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Abstract

In this paper we prove some transformation formulae for congruences modulo a prime
and deduce some congruences for Domb numbers and Almkvist-Zudilin numbers. We also
pose some conjectures on congruences modulo prime powers.
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1. Introduction

Let [x] be the greatest integer not exceeding z, and let ( ) be the Legendre symbol.
For a prime p let Z, be the set of rational numbers whose denomlnator is not divisible by
p. For positive integers a,b and n, if n = ax? 4 by? for some integers x and y, we briefly
write that n = ax? 4 by?.

Let (a)o = 1 and (a)r = a(a+ 1)---(a + k — 1) for any positive integer k. Then
% = (=1)*(7%). A formula of Bailey (see [1, (9) and (12)]) states that
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where |z| is sufficiently small. It is easily seen that
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Thus, taking x = 64/m (|m| is sufficiently large) in Bailey’s transformation and applying

(1.1) we get
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Let p be an odd prime and m € Z, with m # 0 (mod p). In [2], Z.W. Sun conjectured
many congruences modulo p? for the sums
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In [3-5] the author confirmed some of his conjectures. In Section 2, using some results in
[4,5] we prove the following p-analogue of (1.2):
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We also obtain similar congruences for ng:/ ‘3] (2kk) (3:) ( 110?) and Z[p /4] ( ) (gz) ( 12_5%2 )E.
For any nonnegative integer n let

S - E0E)
- [:ﬁ: (2:) (3:) <372> (n 7{— k) (—3)n—3k.

The first few values of {D,},{a,} and {b,} are as below:

Dy=1, Dy =4, Dy =28, D3 =256, D, = 2716, D5 = 31504, Dg = 387136,
ag = 1, ay = 3, as = 15, asz = 93, a4 = 639, as = 4653, ag = 35169,
bo=1, by =—3, by =9, by = —3, by = —279, by = 2997, bg = —19431.

The numbers {D,,} are called Domb numbers since Domb introduced it in 1960, and the
numbers {b,} are called Almkvist-Zudilin numbers. See [6-10] and A002895, A002893
and A125143 in N.J.A. Sloane’s “The on-line encyclopedia of integer sequences”. Such
sequences appear as coefficients in various series for 1/m. For example, from [6,7] we know
that
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In [11], by using very advanced and complicated method Rogers showed that

(14) Z D™ = 1= 4u Z (2:) <3:> (ujL;y%)k

and
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where |u] is sufficiently small.
Let p be an odd prime and u € Z,. In Sections 3-5 we prove that

§ =5 (2 () () o

and for u # —%, —2% (mod p),

S (W )or(rte) = v = 5 (1) (3 (i) ot
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which are p-analogues of (1.4) and (1.5). As an application we prove congruences for
Zﬁ;% Z:ﬁ modulo p for m = 1,—-2,4,8,—8,16,—32,64, which were conjectured by the
author’s brother Z.W. Sun in [12]. For instance, if p = 1,4 (mod 15) is a prime and
so p = x4 15y%, then n_%)D” = 422 (mod p). In Sections 4 and 5 we determine

Zp:1 (Qk) 2k (mod p) for m = —12,36,100, and Y " —1 ba (mod p) for m =1,-3,9, -9,

n=0 m”
2k 2k 3k 2k 4k
—27,81. We also determine > 7_ 1 G 1215& ) Sz (1)5# and Y P_ ( 2)84(,3’“) (mod p)

and so partially confirm three conJectures in [13] and [2].
In Section 6, we pose some conjectures on congruences modulo prime powers.

2. Transformation formulas involving (zk) (?’kk) (gZ)

Let p be an odd prime and k£ € {0,1,...,p — 1}. It is easily seen that (see [3,4,13])

2k P
<k> = k'2 =0 (mod p) for k> 2

2k (3k _ P
<k><k‘>_ k:'3 =0 (mod p) for k:>§,

2k\ (4 k)! P
< )(2 > k‘Q_O(modp) for k>1,

<6k> ,
<’<7 ) <3k> (3k)(2k) k! (mod p) for k> .
Let {P,(z)} be the Legendre polynomials given by
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Then clearly P,(—z) = (—=1)"P,(x). In [3, Theorems 3.1 and 4.1] the author showed that
for any prime p > 3 and t € Z,,

p7l 3 — 5 2 _
(2.1) P () = (%7) Z ( + 3(4t — 5) J;Q(Qt 14t + 11)) (mod p)
=0

and

(2.2 ZJZ(%) (%) (Sor)" = Pa? (mod )

In [4, Theorems 2.1 and 4.2] the author showed that for any prime p > 3 and t € Z,,

(2.3) Ppoy(t) = — (2) pi (ms 3<3t+5;x Lot 7) mod p)
x=0
and
ip/4)
= > (1) () () = oo o)
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In [5, Theorem 4.2], the author showed that for any prime p > 3 and m,n € Z, with
m % 0 (mod p),

2y (5 (10 o () S5 () () () () ot
Theorem 2.1. For any prime p > 3 and m € Z, with m # 0,16,64,256 (mod p) we
have
e E OO @)
= ()5 () (3) () ()

Proof. By [4, Theorem 3.2],
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Thus, applying (2.3) and (2.5) we deduce that
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As P,(—z) = (—1)"P,(x), we also have

(p—1)/2 (2:)3

o
B (m — 64) p—1 —3(-3. z+64 +5)2—9- z+64 +7
= < )( 0( 2 64 . 64
m(m — [ /¢l m?
= ((pm) 2 <2: ) <3:> @Z) <(256—m)3>k (mod p).

This proves the theorem.
Theorem 2.2. For any prime p > 3 and t € Z, with 4t # +5 (mod p) we have

S () (5 () = C5 S () (6 sy
[p

= (3 5 () E o)

Proof. By (2.1), (2.2) and (2.5),
[p/3] 2 42
> (%) (D))

_ Ry (02 = (”i) (m3 +3(4t — B)w 4;2(%2 — 14t + 11)>>2

= S () () () (e ot

Substituting ¢t with —t in the above congruence we obtain the remaining result.

Remark 2.1 Taking t = 2z — 1 in Theorem 2.2 we see that for any prime p > 3 and
z# § (mod p),

%35] 2k\ % [ 3k <Z(1Z))k:(982)[§%] 2k\ (3k\ [6k ( 21— 2) >k(m0d |
2\ k) \ 27 IR = A VAV YACACI (T BE b
This can be viewed as the p-analogue of the Kummer-Coursat transformation [1, (20)]:
i 2k\? [ 3k (z(l—z))k Z 3k 6k ( 21— z) >k
=\ k) \k 27 ,/7 3k ) \27(9 — 82)3)
Theorem 2.3. For any prime p > 3 and t € Z,, with 3t # £5 (mod p), we have
[p/6]
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= (10; Gt) [”f (2:) <3/f > <§:) ((tGZ(ZQEt;);))k (mod p).

k=0

Proof. By (2.3)-(2.5),

[p/4] 2 2 =1 3 3(3t45)

2k 4k 11—t k_ B BB, L oy e

kZ:O<k) (%)(256) :P[i}(t)Qz(;)( 2 ) ))
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= (S GO () (i) o),

k=0

Substituting ¢ with —t in the above congruence we obtain the remaining result.

3. Congruences involving {D,}

Lemma 3.1. Let n be a nonnegative integer. Then

[”f] 2k\? (3k\ (n+k 4,1,%:2": 2k\ [2n — 2k\ (n)?
k k 3k k n—k k)
k=0 k=0
Proof. Let Si(n) and S2(n) denote the left side and the right side of the identity,

respectively. Using Maple and Zeilberger’'s MAPLE programme EKHAD (Zeilberger al-
gorithm) we find that for i = 1,2,

(m—+2)38;(m+2)—2(2m+3) (5m*+15m+12) S;(m+1)+64(m+1)3S;(m) =0 (m =0,1,...).

Since S1(0) = 1 = S2(0) and S1(1) = 4 = S2(1), we deduce that S;(n) = Sz(n) for all
n=20,1,2,.... This completes the proof.

Proof of (1.4): By Lemma 3.1,

Y -E Y G
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Theorem 3.1. Let p be an odd prime and u € Z,, with u # i (mod p). Then
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Proof. As p | (Qkk) (3kk) for g < k < p, using Fermat’s little theorem and Lemma 3.1 we
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see that
3
2L rok\? 3k ( u? )k=[p§j” N AW
k) \k)\a a3/ = k) \ k)" “
k=0 k=0
[p/3] 2 p—1-3k
B 2\ 2 (3K 9 p—1-3k .
> () () (7w
k=0 r=0
:pi B o\ /3K [p— 1 — 3k e
=2t k) \k )\ n-2k
n=0 k=0
p—1 [”/2]<
n=0 k=0
p—1  [n/2] 2 p—1
. 2k\? (3k\ (n+ kY .,
=) u (k: f 3k )4 2k ZDnu (mod p)
n=0 k=0 n=0

Thus the theorem is proved.
Theorem 3.2. Let p be a prime such that p = 1,4 (mod 5). Then

SD _ {4352 (mod p) if p=1,4 (mod 15) and so p = x* + 15y°,
=" 10 (modp)  ifp=11,14 (mod 15).

Proof. Taking u = 1 in Theorem 3.1 and then applying [3, Theorem 4.6] we obtain
the result.
Remark 3.1 In [12], Z.W. Sun conjectured that for any prime p > 5,
p—1 n n 4 p—1 p—1 D
BXX(5) ==Y g
n=0 k=0 n=0 n=0
42% — 2p (mod p?)  if p = 2% 4+ 15y% = 1,4 (mod 15),
2p — 1222 (mod p?) if p = 322 + 5y° = 2,8 (mod 15),
0 (mod p?) if p=17,11,13,14 (mod 15).

Theorem 3.3. Let p be a prime such that p=1,7,17,23 (mod 24). Then

pil D, {4m2 (mod p) ifp=1,7 (mod 24) and so p = z* + 632,

e (=8)" 10 (mod p) if p=17,23 (mod 24).

Proof. Taking u = —% in Theorem 3.1 and then applying [3, Theorem 4.5] we obtain
the result.

Remark 3.2 In [12], Z.W. Sun conjectured that for any prime p > 3,

g 42? — 2p (mod p?) if p =2 +6y® = 1,7 (mod 24),
Z ( 873” = ¢ 822 — 2p (mod p?) if p = 22?4 3y* = 5,11 (mod 24),
n=0 0 (mod p?) if p=13,17,19,23 (mod 24).



Theorem 3.4. Let p be an odd prime. Then
pz:an B {4z2 (mod p) if p=1,3 (mod 8) and so p = 2> + 2y,
0 (mod p) if p=>5,7 (mod 8).

n pr—
n=0 8

Proof. Taking u = % in Theorem 3.1 and then applying [3, Theorem 4.3] we obtain
the result.

Remark 3.3 In [12], Z.W. Sun conjectured that for any odd prime p,

pzl D, {4952 —2p (mod p?) if p=2?+2y*>=1,3 (mod 8),
8" |0 (mod p?) if p=>5,7 (mod 8).

Lemma 3.2 ([8, Corollary 3.4]. Let n be a nonnegative integer. Then

D, — éo(_l)kwn_k (Z) (2:)2 <n +n2k)

Lemma 3.2 can also be proved by using Maple and Zeilberger’s MAPLE programme
EKHAD.

Theorem 3.5. Let p be an odd prime and u € Z,, with u # Tlﬁ (mod p). Then

> oue =5 (1) (%) (o) o)

k=0

Proof. As p | (Qkk) (3kk) for %’ < k < p, using Fermat’s little theorem and Lemma 3.2 we

see that
Z_l <2’fk>2 <3: ) (<1—_1123u)3>k - [:Z/? (2: )2 (3:) (—u)F(1 — 16u)P~ 1%

0
S (1 (e (e
S (1) (e (L

S () () (e
S (Y () (v - o

Thus the theorem is proved.



Corollary 3.1. Let p be an odd prime, u € Z, and u # i, % (mod p). Then

p—1 2 p—1 2 2
2k\“ (3k —u k 2k\“ (3k u k
Z(k) <k>((1—16u)3) =2 <k> (k)((1—4u)3) (mod p).
k=0 k=0
Proof. This is immediate from Theorems 3.1 and 3.5.
Corollary 3.1 is the p-analogue of the following formula in [11, equation (3.6)]:

e () () ) - 2w () () )

Theorem 3.6. Let p be a prime such that p = 1,4 (mod 5). Then

pz—:l D, pZ:l (Qkk) (3kk) _ {4x2 (mod p) if p=1,4 (mod 15) and so p = z* + 15y°,
153k 0 (mod p) if p=11,14 (mod 15).

Proof. Taking u = é in Theorem 3.5 and Corollary 3.1 we see that

Z D, Zz% ) (3kz) Ep— 2k)53(:k) od p).

k=

[en]

Now applying [3, Theorem 4.6] we obtain the result.
Theorem 3.7. Let p > 3 be a prime. Then

1

=
|

Dy,
n=0 (72) n=0 ]_6”
_ p! (2:)2(3:) _ {437 (mod p) ifp=1 (mod 3) and so p = 2* + 3y°,
= o = L
1458 0 (mod p) if p=2 (mod 3).
Proof. Taking u = —%, 1—16 in Theorem 3.1 and u = —%, }1, —3% in Theorem 3.5 we see
that
p—1 p—1 p—1 p—1 p—l 3k p—l 3k
D, D, D, Dy, GO 9 ) (
= = = = = d p).
Z (72)11 Z qn Z 16™ Z 32 1458’“ Z 108k mo p)
n=0 n=0 n=0 n:O =0 =0

From [14] and [15] we know that

p! %) G {4:02 —2p (mod p?) if p=1 (mod 3) and so p = 2% + 33,
©108F 0 (mod p?) if p=2 (mod 3).

OM

Thus the result follows.
Remark 3.4 Let p > 5 be a prime. In [13] the author conjectured that

) (3k) { 42? — 2p (mod p?) if p=1 (mod 3) and so p = z? + 3y?,
S 1458% 0 (mod p?) if p=2 (mod 3).

M"‘l’



and

-1 k) (3k) 4z% — 2p (mod p?)  if p=1,4 (mod 15) and so p = 22 + 154/,
Z Tk = 2p — 122% (mod p?) if p = 2,8 (mod 15) and so p = 3% + 5¢°,
=0 0 (mod p?) if p=17,11,13,14 (mod 15).

By Theorems 3.6-3.7 and [3, Theorem 4.1], we have
k2 kL =0 (mod p?) for p=2 (mod 3),
kS 2k =0 (mod p?) for p=11,14 (mod 15).

In [12], Z.W. Sun conjectured that

p—1 -1 -1 p—1
Dn Dy, B D,
(-2 T z_:f 216":2% (—32)"
_{ x% —2p (mod p?) if p=1 (mod 3) and so p = 2% + 3y,
~ 10 (mod p?) if p=2 (mod 3).

4. Congruences involving {a,}

For any nonnegative integer n let a, = >}, (2)2(2:) Using Maple and the Zeilberger
algorithm we find that

(4.1)  (n+2)%an40 — (1002 +30n + 23)an 1 +9(n+1)%a, =0 (n=0,1,2,...).
Lemma 4.1. For any nonnegative integer n we have

B BB W

k=0

Proof. Let

() ¥

Then S;(0) = 1 = S2(0) and S1(1) = —3 = S2(1). Using the Maple software double-
sum.mpl and the method in [16] we find that for i = 1,2 and m = 0,1,2, ...,

k=0

(m 4 2)3S;(m + 2) + (2m + 3)(Tm? + 21m + 17)S;(m + 1) 4+ 81(m + 1)3S;(m) = 0.

Thus S1(n) = S2(n). This proves the lemma.

10



Theorem 4.1. Let p be an odd prime and u € Z, with (9u+1)(27u+1) # 0 (mod p).

Then -
5 (2 )= (2 () ) o

k=
Proof. As p | (%f) for £ < k < p, we see that

S (%) () o

k=0

M1

£
I

—

p—1)/2

(p—1)/2 p—1—2k

—-1-2
=Y (Mawrarorr =S (Wt 3 (77 H)our
k=0
-1

k=0 r=0

SR N NNy
e D ()

On the other hand, as p | (2kk) (;“,i) for <k < p we see that
R 2k 2 4k ( u )k:
2\ k) \2k) \(T+ 270"
[p/4] 2 p—1-4k
B 2k\? (4k\ p—ltk _ 26\ (4K p—1—4dk .
= Z (l{:) <2k>u (1+27u) = Z I ok ) U . (27u)
k=0 k=0 r=0
1 n 2 n 2
2k 4k —1—4k K 2k 4k\ (-1 — 4k K
LS () GO = e s () G ()
=0 k=0 n=0 k=0
1
2k\ 2 [ 4k o+ 3k
= —27\" d p).
2" ;}(Q (on) 2t (" 3") mot

Now combining all the above with Lemma 4.1 we deduce the result.
Theorem 4.2. Let p be a prime such that p = +1 (mod 8). Then

p! (%f)ak B {43:2 (mod p) if p=1,7 (mod 24) and so p = x> + 632,

36~ 0 (mod p) if p=17,23 (mod 24).

I

Proof. Taking u = % in Theorem 4.1 and then applying [4, Theorem 5.4] we obtain
the result.

Theorem 4.3. Let p be a prime such that p = +1 (mod 12). Then

p! ap 4> (mod p) if p=1 (mod 12) and so p = z2 + 9y2,
k:O 0 (mod p) if p=11 (mod 12).
Proof. Taking u = —z in Theorem 4.1 and then applying [4, Theorem 5.3] we obtain
the result.

11



5. Congruences involving {b,}

Let {bn} be the Almkvist-Zudilin numbers given by (1.3). Since ('}) (];f) = ("M (P, we
see that

(OG0
=)= (L)) = CHED )

W IHICHEES

k=0
From [8, Corollary 4.3] we know that

" 2k\? (4k\ (n+ 3k .
5.2 by, = —27)"7F.
- £ ()¢

. . 2 e
This is true since b, and b, = >} (zkk) (3’2) ("Lfk) (—27)"~* have the same initial values
and recurrence relation:

(n + 2)3bpi2 + (2n 4 3)(7Tn? + 21n + 17)byyq + 81(n + 1)%b, = 0.
Theorem 5.1. Let p be an odd prime and u € Z;,, with u # —2% (mod p). Then
p—1 p—1 2
2k 4k U k
b = ()" (mod 1),
; B ; (k:) <2k> (+2rayt) (medP)

Proof. As p | (2kk) (3:) for £ < k < p, using Fermat’s little theorem and (5.2) we see
that
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p—1
= Z bpu" (mod p).
n=0

This proves the theorem.
Corollary 5.1. Let p be an odd prime and u € Z, with (9u+1)(27u+1) # 0 (mod p).

Then
P2l ok U k p! N
n=0

k=0
Proof. This is immediate from Theorems 4.1 and 5.1.
Theorem 5.2. Let p > 3 be a prime. Then

p! by {43:2 (mod p) if p=1 (mod 3) and so p = z* + 33>,
0 (mod p) if p=2 (mod 3).

Proof. Taking u = —5 in Theorem 5.1 and then applying [4, Theorem 5.1] we deduce

the result.
Theorem 5.3. Let p be a prime with p = +1 (mod 8). Then

pzé bn {4x2 (mod p) if p=1,7 (mod 24) and so p = z* + 632,
i ~ |0 (mod p) if p=17,23 (mod 24).

Proof. Taking u = % in Theorem 5.1 and then applying [4, Theorem 5.4] we deduce
the result.
Theorem 5.4. Let p be an odd prime and u € Z,, with u # —% (mod p). Then

S =5 (1) () ) ot

Proof. As p | (2kk) (;U;) for £ < k < p, using Fermat’s little theorem and (5.1) we see
that
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p—1
= Z bpu" (mod p).
n=0

This proves the theorem.
1

Corollary 5.2. Let p be an odd prime and u € Z, with u # —3, —2—17 (mod p). Then

p—1 2 p—1 2 3
2k 4k U k 2k 4k u k
T om ) = —_— d p).
kzo<k> <2k)<(1+27u)4) kzo<k) (2k>((1+3u)4> (mod p)
Proof. This is immediate from Theorems 5.1 and 5.4.

Theorem 5.5. Let p be a prime with p = +1 (mod 12). Then

Z)E:l by, pzl b, {41‘2 (mod p) if p=1 (mod 12) and so p = 2> + 9y?,
(=3)" ~ Z=(=27)" ~ 10 (mod p)  if p=11 (mod 12).

n=0
Proof. Taking u = —% in Theorem 5.1 and u = —2% in Theorem 5.4 we see that
p—1 p—1 21<;) (4k) p—1 b
n
= d p).
Z —12288)F =2 Coryn (mod p)
n:() 0 n=0

Now applying [4, Theorem 5.3] we deduce the result.
Theorem 5.6. Let p be a prime such that p > 7. Then

pi ) () _ {4962 (mod p) if p=2*+2y* =1,3 (mod 8),
k=0 284k ~ L0 (mod p2) if p=>5,7 (mod 8)

and

iy 1 P b, {MZ (mod p) if p==*+2y* =1,3 (mod 8),
0 (mod p) if p=>5,7 (mod 8).

Proof. Putting v = 1 in Theorems 4.1 and 5.1 and u = 8% in Theorem 5.4 we see that

p—1 (2kk) ap p—1 p— p—1 2k) (4k;)
o0 = 20 = Z 81 Z gt (mod p)
k=0 n=0 n=0
Taking v = 1 in Corollary 5.2 we see that
p—l (4k) p—1 2k) (4k)

284k EZ ~orek (mod p).

k=0 =0

From [14] and [15] we know that

pzl ) (30 _ {4932 —2p (mod p*) if p=2® +2y° = 1,3 (mod 8),
i Yo o (mod p?) if p=15,7 (mod 8).

14



Thus, the result is true when the modulus is p. By [4, Theorem 4.2],

pzzl 4k) = P (20\/6>2 (mod p).

2841‘7 1 49
k=0
Hence, using [4, Theorem 4.2] again we see that for primes p = 5,7 (mod 8),

206 p—1 (2k)2(4k:)
KW) =0 (mod p) and so kZ:O % =0 (mod p?).

P[E

4

The proof is now complete.
Remark 5.1 In [2], Zhi-Wei Sun conjectured that for any prime p # 2,3,7,

pz_f 4k) B {4332 —2p (mod p?) if p=2?+2y* =1,3 (mod 8),
—~ 284k ~ 1 0 (mod p?) if p=15,7 (mod 8).

6. Some conjectures on congruences modulo prime
powers

For any nonnegative integers n let {D,},{a,} and {b,} be given by (1.3). Suppose

that p > 3 is a prime. In [17] Z.W. Sun conjectured congruences for Zz;é 3¢ and

Zi;é (fﬁ (mod p?). In [12, Conjecture 7.8] Z.W. Sun conjectured explicit congruences

for ZZ:(l) (2,5)“—’2 (mod p?) in the cases m = 1982, —1123596.
- m

By doing calculations with the help of Maple, we pose some conjectures. These con-
jectures are similar to some conjectures in [2,12,13]. As showed in [3-5] and [13], many
conjectures for supercongruences are connected with binary quadratic forms of class num-
ber 1 or 2 and the number of points on certain elliptic curves with complex multiplication
over the field F, with p elements.

Conjecture 6.1. Let p be a prime with p =1,17,19,23 (mod 30). Then

-1 p—1 p—1 2k: 3k
Dy,
Dy = 6755 )() (mod p?).
k=0 k=0 =0

Conjecture 6.2. Let p be a prime greater than 3. Then

p—1 p—1 2k 3k
= ) ( ) (mod p*) for p=1,5,7,11 (mod 24)

8)’“ T 2168
=0

and
p—1 Dk; pfl ) (3k)

Conjecture 6.3. Letp > 3 be a prime. Then

(mod p3) for p=1,3 (mod 8).

¥
=
=

Dy,

1 mod p?),

—~1 D p—1 (2k\2 3k
k: (g) 3 (k1)08(kk) (
k:O k=0

i
o
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and for p =1 (mod 3) we have

1

3
|

p—1 p—1 2k 3k p=1 (2k\2 3k p=1 2k 3
S ST S P,
k= 6k — k= k= k
k=0 2) P i 108 im0 1498 im0 10
Conjecture 6.4. Let p > 3 be a prime. Then
=1 ok -1 422 — 2p (mod p?) ifp=2?+6y? =1,7 (mod 24),
Coar _N~be _ ) 822 (mod p?) if p=22% +3y2 = 5,11 (mod 24)
36k: 9: p — ox” (mod p ifp=2x" + 3y =0, mo ,
k=0 k=0 0 (mod p?) if p=13,17,19,23 (mod 24).
Conjecture 6.5. Let p > 5 be a prime. Then
p—1 Qk p—1 by
Z =) or
k=0 k=0
B {43} —2p (mod p?) ifp=2a?+2y°>=1,3 (mod &),
10 (mod p?) if p=>5,7 (mod 8).
Conjecture 6.6. Let p > 3 be a prime. Then
-1 -1 -1
p (2kk) aj, _ PZ b, _ p b,
e G e A G e A G 0
42* — 2p (mod p*) if 12| p—1 and so p = x> + 9y?,
={ 2p—22% (mod p?) if12|p—>5 and so 2p = x> + 92,
0 (mod p?) if p=3 (mod 4).
Conjecture 6.7. Let p > 3 be a prime. Then
pz_i by, _ {4:c2 —2p (mod p?) ifp=2a?+3y*> =1 (mod 3),
prt (—9)k 0 (mod p?) if p=2 (mod 3).
Conjecture 6.8. Let p > 3 be a prime. Then
p—1 p—1 p—1 p—1
Z(4k+1 :Z4k:+1 D _ (2k +1) be (2k+1)b
- 1k — (79)]@ - 9k
k=0 k=0 k=0 k=0
-1 p—1
1% 1 b
= N Uk b= (k3 = <f>p (mod p?)
3 3 —3)

Conjecture 6.9. For any prime p =5 (mod 6) we have

1 (2k\2 3k
() () _ 5
‘jﬂﬁiyyg'::o Onod.p )

p

i
o

Conjecture 6.10. Let p > 3 be a prime. Then

EEE - OF TP war

_ k
n=0 k=0 =0 ( 27)
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Z.W. Sun made a conjecture on y b _ 0 e (2)4 (mod p?). See Remark 3.1.
Conjecture 6.11. Let p > 5 be a prime. Then

5 () (1) () =55

133k + 8 (2K (3K [6k —255 ;
= gp( 222 1
2553 <k><k><3k> Sp( » >(m°dp) Jor p# 1T,

MHOM

k=0
p—1
28k+3 2%\ (3K (6k
o () () () =2 *> o )
k 0
p—1
63k+5 k\ (3K (6k —33
R ( ><k> <3k> =5 ) (mod p3) for p# 11,
k 0
11k+1 3k\ (6K )
] 2 S000F ( >(k> <3k> - ) (mod ),
p—1
506k+31 2 /=30 5
£ (—12288000 k( )( >< >:31p(p> (mod p7).

Conjecture 6.11 is similar to some conjectures in [2].
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