mod p)  if p =3 (mod 19),
e R19(p) (mod p)  if p = 8 (mod 19),

2\ (3K (6K %Rw(]?) (mod p) if p =10 (mod 19),

_6 Z EE) IR o(p) (mod p)  if p = 12 (mod 19)
p! L4962k -1~ | T prvpP= ’
4Rio(p) (mod p)  if p = 13 (mod 19),

3§R10o(p) (mod p)  if p = 14 (mod 19),
ZRio(p) (mod p)  if p =15 (mod 19),
‘5‘—3R19(p) (mod p) if p =18 (mod 19).

Moreover,
& (GG _ ey ()G 6
4 (=96)*(k + 1) - Z ( 96)3k(2k N 270(?)19 (mod p?),
p-l1 (2k)(3k)(ek) 46 - ( ) (6k) »
= (- 96)3*(k + 1)2 =73 Z 96)3k(k+ 1 540( ) 1)19 (mod p?)
amnd (3k)(6k (6k)
S o k )y 985
kzz(; (=96)3*(2k — 1) Z (— 96)3k = _87552]?2 (mod p?).
Conjecture 5.35. Let p > 5 be a prime.
() If (&) = 1 and so 4p = x* + 437, then
p—1 (2K\(3K\ (6K )
< ;5> SO o2y 2 o
15 GGG 1867778 15
kzz(; (—960)*k+1) ~ 5 +2p- ( > )p (mod p*),
“15 8 ()06 140501 43841 10751p°
( P ) £ (-960)**(2k — 1)~ 3600 Y ~ 2304000” ~ 512000y2 (mod p°).

(ii) If (3) = —1, then

= 2 3
=960y 2k~ 1) w) = ~Togiaono” 4P

Ii )(3k)(6k :Z:; 5 960(6k) 933889

k=0

Conjecture 5.36. Let p be a prime with p # 2,3,5,11.

AIMS Mathematics Volume 7, Issue 2, 2729-2781.
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(i) If (%) = 1 and so 4p = x* + 67y?, then

= ”Zi GG

P
=x*-2p-— — (mod ),
X

p (=5280)%*
(20 7)) G 310714322 330
p Z (- 528)(5)32511% I ¥ +2p — (——)p? (mod p*),

=) (GG
Z( 5280)%*(2k — 1)

736842481 105526712
1760 77 7 35202

(13501789y” — ) (mod p?).

217800
(i) If (&) = —1, then

,,1 ()0() pj (3 (6k) 155357161

=__ " 7 2 d ).
50k )N 24 sas07%) = 51365952000 947

k:O =0

Conjecture 5.37. Let p be a prime with p # 2,3,5,23,29. If (%) = 1 and so 4p = x* + 1637, then

(210005 ”Z(( )G

P
=x>-2p-— — (mod ),
X

p 640320)*
10005 ()G 554179195816658 10005
P Z - 640325)*:(kk P 5 v +2p—( )p* (mod p°).

Remark 5.7. Suppose that p > 3 is a prime. In [29], Z. W. Sun conjectured the congruences for
2k (3K (6k

5ot WG 1odulo p? in the cases m = —32,-96,-960, ~5280, ~640320. The corresponding

congruences modulo p were proved by the author in [19].

Conjecture 5.38. Let p be a prime with p > 5.
() If p = 1,4 (mod 15) and so 4p = x* + 75y?, then

- ()6

L (—8640)F
2k 3k

(—86(:(3)5(2)+ ) _8§5y2 +2p = p* (mod ),
() 14925

L (—B640F(k+ 12 4 = 78p (mod p°),

<

p2
= 2 = 2p- & (mod p),
X

;\N
-—O

=
|

>~

=]

<

M

;,
-—O

=
[

()G _ 20, s 31p
(—8640)¢(2k — 1) 36 360p 40x?

(mod p 3.

?\7‘

=0
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(i) If p = 7,13 (mod 15) and so 4p = 3x> + 25y, then

SHOL

=-3x"+2p+

<

M

£ (~8640)

p-l (zkk) (3kk) _ 275 , o
LI (8640F(k+ 1) 2 P
”Z‘i ) 4975
£i(“8640F(k+ 12 4
G ml s
L1 (8640F(2k—1) 12" 360

(iii) If p = 2 (mod 3), then

SR g BT
Z( 8640)F kzz(;( 8640)¢(k + 1)

Conjecture 5.39. Let p be a prime with p > 3.
M) If () = (&) = 1 and so 4p = x* + 51y?, then

ﬁ (mod P3),

p* (mod p?),

=_ y* + 76p (mod p?),

31p?
120x?

)— 12—119 (mod p*).

AW :
k) \k ) p 3
=2 - 2p— 2 (mod pY),
24 i X = 2p =5 (mod p7)
S
k k _ 2 2 3
= - 2 -
kz(;( 2%k + 1) Y +2p-p (mod p°),
pi (Qkk) (¥) = 199505 18 (mod p?),
L C1Rk+ 1?4 pATOSP
2
p-1 (zkk) (3kk) 475 - 127 P (tmod )
£ (—120%Q2k - 1) ~ PR 72 2 p
(ii) If (§) = (£) = =1 and so 4p = 3x* + 17y?, then
SERIH. :
k) \k 14
; Ci = = -3 +2p + 5 (mod p 3,
p-1

()

LRk 20
1

() 655

?V‘

<

J(-12)%(k+1)2 4

>~

AIMS Mathematics

> —2p - p* (mod p?),

——=y* + 16p (mod p?),

(mod p?).
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2
o 0 s, 1w
LC1¥ek-10 360 72” 242

(mod p°).
k

(iii) If(-Tfl) = —1, then

p 1 k 2 -1 2k)2(3k)

2)3k kZ:(;( 12)3’<(k+1) = 3" (mod 7.

k:O

Conjecture 5.40. Let p be a prime with p > 3.
D If(§)=(F) =landso 4p = x* + 1232, then

& (zkk)z(3kk) 2 p’ 3

. (_48)3k 2
2
3 (z’“k) (3’“k) _ 8673 V42 (mod p?),
LAy k+ D) T 2 PP’ (modp
2
p-1 (2kk) (3kk) 280605 792 (mod )
(a8 Mk + 12 4 pARet P
o By _ 19903, 845 31pt
£ (—agyR2k—1) 192 0 4608”7 " 46082 P
(i) I (2) = (&) = =1 and 50 4p = 32> + 41y, then
SEGIN :
k) \k p
2, (—aR) =-3x2+2p + (modp ),
_ 2k\2 (3k
pZi () (5) = 2 oy p? (mod )
L4k + 1) | 2 ’
2
pi () G) = 235355 y? +790p (mod p?),
LAk + 12~ 4 PSP
2
& ()6 _ 19903 ) 85 Bl
L1 (48 2k—1) 576 ° ~ 2608" " 15367 P
(ifi) If (F12) = ~1, then
p 1 k 2 -1 2k 2 (3k
2891
Z ) ( ) 5 p? (mod p*).
k:O 8)3k L4 (48 (k + 1) 82
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Conjecture 5.41. Let p be a prime with p > 3.
M) If () = (&) = 1 and s0 4p = x* + 267y, then

-1 (2k)2(3k) )
k k ) p 3
WG _ o P
Zi(3000% ~ TR (mod p),
2
= (G 2052321 ey amod
L300+ 2 T PTF P,
S 113
e) 759157 , :
= — 131490p (mod p?),
;(—300)3’<(k+1)2 4 Y p (mod p~)
2
o () sot0623 , 2118511 37212 o
£4(7300)%(2k — 1) 37500 ° 1125000 ~ 11250002 ©

(ii) If (§) = (&) = —1 and so 4p = 3x* + 89y?, then

SRS p’

=-3x+2p+ 33 (mod p*),

£ (=300)%

2
= GO 684107 , , .
Z e = —2p = p” (mod p”),
£ (=300 (k + 1) 2
p-1

(Y 37919719
k k
300G 4 y? + 131488p (mod p?),

2
(VG)  _ so10623 , 2118511 3721p°
(—300)%(2k—1) _ 112500° 11250007 * 375000,2

[

=~

- O

<

(mod p*).

=~
==

(1i1) If(%) = —1, then

oM b0

(=300)%*(k + 1)

684107 , 3

)= =g (mod p*).

Remark 5.8. Let p > 5 be a prime. In [18], the author proved the congruences modulo p for
2

30 () ()/m* in the cases m = —8640,-12%,-48% —300°. In [29], Z. W. Sun conjectured the

2
corresponding congruences for Y7~ (Zkk) (3kk) /m* (mod p?) in the cases m = —123, —483, =3003.

Conjecture 5.42. Let p > 3 be a prime.
(1) If(_?]) = (%) =1 and so p = x* + 13y?, then

6 _ 7
C820aay = T 4p

B

(mod p?),

T
=
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bS]
|

CYE 2,
(-82944)k(k+ 1) ~ 3

k=0
2
”Z’i G)YG) 96032 , 911 S nod )
L1 (~82944yk + 12~ 9 p
2
& (G) 2357, 2365 41p?
L1 (~82944y2k— 1) _ 54 12967 7 25922
(ii) If(%) = (%) = —1and so 2p = x* + 13y?, then
2 ()6 ?
k) 2k 14
BALTA A P d
2, (—82044)0 2+ p+ (mo p)
2
& (G e,

—2p - p* (mod p?),

M

4 (—82944)(k+1) 3

() 48016 , 905
L8204y k+ 12 9 Y T3

rE

»
v—tO

=
|

M

>¢.
»—-O

=
|

2357, , 2365 4

+2p p (modp)

p (mod p?),

(—82944)%(2k — 1) 108~ " 1296”7 T 1296y2

k=0

(iii) 1]0(-7}3) = —1, then

p—1

<

(1))

( -1 (2k) (4k

568
(—82944)k )

;( 82944)k(k + 1)

>~
Il

0

Conjecture 5.43. Let p be a prime with p + 2,3,7.
W) If (5) = (3;7) =1 and so p = x> + 37y?, then

2k\2 (4k )

(—15534(;];)44% =45 = 2p - 5 (mod ),

(&) 5044960,
(C199148544yk+ 1) 3

2
GG 467407904 , 1302671
L (C199148544)k(k + 12~ 9 ° 3

() )

<
|

>~

- o

bS]

[

+2p — p* (mod p),

=

—_ O

S

M

=
U’

<
|

5897725

37649

(mod p*).

(mod p )

2

39 P

p (mod p?),

(2469371y” -

(—199148544)(2k — 1) ~ 18522 168

k=

O

AIMS Mathematics

336)2 ) (mod 7
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(ii) If(%) = (%) = —1and so 2p = x* + 37y, then

()

S|
|

2

p
=22 +2p d
£ (—199 148544 #2p+ o (mod .
2
”Z‘i ()G _ 252480, mod o).
£1(C199148544F(k+ 1) 3 p-p (modp
2
”Z‘l‘ GG _ 233703952 , 1302665
L4 (“199148544)(k + 12 9 3 PUmeeRY)
o () (&) 5897725 37649p°
k) \ok 2 p 3
_ 2469371 d pd).
£ (“199148544)2k - 1) = S704\. YT g 84,2 ) (mod p’)
(iii) 2f () = ~1, then
2 2
( pz_i (Zkk) (4k) ,,Zi (Zk) (4k) ) _ 1261240 , (mod p*)
£ (—199148544)’< L1 (1991485447 (k + 1)) ~ 111 " P
Conjecture 5.44. Let p be a prime with p # 2,3, 11.
(1) If(%) = (‘T}I) = 1and so p = x* + 22y?, then
26 2
k 2k
Z s 4% = 2p — == (mod p*)
k=0
2 e
k 2k 2 2 3
20 - d pd),
ZiTsg#ke+1y 3 0 PP (mod p)
pi () o712, 2180
= p (mod p?),
£ 5842 (k + 17 9 3
o 3 1 73085  8471p2
k) ok _ 2 p 3
= (22829y" — - d pd).
£ 15842k — 1) 597 (22829Y" = 577P ~ 5504,7) (mod P)
(ii) If( )= (T} = —1 and so p = 2x* + 11y, then
6 P’
k) \ok) 2 3
£ 15842 = —8x +2p+@(modp),
2
& (G _ 3iess, s
n = —2p—p° (mod p7),
£ T584%(k + 1) 3

AIMS Mathematics
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_ 2110856 , 21295

& (1)

8471p?

) (mod p?).

= y p (mod p?),
Z4 1584k + 1) 9 3
o (3 1 73085
k) \ok _ 5
= (208
58452k 1) = 5040~ 2282+ —emp

k=

S

(iii) If(—T?) = —1, then

( - (2kk) (;:))(

bS]
b

(W

726y?

15842 1584%(k + 1)

k

Il
S
=~
Il
o

Conjecture 5.45. Let p be a prime with p # 2,3, 11.
(1) If(‘;z) = (21)—9) =1 and so p = x*> + 58y?, then

2
p
=4x* - 2p — 12 (mod p?),

CYE) 622003112
Z 396%(k + 1) 3

y* +2p — p* (mod p?),

71
) = - 39p2 (mod p*).

k=0
2
o G 75716418640 12849
£1396%(k+ 1)? 9 3 PUeap
e, :
¢) L 736357445 3035509p .
- 69026153y” — - d pd).
2, 30652k~ 1) - 323433 YT T8 23762 ) med )
(ii) If(‘?z) = (%) = —1 and so p = 2x* + 29y, then
e ()G 2
k) \2k) 0 14 3
= 82 +2p+ L (mod p),
£17396% X A2+ g (mod p)
1 (2k\ 4k
”Z G BUASISS6 s
£1396%(k+ 1) 3 ’
2
o (6 SIS0, 1284THSS
£1396%(k+ 1) 9 3 :
SN CONE 736357445 3035509
k) \ok _ 2 14 3
- — 69026153y* + d pd).
2139642k — 1) ~ 646866 g 594 so4,2 ) (M4 P

(iii) If(—TfS) = —1, then

(”‘1 (%) (2’2))( SO

77862889
)= - T,

396%(k + 1) 87

AIMS Mathematics

(mod p*).
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Conjecture 5.46. Let p > 5 be a prime.
() If p = 1,9 (mod 20) and so p = x> + 25y?, then

0@ .,

<

= 4x* - 2p — == (mod p?
216635520 = 7 g@ modp)
-1 2k\* (4k
p () (%) _ 168400 o 2 (mod 5
£1(=66355200k+ 1) 3 ’

2

”Z_i (G) 12142400 , 52799 mod )
£1(=66355200k+ )2 . 9 3 PP
o () ooas, 194161 452397

- - d p).
242663552000k —1) - 216 ° 103680 ~ 5184000, "7

(=]

(i) If p = 13,17 (mod 20) and so 2p = x> + 25y?, then

SO ;

(6635520)"_2 —2x+ (modp)

<

M

k=0
_ 2k 4k
S (k) (2k) _ 84200 , — 2 (mod p*)
L4 (6635520¢(k + 1) 3 p P
2
pi (2k) (gi) _ 6071200 , N 52793 (mod p?)
(—6635520°(k + 12 _ 9 3 P P

=
U’

hi

194161 45239p°
240 77 T6000)2

2k\~ (4k
() G) L (- 19025y +

= 3
(1 (—6635520)K(2k — 1) ~ 432 ) (mod p*).

;v..
O

(iii) If p = 3 (mod 4), then

S

(- 6635520)" 5520)k(k + 1) 3

( 3 (2k) (4’<) :Z:;( 663(%) (4k) ) 16841?2 (mod pY).

k

Il
(=]

Remark 5.9. Let p > 3 be a prime. The congruences for Zf;ol (ik)z(gﬁ)/mk (mod p?) in the cases
m = —82944, —199148544, 15842, 396*, —6635520 were conjectured by Z. W. Sun earlier, see [27,29]
and arXiv:0911.5665v59.

Conjecture 5.47. Let p be an odd prime.
() If p= 1 (mod 4) and so p = x> + 4y* with 4 | x — 1, then

o Zk) p oo

=x—— d p? d " =8x-7 d p).
Rk 1R - gy (med P an ;32’<(k+1)2 x =7 (mod p)

=~

=0
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(i) If p = 3 (mod 4), then

p-] (2k)2 ! Pl
k - 2
— = _Q2p+3-2r" d
2450k —1p ~ 2P )(P;) (mod p7).
= 4
Conjecture 5.48. Let p be an odd prime, then
Zi (Y (=D (mod p?) ifp=x*+47=1(mod4)and4|x-1,
(—16FQ2k— 12~ (-5 2p +3 - 2r=)(#-)P%) (mod p?)  if p = 3 (mod 4)
and
S (2")
Z(; 160k ¢ =5 (mod p) for p=1(mod4).
Conjecture 5.49. Let p be an odd prime, then
i 3 (—I)L_I(Zx - ;—i’) (mod p?) ifp=x*+4y*=1(mod4)and4|x -1,
-~ 8k(2k - 1?7 2(-DF (")) (mod p)  if p =3 (mod 4).

Remark 5.10. Let p be an odd prime. In [33], Z. W. Sun established the congruences for

2\ 2
Zi;(; mk(é/?—l) (mod p?) in the cases m = —16, 8,32.

Now we present two general conjectures.
Conjecture 5.50. Let a,x € Q and d € Z with adx # 0, where Q is the set of rational numbers.

Suppose that )} ( )( lk “) * = 0 (mod p) for all odd primes p satisfying a, x € Z, and (I—‘j) = —1. Then

there is a constant ¢ € Q such that for all odd primes p with ¢ € Z,, and (%) =-1,

() _l_a(x(l—x))k=c(pz_l N (mod )
Za\k \e)\ & VLN k P

Conjecture 5.51. Let a,m € Q and d € Z with adm + 0. Suppose that

Si (“‘)

k=0

= 0 (mod p?)

for all odd primes p satisfying a,m € Z,, p ¥ m and (%) = —1. Then there is a constant ¢ € Q such that
for all odd primes p with c,m € Z,, p f m and (1%) =-1,

(S0 St

mk (k + 1)mk

<

) = ¢p? (mod p?).

=~
Il

0
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6. Conjectures for congruences involving Apéry-like numbers

For an odd prime p, let R;(p)—R5(p) be given by (5.1)—(5.3). With the help of Maple, we discover
the following conjectures involving Apéry-like numbers.

Conjecture 6.1. Let p be an odd prime, then

i (Zk)Sk {4x2 —2p (mod p?) ifp=x*+4y* =1 (mod 4),
4164k +1) |0 (mod p?) if p=3 (mod 4),
p-1 (2k)Sk {0 (mod p?) if p=1(mod4),
1662k - 1) |=R(p) (mod p?) if p =3 (mod 4).

Conjecture 6.2. Let p > 3 be a prime, then

= (3)s« {(—l)pzl(é ~ ) (mod p?) ifp=x+2y*=1,3(mod8),

=

32k(2k - 1) g(—l)%Rz(p) (mod p*)  if p=5,7 (mod 8),

k=0

_ 2%* :
”2 (F)se (-2 1) 2 (4%~ 2p) — ZC)p (mod p?) if p= x> +2y> = 1,3 (mod 8),
£ 800%(2k — 1)~ (-7 “Ra(p) + 125( )p (mod p?) ifp=5,7(mod8)and p # 5,
S (Zk)S" _ =8N -2p) - R(jl)TP (mod p?) if p=x*+2y* = 1,3 (mod 8),
d (=768)4(2k — D ~5CRa(p) — J(=17 p (mod p?) if p=5,7 (mod 8).

Conjecture 6.3. Let p be an odd prime, then

e (Zkk)Sk _ 2 x? — 22p (mod p?) ifp=x>+7y>=1,2,4 (mod 7),
Z:;‘ k- 1) {@ Y (k+)1 + 28 p (mod p?) if p=3,5,6 (mod 7),

= ( )Sk ~ —%x2+%p (mod p?) ifp=x*+7y*=1,2,4 (mod 7),
Z 2542k - 1) {% 1 @) 2516 (mod p2) if p = 3,5.6 (mod 7) and p % 5.

Conjecture 6.4. Let p > 3 be a prime, then

22y* — 2p (mod p?) if p=x*+6y> = 1,7 (mod 24),
o p- 2k gk —11y* + 2p (mod p?) if p=2x*+3y*=5,11 (mod 24),
-z Z 32)k(2k D 2s DD s mod ) ifp=13,19 (mod 24),

2y 2(}2;53)) —3p(mod p*) ifp = 17,23 (mod 24)

and
11y* — p (mod p?) if p= x>+ 6y* = 1,7 (mod 24),
a2 (s 5y* = p (mod p?) if p=2x2+3y> = 5,11 (mod 24),
)7 2\2 3k
Z=<; 4k(2k - 1) 3 Zi:(; 2(1k62§1§f1)) (mod p?) if p=13,19 (mod 24),
2k 3k
~iyr 2(1;2(,5:1)) — £ (mod p?) if p=17,23 (mod 24).
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Conjecture 6.5. Let p be a prime with p > 3, then

o (e {o (mod p?) if p= 1 (mod 3),

(- 12)"(2k -1 202p + 1)([21’/31) (mod p?) if p =2 (mod 3).

k=0 [p/3]

Conjecture 6.6. Let p be a prime with p > 3, then

pl 2k Wk _{ 2x2+ Yp(mod p?) if p=x*+4y* =1 (mod 4),

k=0 54’<(2k -1 %Rl(p) 4p(mod p?) if p =3 (mod 4).

Conjecture 6.7. Let p be an odd prime, then

= Cw _{ U2y 4p(m0dp) ifp=2x+2y>=1,3 (mod 8),

pary 8"<2’<- D)~ |-3Rx(p) + 2p (mod p*) if p=5,7 (mod 8).

Conjecture 6.8. Let p be a prime with p # 2,3,7, then

,,1 2" Wk ~ gp+9y2(modpz)ifp:x2+7y2z1,2,4(mod7),

kzo (- 27)"(2k -1 { o0 @Y 98 (mod p?) if p = 3,5,6 (mod 7)
and

P L 2" Wk [y - 42p (mod p?) if p = 2 + 7y = 1,2,4 (mod 7),

k:o 243"(2k -1 {—% o0 @Y s (mod p2) if p = 3,5,6 (mod 7).

Conjecture 6.9. Let p be a prime with p # 2,11, then
Z (- 44)’<(2k— 1)

2k 3k
05t W L ) (mod p) if p=2,6,7,8,10 (mod 11).

{ﬁyz — };?p (mod p?) ifp=1,3,4,5,9 (mod 11) and so 4p = x*> + 11y?,

Conjecture 6.10. Let p be a prime with p # 2,3, 19, then

Z (- 108)k(2k -1

180y2 — 2p (mod p?) if (&) = 1 and so 4p = x* + 19y?,
= 6y vo-1 GGG 424 2
8(7) 2ico Contaiey T asg P (mod p7) if (5) = -
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Conjecture 6.11. Let p > 3 be a prime, then

”Zl‘ () A _[2p - 4% (mod p) ifp =@ +3y* = 1 (mod 3),

£ (=4F2k = 1) | -8Rs(p) (mod p?) if p =2 (mod 3),
= Ok _[-Bee -2p)- 125( 1) p (mod p?) if p = 2 +3y2 = 1 (mod 3),
502k = 1) | -2Ry(p) - 2(-D'T = p (mod p?) if p=2(mod 3) and p + 5.

Conjecture 6.12. Let p > 3 be a prime, then

2k .
”Zl h {—ﬁ—g(g)@xz ~2p)— £ (mod p?) ifp=x>+2y*=1,3(mod8),

- 96"(2k =D | 2ORy(p) + £ (mod p?) if p= 5,7 (mod 8).

Conjecture 6.13. Let p be a prime with p + 2,5. If( 3) = 1, then

pzl 2kfk _{—%x2+%p (mod p?) if p=1,9 (mod 20) and so p = x> + 5y%,
16k

1642k - 1) |-Fx2 + 5p (mod p?)  if p = 3,7 (mod 20) and so 2p = x* + 5y%;

if(_75) = —1, then

p-1 (Zk)f p— 2k) (4k) 11
Z 1652k —1) Zf( 10247k —1) g P moedp g

k=0

Conjecture 6.14. Let p > 3 be a prime. If(%") =1, then

”2 (3)f _{—gx2+gp(modp2) if p =% +6y = 1,7 (mod 24),

e 32Kk - 1) —%xz + %p (mod p?) if p=2x*+3y? = 5,11 (mod 24);

if(‘;ﬁ) = —1, then

-1 2k fk 9 2! (3k) 1
kzz(; 32k(2k— D Z; 16k(2k Z(§)p (mod p*).

Conjecture 6.15. Let p > 3 be a prime, then

-1
52,2 26+2( 1) =

2Ry(p) + 2(-1)7 p (mod ) if p = 2 (mod 3)

Pt y? — 220~ p (mod p?) if p=x*>+3y* =1 (mod 3),
D% Z 54k(2k— 0 {9

Conjecture 6.16. Let p > 3 be a prime, then

p-1 { B2 4 145-18(5) p(mod p?) ifp=x*+2y*=1,3 (mod B),

— 125
kzz(; 100k(2k -1 2Ry(p) — 2(2)p (mod p?) if p=5,7 (mod 8) and p # 5.
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Conjecture 6.17. Let p > 3 be a prime, then

p—4x*> (mod p?) if12|p—1andso p = x> + 9y,

pi 2x%> — p(mod p?)  if12| p—5andso?2p = x>+ 9’
_ ) ‘
£ (-1 )k(2k N 3([55/13211) (mod p)  ifp =7 (mod 12),
—6(,7%)" (mod p) if p = 11 (mod 12).

Conjecture 6.18. Let p > 3 be a prime. If(‘;f’) =1, then

5

if(_?(’) = —1, then

hS]

2 (P -4+ Ipmod p) ifp =22 +6y> = 1,7 (mod 24)
3652k —1) -298 24 Ip(mod p?) if p = 2x% +3y> =5, 11 (mod 24);

>~
I

0

p-1 p 1 2(3k)

2
— =p (mod p?).
-~ 36k(2k EEI k:O 216k(2k 9
Conjecture 6.19. Let p > 3 be a prime, then
& ()% [~i@+2pmod p) ifp=2+3y? =1 (mod3)
£ (-36)"(2k— 1) |-ERs(p) (mod p*)  if p =2 (mod 3),
S (Zk)Qk 252 2ROV E ) (mod p?) if p = 2% +3)7 = 1 (mod 3),
LA18 2k = 1) ~ |=2Ry(p) - 41T p (mod p?) if p =2 (mod 3).

Conjecture 6.20. Let p be a prime with p # 2,3, 11, then

p-l 2k A’ 2p — 2y* (mod p?) ifp=1,3,4,59 (mod 11) and 4p = x> + 11y,
2k 3k
- 4"(2k =D |55 @D 4 3pmod ) ifp=2,6,7,8,10 (mod 1)

Conjecture 6.21. Let p be a prime with p #2,3,19. If (5) = 1 and so 4p = x% + 19y?, then

& (D4 74, 2 mod )
—y* — —p (mo ;
36k(2k “H 92 " 27? p

k=0

if (&) = =1, then

p—1 2k A/ ?k (gl]i) 1397 ,
Z =—-—— Z p (mod p°).
36k(2k -1 3 (- 96)3"(2 ) 864

».
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Conjecture 6.22. Let p be a prime with p > 3, then

b

= (zkk)A;( _ —;—‘xz + %p (mod p?) if4| p—1andsop=x*+4y%
182k~ 1)~ | £p - YR (p) (mod p?) if p =3 (mod 4).

b
I

0

Remark 6.1. In [29], Z. W. Sun conjectured that for any prime p > 3,

e (M)A, {x2 —2p(mod p?) if (£) = 1andso4p = x> + 197,

i 36k 0 (mod p?) if (&)= -1,
S (2kk i _ [4x* =2p (mod p?) if p=1(mod4)andso p = x* + 4y,
=0 18510 (mod p?) if p =3 (mod 4).

For congruences related to Conjectures 6.1-6.18 see [21-25].
7. Conclusions

In Sections 2-4, we prove some congruences for the sums involving binomial coefficients and
Apéry-like numbers modulo p”, where p is an odd prime and r € {1, 2,3}. Based on calculations by
Maple, in Sections 3, 5 and 6 we pose 83 challenging conjectures on congruences modulo p? or p°.
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