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Notation: Z—the set of integers, N—the set
of positive integers, [x]— the greatest inte-
ger not exceeding x, {x}—the fractional part
of =z, (%)—the Jacobi symbol, Z,—the set of
rational p—adic integers.
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§ 1. Definition of {B,},{F,} and {U,}

The Bernoulli numbers Bg, By, Bo, ... are given
by

n—1 n

Bo=1, ¥ (k)Bk:O (n > 2).
k=0

The first few Bernoulli numbers are given be-
low:

Bg=1 B = 1 By = 1 By = 1
o— 4, 1 27 2 — 67 4 — 307
Bg = 1 Bg = 1 Big = >
6 — 4276918_ 307 10 — 667 361
{ {
B — T B — B - - .
127 o730 "M T e IO 510

Basic properties of {By}:

B2n—|—1 =0 for n>1.



von Staudt-Clausen Theorem (1844):

1
B2n+ Z — € Za
p—1[2n P

where p runs over all distinct primes satisfying
p—1]2n.

von Staudt-Clausen: pBy,_1y = —1 (mod p) (k >

1).

Kummer (1850): If pis an odd prime and p—1 1
b, then

Brp-1)+b _ By
k(p—1)4+0b b

(mod p).

The Euler numbers {E,} are given by
no2n
Eon-1=0, BEo=1, 3 ( )E2r=0(n21).
r=0 <"
The first few Euler numbers are shown below:

Eog=1, Eb=—-1, E4=5, Eg = —61,
E8 — 1385, ElO — —50521, E12 = 2702765.
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The sequence {U,} is defined by

/2
= n — — n— 2 .
Up=1 and U 2 k; (2k>U op (> 1)

Clearly Us,,—1 =0 for n > 1.
§ 2. p-regular functions

Definition 2.1 Let p be a prime. If f(0), f(1),
f(2),... are all algebraic numbers which are
integral for p, and forn=1,2,3,...,

n
n

> (,)(~DFf(k) =0 (mod p"),
k

k=0

we call that f is a p-regular function.

Example 2.1 Let p be a prime, b € {0,1,2,...}
and m € N with p{tm. Then

F(k) = mFe=D+b  ang  g(k) = mF-D+b_4
are p-regular functions.

(by Fermat’s little theorem and the binomial
theorem)



Example 2.2 ([S1]) Let p be an odd prime and
be {0,1,2,...}. Then

f(k) =p(p— pk(p_l)_l_b)Bk(p—l)—l—b

IS a p-regular function.

Example 2.3 ([S2]) Let p be an odd prime,
beNand p—11b. Then

B
) = (1 — pF(p—1)+b-1 k(p—1)+b
= )k(p— 1)+

IS a p-regular function.

Example 2.4 ([S3]) Let p be an odd prime and
be {0,2,4,...}. Then

—1
f)=(1- (1) Zpre Vg

IS a p-regular function.

Example 2.5 ([S6]) Let p be an odd prime and
be {0,2,4,...}. Then

F) = (1= Q"IN 1y 4

IS a p-regular function.



Lemma 2.1 Let n > 1 and k£ > 0 be integers.
For any function f,
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By the binomial inversion formula,

k r
f =3 ()Er Y (D).

r=0 s=0
Thus the result follows.

Theorem 2.1 Let p be a prime, n € N, k €
{0,1,2,...} and let f be a p-regular function.
Then

fuw—-§:<1Y117(k -

r\ /k

_ 1))@ (mod p™).
Example: Let p be an odd prime, k € {0,1,2,...},
n,b € Nand p—1+tb. Then

B
1 — pF(p—1)4b—1 k(p—1)+b
(L=p oo — 1) + b

Z< O I [

. r(p—1)4+b-1 T(p—l)‘l'b n
X (1—-p )T(p_l)_l_b(modp )-




Using the properties of Stirling numbers we
deduce that:

Theorem 2.2 Let p be a prime. Then f is
a p-regular function if and only if for each
positive integer n, there are ag,a1,...,ap_1 €
{0,1,...,p™ — 1} such that

f(k)=a, 1k" 1+ -+ a1k +ag (mod p")

for every £ = 0,1,2,.... Moreover, we may
assume as - s!/p® € Zp for s = 0,1,...,n — 1.
If p > n and f is a p-regular function, then
agp,-..,0ap,_1 Are unique.

Example: For k € N,

Bag4o0
4k + 2
= 625k% + 875k3 — 700k? + 180k — 1042 (mod 5°),

E4. = —750k> 4 1375k — 620k (mod 5°) (k > 1).




Lemma 2.2. Let p be a prime. Let f be a
p-regular function. Suppose m,n € N and t € Z
with t > 0. Then

n

Z (Z)(_l)rf(pm_lrt) =0 (mod p™™m).

r=0
Moreover, if A, =p FYF_, (’ﬁ) (=1)"f(r), then

=M _ANT m—1
3 (e
fpmntnAn (mod pmn—l—l)

ifp>2orm=1,
mn
21 N (n)AH_n (mod 2mn+1)
r=0 "

\\

if p=2 and m > 2.

\
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Theorem 2.3. Letp be a prime, k,m,n,t € N,
and let f be a p-regular function. Then

Flktp™ 1)

n—1 1y
= > O (T T () pem Y (mod p.
r=0

n—1—r

Moreover, setting As = p~*Y5_, (i)(—l)rf(r)
we then have

n—l k—1—r
m—1y _q1\n—1-—r
£ (ktp™ 1) 2%(1) (1.
rpmn(r']z)(_t)nAn (mod pmn—|-1)
ifp>2orm=1,
k‘ n
2" (") (=" 3 (") Arn (mod 27

r=0

. Ifp=2and m > 2.

) () sty

N\

From Theorem 2.3 we deduce:
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Theorem 2.4. Let p be a prime, k,m,t € N.
Let f be a p-regular function. Then

(i) ([S2]) f(kp™~1) = £(0) (mod p™).

(i) f(ktp™ 1) = kf(tp™ 1) —(k—1) £(0) (mod p?™).

(iii) We have
ey = FE 2D ponmty e 2) ppm )
+ = DEZ2) 50) (mod p>m).
(iv) We have
f(kp™ 1)

( £(0) — k(f£(0) — f(1))p™ 1 (mod p™t1)
ifp>2orm=1,

£(0) — 2™ 2k (f(2) — 4£(1) + 3£(0))(mod 2™t

. fp=2andm > 2.

N\
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Example:

_ p—1
By = (L= kp" ") (1 = (-1)"Z p)) B,
+ kp™ 1B, 145 (mod p™th),
p
Uko(pm)+b = (1 — (g)pb)Ub (mod p™),

where ¢ is Euler’'s totient function.

Lemma 2.3. Forn =20,1,2,... and any two
functions f and g we have

> ()0 k)gk)
k=0

S

-5 0[5 Ocvra-cen)ew

r=0
where F(m) = Y7 (",3) (—1)* (k) and G(m)
m o (7)) (= D)kg(k).

Proof. We first claim that

n m

> (E0re+m) = 3 (M) 1DTFE+).

r=0 r=0
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Clearly the assertion holds for m = 0. Now
assume that it is true for m = k. It is easily
seen that

> ()1 G+ R+ D)

r=0
noo. n—+1 n

=Y (Evse+9- 3 (T HED G+
SZO ) s—kO )

=3 (S)(_l)SF(n+s) -y (8)(—1)3F(n+ 14 s
=0 s=0
k+1

= ("THEDER )
s=0

So the assertion is true by induction.
From the binomial inversion formula we know

that g(k) = SF_, (g)(—l)sa(s). Thus, by the
above assertion we have
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S (M) DFF (R k)

2
= éo (") (~1)k 5 (k) z WIEEEe
=§O ég( ) (5 1)k Sf(k)) G(s)
=3 () (i A Csole Sf(k)) G(s)
=§O () [; (" ) f(r+s)> G(s)
= f () [éo( )(- 1)"“F<ns+r>> G(s),

which completes the proof.

Theorem 2.5 (Product Theorem). Letp be a
prime. If f and g are p-regular functions, then
f-g is also a p-regular function.
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§ 3. p-regular functions involving Bernoulli
polynomials and generalized Bernoulli num-
bers

The Bernoulli polynomial B,(x) is given by

Bp(x) = zn: (n)kan—k.

k=0 ¥
For « € Zy let (x), denote the unique number
n € {0,1,...,p— 1} such that z =n (mod p).

Theorem 3.1 Let p be a prime and let b be a
nonnegative integer.

(i) ([S2, 2000], [Young, 2001]) If p— 11b, z €
Zp and 2’ = (z + (—x)p)/p, then

By(p—1)4+5(®) — pk(p_l)_l_b—lBk(p—l)—l—b(x/)

Fk) = k(p—1) +b

iIs a p—regular function.
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(ii) ([S2, (3.1), Theorem 3.1 and Remark 3.1])
If a,b € N and p{a, then

B
— (1_pk(P—1)+b-1y( k(p—1)+b_ k(p—1)+b
f(k)=(1-p )(a 1)k(p— S

IS a p-regular function.

Let x be a primitive Dirichlet character of con-
ductor m. The generalized Bernoulli number
Bn,y is defined by

m rt o0 n
x(r)te t
( ) — Z Bn,x_

n=0 n!
Let xo be the trivial character. It is well known
that

1
Blyo =5 Buo = B (n# 1),

m r
m" 1 > X(T)Bn(—).
r=1 m
If x is nontrivial and n € N, then clearly > ; x(r)
= 0 and so

Bn,x

17



Bn,x

n

(Bn(%) — Bn, n Bn)

m
=m" 13 x(r)
r=1 n

Bn(Z) — Bn

= m"1 3" x(r)
r=1

When p is a prime with p{m, by [S1, Lemma
IS congruent to an algebraic integer modulo p.

Theorem 3.2. Let p be a prime and let b be
a nonnegative integer.

(i) ([Young, 1999], [Fox, 2002], [S2, 2000]) If
bbm € N, ptm and x is a nontrivial primitive
Dirichlet character of conductor m, then

B
k) = (1 — k(p—1)+b—1y k(p—1)+b,x
f(k) =1 —=x(p)p )k(p—l)—l—b

is a p—regular function.
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(i) ([S2, Lemma 8.1(b)]) If m € N, ptm and x
IS a nontrivial Dirichlet character of conductor
m, then

f(k) = (1 - X(p)pk(p_1)+b_1)ka:(p—1)—|—b,x

iIs a p—regular function.

Definition 3.1 For a # 0 define {E{*} by
[n/2]

n a n .
kgo (Qk)azkEé—)zk =(1-a)" (n=0,1,2,...).

Clearly ET(,,l) = F,.
Theorem 3.3 ([S6]). Let a be a nonzero in-

teger and b € {0,1,2,...}. Then f(k) = Eéz)_%b
is a 2—regular function.
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Theorem 3.4 ([S6]). Let p be an odd prime
and let b be a nonnegative integer. Then

Fo(k) = (1—(—1) 2 bHEF ] e(—1)+by ((2)

k(p—1)+b
and
+1
fa(k) = A-(-DIFI Q) HLFE-DIY @

are p-regular functions.

84. Congruences for Zf;llﬁ (mod p3) and
p—1

X
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Theorem 4.1 ([S2]) Let p be a prime greater

than 3.
(a) If ke {1,2,...,p— 4}, then
pil 1
x=1xk
ck(k+ 1
(‘I‘) —2—k Q(modp3)
2 p — 2 k
if k£ is odd,
= 9 Bo,,_~_ B,_1_
L 2p2k_2 p—1—k p(mOdp3)
2p—2 — k p—1—k
\ if k£ is even.
p—l 1 4 , 3
(b) $§1$p3—(——33+1)p—§p (mod p~).
p=l 1 5 5 3
= —(2 — mod .
(c) lexp 5 = —(2+pBy-1)p+ 2p° ( p)
p—1 1
d
() a:zzjlxp_l

= pBs, 2 —3pB,_ 1+ 3(p— 1) (mod p3).
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Proof. For m € Z it is clear that

B — B
1M 42 (p—1)" = m+17§f)_|_1 m-+1

1 m+l o a1
( Bm—l—l—rpr

:m—l—l Z

r=1 r

p2
= pBm + EmBm—l

m-+1 r—4

N 7’;3 <7“ rr—nl)me_i_l_r = r P

r—4

Since pBy, 414, F
(4.1)

— € Zyp for r > 3 we have

2
1742744 (p=1)" = pBmt_mBy,_1 (Mod p?),

Let ke {1,2,...,p—1}. From (4.1) and Euler’s
theorem we see that
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e(p3)—k +5 (90(173) - k> Bop3)—k—1

= PBop3)—k ~ P Bcp(p:”)—k—l

{pB¢(p3)k (mod p>) if k is even,
=1 k

—5p23¢(p3)_k_1 (mod p>) if k is odd.

For ke {1,2,...,p— 2} we see that

Bop3)-# _ Bp2—1)(p—1)4p-1-k
p(P3) -k  (P*-1(@-1)+p-1-k

= (p° — 1) Bop-2-k —(p? —2)(1 —pP27F)

plk

2p —2 — k

C2p—2—k p—1—k

23

p—1—F

D22k 4o 2R P (mod p?).



T hus,

(4.2)
PB,(p3)—k
Boy_o_ >k 1—k
= —k P~ (1 — By )
p(sz 2 _ k+B( L e gy
(kp(—22h o P17k y (mod p3)
2p— 2 — k p—1—k
_ if k<p—3,
= Byiq Bo
—3 Pl _ 51 — »)22) (mod »3
(p )p(p_l_l ( p)z)( p~)
\ if k=p— 3.

When k € {1,2,...,p—3} , it follows from Kum-
mer’'s congruences that

Bowh—k-1 _  Bep2-1)(p-1)4p-2-k
e(@3) —k—1 %92—1)(19—1)4—19—2—/%
_ Pp—2-k
Y (mod p).
Thus,
(4.3)
k k

2—k
_Ep ng(pB») o 1:——p2( k—1) p2 (mOdp3)'
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Combining the above we get

f Bo, _~_ B,_1_

kp 2p—2—k _ o P 1-k
2p —2 —k p—1—k
if ke {2,4,...,p— 5},

1 4
(5 —3Bp11)p — §p2 (mod p)
= " ifk=p-—3,
k(k+1) By ok
( p p2 (mod p3)
2 p—2—k
\ if ke {1,3,...,p—4}.
This proves parts (a) and (b).

) (mod p)

Now consider parts (c) and (d). Note that
pB,(p—1) = —1 (mod p) for r > 1. From the
above and [S1, Corollary 4.2] we see that

S 25
2 2= 5 P B
— 2

5
= —p(pBp—1 +2) + 5192 (mod p3)
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)pBap—2 — (p* — 1)(p® — 3)pBp_1

2 _
—I—(p 5 2)(19—1)

3p
2 2
5
+3-" - 1)
= pBay 2 —3pB,_1+3(p— 1) (mod p>).

T his concludes the proof.

= (1 -~ = )pBa, > — (3 —4p%)pB,_1

One can similarly prove that
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Theorem 4.2 Let p > 5 be a prime and k €
{1,2,...,p—5}. Then

Ba, o By, o~ B, _1_
L 3p3k’_3 2p2k:_|_3 p—1—k D
3p—3 —k 2p — 2 — k p—1—k

k+4 2\p°B,_3_

—( T )p =37k (mod p*)  if 2|k,
3 p—3—k

_(k + 1>( Bop_3— 5 By ok
2p —3 —k p—2—k

)p? (mod p*)
if 21 Fk.
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Theorem 4.3 ([S2]). Let p > 5 be a prime.

(a) If ke {2,4,...,p— 5}, then

p—1
22: 1
kK
r=1%
k(28T —1)  Bop oy B, 1k
= p(—==* —2—2~ ) (mod p).
2 2p—2 —k p—1—k

(b) If k € {3,5,--- ,p— 4}, then

p—1

21 B, Bop_1_k

> o=@ - ) (mod p?).
=17 p—k 2p—1—k

(c) If qp(2) = (2P~1 — 1) /p, then

p—1
i 1
rx=1 £
2 V4
= —2¢p(2) + pg2(2) — §p2q§3<2) —

12192319—3 (mod p3)'
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Theorem 4.4 ([S4]). Let p > 3 be a prime
and qp(a) = (a?P~1 —1)/p. Then

p—1

Z 1
k=1 k
k=p (Mmod 3)
1 1 2, 1o 3 P’ 3
= —gp(3) — — 3 — 3)° ——B, a(mod
2Qp( ) 419%( ) +6P Qp( ) g1 P 3( p
AR
k=1 k
k=p (Mmod 4)
3 3 >, 15 3
= "0,(2) — 2pgp(2)2 + “p2g,(2
4qp( ) 8pqp( ) -|—4p qp(2)
p? 3
~ 19o°P—3 (mod p~),
S
k=1 k
k=p (Mmod 6)
1 1 SN | 2)
= ~gp(2) + ~gp(3) — p( Zgp(2)2 + Zg,(3
“(D + 03— p( a2+ Lan(3)

1 1

1
+ 02 (52 + (3 — By 3) (mod p)

29



§5. A congruence for (p — 1)! (mod p3)

Let p be a prime greater than 3. The classical
Wilson's theorem states that

(p—1)=—-1 (mod p).
In 1900 J.W.L.Glaisher showed that

(p— 1) =pB,_1 —p (mod p?).

Here we give a congruence for (p—1)! modulo

p3.

Theorem 5.1 ([S2]). For any prime p > 3 we
have

2
pBop—2 pBp-1 1 (pBp 1
(p—l)!EQpﬁQ_p_pl_§< p ) (modp3).

The proof is based on the following Newton's
formula.
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Newton’s formula: Suppose that z1,xo,...,xn
are complex numbers. If

m=z1 +x3' + -+,

Am = Z Liq1Ljs """ Ly
1< <in< - <im<n
for k=0,1,...,n we have

Sk — A1Sp_1+ A2Sp_o+ -~
+ (1) 1A, 181 + (-1)* kA, = 0.

§6. Congruences involving Bernoulli and
Euler polynomials

The Euler polynomials {E,(x)} are given by
"oomn
En(z) + Y (T)Er(:r;) = 22" (n>0).
r=0
It is known that

En(z) = 2—1n Enj (Z)(zx _1)"TE,

r=0
= i (Pen@ =28, (3))
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AlsoO,

— _ Bi41(p) — Bp4a
;:: k+1 ’
Rl vk (—DPER(p) — E4(0)
Z (=1)"x 5 .

Theorem 6.1 ([S3]). Let p,m e N and k,r €
Z, with k> 0. Then

p—1

>,
x=0
z=r(mMod m)

= (e (50 - mena((7))
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and

p_l r—r
S
x=0

rz=r(mMod m)

- (o2 )

ot (2)

Proof. For any real number t and nonnegative
integer n it is well known that

Bn(t+ 1) — Bp(t) = nt" ! (n # 0),

En(t+1) + En(t) = 2t".
Hence, for x € Z we have

B (T ) B ()
0 ifm{xz—r,
:{(k—l—l)(i)k :fm|x—r.
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m
=5 (e (L 1))
o (24 {725)
e

(—1)[r_§%_1]Ek<x ;: 1 n {r — T — 1})

m

)
0 if m{x—r,
B {(1)W.2(i)k ifm|z—r.

34



Thus
(_1)[%]Ek(£ + {7“ —p}>

m m

o {7

—1 r—z—1 X r—op—
e )

oz 5]
2 p—! v
=7 xgo (—1)m 2"

z=r(Mod m)
This completes the proof.

Corollary 6.1 Let p be an odd prime and k €

{0,1,...,p —2}. Let r € Z and m € N with
ptm. Then

p—1

>,
x=0
z=r(Mod m)

() e ({2) croa
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and
p—1

S (1) m ok
xzr(?n:OOd m)

(o (52)
- Coa({Z]))mos

Proof. If x1,z5 € Zp and x1 = x5 (Mod p), then
B ) Br1{t2) — o (mod p) and Ey(z1) =
Er(x2) (mod p). Thus the result follows from

Theorem 6.1.

In the case Kk = p — 2, Corollary 6.1 is due to
Zhi-Wei Sun. Inspired by Zhi-Wei Sun’s work,
I established Theorem 6.1 and Corollary 6.1.
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Corollary 6.2 Let p be an odd prime. Let k €
{0,1,...,p—2} and m,s € N with ptm. Then

(52 - (2})

Z rk (mod p)

(s=1)p Sp
Tmo <TSy,

and

(50 - (7

=2(-1)*t Y (=1)"* (mod p).

(s=1)p Sp
T <TSE,
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Theorem 6.2. Let m,s € N and let p be an
odd prime not dividing m. Then

.m p—1 » (_1)km
(—1) ; kgl (k> — Z L

kEsp(mO(]?' m) w<k<%
(B (1) B, (P (mod pif2 | m.
(N RS A )P

\ —<—1>[%]Ep_2<{§}>> (mod p) if 2 fm.

7\

Corollary 6.3. Let m,n € N and let p be an
odd prime not dividing m.

(i) If 2| m, then

B (L f) ~ B

m p—1
="y (1)1 3 (i) (mod p).
P s—=1 k=1

k=sp(mod m)
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(ii) If 21 m, then
oo [22)) 4 52

p
2m & p—1

— Z (—1)5-1 3 (Z) (mod p).
P s=1 k=1

k=sp(Mod m)

In the cases m = 3,4,5,6, 8,9 the formulae for

p
> (g) were given by me (published
k=0

k=r (mod m)

in 1992-1993), in the case m = 10 the for-

mula was published by Z.H.Sun and Z.W.Sun
in 1992, and for the case m = 12, the formula
was given by Zhi-Wei Sun (published in 2002).
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§7. Extension of Stern’s congruence for
Euler numbers

For k,m € N and b € {0,2,4,...}. The Stern’s
congruence states that

(7.1)  Eompyp = Ep+ 2™k (mod 2™mT1).

In 1875 Stern gave a brief sketch of a proof
of (7.1). Then Frobenius amplified Stern’s
sketch in 1910.

There are many modern proofs of (7.1). (Ern-
vall(1979), Wagstaff(2002), Zhi-Wei Sun(2005),
Zhi-Hong Sun(2008))

Let b e {0,2,4,...} and k,m € N. In [S5, 2010]
I showed that

Eka—H) =3 )1 + 2™k (mod 2m—|—2) for m > 2,

Eka—I-b = Eb + 5.2 (mod 2m—|—3) for m > 3,
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and for m > 4,

Eomp4p,
Ey+5-2™k (mod 2™T4) if b=0,6 (mod 8),
~ | E,—3-2™k (mod 2™T%)  if b=2,4 (mod 8).

In [S9], Z.H.Sun and L.L.Wang (IJNT, 2013)
established a congruence for Eomy,t;, (mod 2m17).
In particular, for m > 7,

Eompap = Ey+2"k(7(b+1)%—18) (mod 2™+7).
For a # O recall that {E{®} is defined by

[n/2]

n a n .
kgo (zk)azqug—)zk =(1-a)" (n=0,1,2,...).

From [S6] we know that

E(a) — (2 )nE (i) — [7%2] (n)(l L )n—2k QkE
no = e " 2a) =0 2k ¢ ¢ 2k
_ < (n)2k+1(1 _2k+1)%ak,
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Theorem 7.1([S6, 2012]). Leta be a nonzero
integer, k,m € N, m > 2 and b € {0,1,2,...}.
T hen

(2Mk(a3((b—1)°4+5) — a4+ 2"ka3(b— 1))
(mod 2413y jifoa | g and o > 1,
= 2Mka((b+ 1)2 4 4 — 2™k(b+ 1)) (mod 2™mT%)
if24a and 2 | b,
| 2k(a® — 1) (mod 2™T4)  if 2+ ab.

AS Eq(zl) = FE,,, the theorem is a vast general-
ization of Stern’s congruence.
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§8. (—1)"U,,, and (—1)“E§j‘3 are realizable

If {an}>2 1 and {bn} 2 are two sequences sat-
isfying

a1 =b1, bntaib,_1+ - -+ap_1b1 =nan (n > 1),

we say that (an,bn) is a Newton-Euler pair. If
(an,bn) is a Newton-Euler pair and a, € Z for
alln =1,2,3,..., we say that {b,} is a Newton-
Euler sequence.

Let {b,} be a Newton-Euler sequence. Then
Clearly b, € Z for all n=1,2,3,....

Z.H. Sun, On the properties of Newton-Euler
pairs, J. Number Theory 114(2005), 88-123.

Lemma 8.1. Let {bn}>2 1 be a sequence of
integers. Then the following statements are
equivalent:
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(i) {bn} is @ Newton-Euler sequence.
(i) > dn p(7)bg =0 (mod n) for every n € N.

(iii) For any prime p and a,m € N with ptm
we have bpype = b, a1 (mod p%).

(iv) For any n,t € N and prime p with p! || n
we have b, = bn (mod pb).
p

(v) There exists a sequence {cp} of integers
such that bn = > 4, dcg fOr any n € N.

(vi) For any n € N we have

ki,ko k
bl b2 bnn

k1+2k2+“'—|—nkn=n1 L-kpl-2%2 - kol -n kn!

c 7.
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(vii) For any n € N we have

b1 bo b3 bn,
1 —1 b bo . b,_1
— -2 b e b,_o| € Z.
n!
—(n—-1) b

Let {bn} 2 ; be a sequence of nonnegative inte-
gers. Ifthereisaset X andamap 7 : X — X
such that b, is the number of fixed points of
T", following Puri and Ward we say that {b,}
IS realizable.

Puri and Ward (2001) proved that a sequence
{bnp} of nonnegative integers is realizable if and
only if for any n € N, %deu(%)bd iS @ nonneg-
ative integer. Thus, using MODbius inversion
formula we see that a sequence {by,} is realiz-
able if and only if there exists a sequence {cn}
of nonnegative integers such that b, = de dcg
for any n € N.
45



J. Arias de Reyna (Acta Arith. 119(2005),
39-52) showed that {FE5,} is a Newton-Euler
sequence and {|FE»5,|} is realizable.

In [S6, S7] I proved the following results.

Theorem 8.1 ([S7, 2012]). {Uy,} is a Newton-
Euler sequence and {(—1)"Uy,,} is realizable.

Theorem 8.2 ([S6, 2012]). Leta € N. Then
{(—1)nE§%)} is realizable.

§9. Congruences involving {U,}

In [S7], Z.H. Sun introduced the sequence {Up}
as below:

/2
— n = — — 2 .
Up=1, U 2 k; (zk)U or (n>1)

Since Uy = 0. By induction, Us,_1 = 0 for
n > 1.
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The first few values of Uy,, are shown below:

U = -2, Ug=22, Ug=—-602, Ug=30742,
Ui = —2523002, U = 303692662.

Theorem 9.1 For n € N we have

U o 32nE (1) — _2<22n—|—1 _I_ 1)3277,32714-1(%)
o "\3 on + 1

2(22n 1 4+ 1)62" Bon+1(2)
22n 4 1 2n+1

For d € Z with d < 0 and d = 0,1 (mod 4)
let h(d) denote the class number of the form
class group consisting of classes of primitive,
integral binary quadratic forms of discriminant
d.

Theorem 9.2 ([S7]). Let p be a prime of the
form 4k + 1. Then

Ups = (142(-1)"F ) h(=3p) (mod p)

and so p1Up_1.
o
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Recall that the Fermat quotient gp(a) = (aP~1—

1)/p.

Theorem 9.3 ([S7]). Letp be a prime greater
than 5. Then

[p/6]
M > = —20p(2)—3p(3)+p(9p(2)%+35(3)?) -
2(5)Up-3 (mod p?),

/3],
(ii) X + = —3¢p(3)+2pap(3)?—p(5)U,_3 (mod p?),

+ = 3p(B)U,_3 (mod p?).
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(iv) We have

DB

= 14 (20(2) + 503 ) + 1 (2(2) + 30:(2)a(3)
+ (3%~ 5(2)U,-3) (mod p?)

and
OB
2
= 1+ 2003 + 2202 = ()0, 5 (mod 5.

Theorem 9.4. et p > 3 be a prime and
ke{2,4,...,p—3}. Then

[p/6] 1 p—1 1 6k(2k_|_1) D
> F= 6" — <—>U

kT 4(2k-1 4 1)\3) P17k (mod
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[p/3] —1
Z/: iE3k \ iz 6" (p)U_l_k (mod
3lz—p

Theorem 9.5. Let p > 3 be a prime and
ke{2,4,...,p—3}. Then

SERSTSE PP

and

[I#] 1 3k p
x; (22 — 1)k —  2k+1 } 4(5) Up-1-k (Mod p).
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By [S7],
(9.1)

1
By_o (§> =6U,_3 (modp) forany prime p> 3.
S. Mattarei and R. Tauraso (Congruences for
central binomial sums and finite polylogarithms,

J. Number Theory 133(2013), 131-157) proved
that for any prime p > 3,

5 (=) 5ma(3) moar,

k=0

T hus,
1
(9.2) :gzjo (2;) - (g) ~2p?U,_3 (mod p3)

for any prime p > 3. The congruence

p—1

3 (2;) = () (mod »?)

k=0

was found and proved by Z.W. Sun and R.
Tauraso (Adv. in Appl. Math. 45(2010),125-
148).
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Suppose that p is a prime of the form 3k-+41 and
so 4p = L2+ 27M? for some integers L and M.
Assume L =1 (mod 3). From (9.1) and the
work of J. B. Cosgrave and K. Dilcher (Mod p3
analogues of theorems of Gauss and Jacobi on
binomial coefficients, Acta Arith. 142(2010),
103-118) we have

(9.3)( )

2(p—1 2

( % )= (—L+%+%>(l + p*Up-3)
=L+ % + p? (% — LUp_3) (mod p3).
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