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~: Euler, Gauss, Cauchy, Jacobi, Kummer,

Ramanujan

Riemann��ú�´�6u�þ�O�

êÆÒ´O��Æ¯.
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Ä�DÚ: ÏLÄ�ÚVgz�n)Úy²�Ñê
Æuy

~: Dedekind, Hilbert, Galois, Grothendieck

Apery'uζ(3)Ãn5�y²´EulerATU
�
��,U�Ä��êÆ[édÃU�å.

Galois�cÒvkêÆ?
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2.ngõ�ª��ê�ØÓ���ê

�p�g,ê, f(x)��Xêõ�ª,·�½Â

Vp(f(x)) =
∣∣∣
{
c ∈ {0,1, . . . , p− 1} :

f(x) ≡ c (mod p) is solvable
}∣∣∣.

p�Û�ê�Vp(x2) = (p + 1)/2.

ZL«�ê8Ü, (a
p)�JacobiÎÒ.

½n1 (von Sterneck, 1908) �p > 3��ê,

a1, a2, a3 ∈ Z, p - a2
1 − 3a2, K

Vp(x
3 + a1x2 + a2x + a3) = (2p + (

p

3
))/3.
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3. 'uVp(x4 + bx)���ß�

ß�1(1999.6.25) �p�3k +2/Û�ê, b ∈ Z,
p - b,K

Vp(x
4 + bx) =

[
5p + 7

8

]
.

4. ogÓ{ª�ngÓ{ª�éX

���ogÓ{ª: x4+ax2+bx+c ≡ 0 (mod p)

ý)�§: y3+2ay2+(a2−4c)y−b2 ≡ 0 (mod p)

§�k�Ó��OªD(a, b, c)
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ß�2(1999.3.28) �p > 3��ê, a, b, c ∈ Z,
p - bD(a, b, c), �§y3 + 2ay2 + (a2 − 4c)y − b2 ≡
0 (mod p)�¤k)�y1, . . . , yn, KÓ{ªx4 +

ax2 + bx+ c ≡ 0 (mod p) �)ê�1+
∑n

i=1(
yi
p ).

ß�3 �p > 3��ê, a, b, c ∈ Z, KÓ{ªx4 +

ax2 + bx + c ≡ 0 (mod p) k��)��=�Ó{
ªy3 + 2ay2 + (a2 − 4c)y − b2 ≡ 0 (mod p)Ã).

ß�2��þdT.Skolem31952cy².

1999.4.1: XJß�3�(,Kß�2���y².

1999.7.1: XJß�2�(,Kß�1���y².
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5. ogÓ{ª��)��E

�a, b, c ∈ Z, ½Ân�48S�{Sn}Xe:

S0 = 3, S1 = −2a, S2 = 2a2 + 8c,

Sn+3 + 2aSn+2 + (a2 − 4c)Sn+1 − b2Sn = 0 (n ≥ 0).

ey3 + 2ay2 + (a2 − 4c)y − b2 = (y − y1)(y −
y2)(y − y3),KSn = yn

1 + yn
2 + yn

3.

ß�4(1999.8.21) �p > 5��ê,a, b, c ∈ Z,Ó
{ªy3 + 2ay2 + (a2 − 4c)y − b2 ≡ 0 (mod p)Ã
),KÓ{ªx4 + ax2 + bx + c ≡ 0 (mod p)���
)x0÷v:

x2
0 ≡

1

2
(S(p+1)/2 − a) (mod p),

x0 ≡
a2 − 4c− S2

(p+1)/2

4b
(mod p).

ß�4⇒ß�3⇒ß�2⇒ß�1
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6. ngÓ{ª

ß�5(1999.8.22) �p > 3��ê,a1, a2, a3 ∈
Z,p - a2

1 − 3a2, KÓ{ªx3 + a1x2 + a2x + a3 ≡
0 (mod p)Ã)��=�sp+1 ≡ a2 (mod p),Ù
¥{sn}Xe½Â: ‘

s0 = 3, s1 = −a1, s2 = a2
1 − 2a2,

sn+3 + a1sn+2 + a2sn+1 + a3sn = 0 (n ≥ 0).

ß�5⇒ß�4⇒ß�3⇒ß�2⇒ß�1

|^ng�§¦�úª�Ñsp+1 (mod p)�LucasS
�V(p−(p

3))/3
(mod p)�'X,2|^ng�{nØ

(½V(p−(p
3))/3

(mod p)�ngÓ{ª�)5�'

X,l
)ûß�5.

½n2.(1999.8.23) �p > 3��ê,a1, a2, a3 ∈
Z,p - a2

1 − 3a2, KÓ{ªx3 + a1x2 + a2x + a3 ≡
0 (mod p)�)ê

N =





3 if sp+1 ≡ a2
1 − 2a2 (mod p),

0 if sp+1 ≡ a2 (mod p),

1 if sp+1 6≡ a2, a2
1 − 2a2 (mod p).
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7. �p ≡ 1 (mod 3)�Vp(x4 + bx)��

|^ogÓ{ª�ý)Ó{ª)ê�'X96�©
�ê�y²

½n3(1999.7.2) �p ≡ 7 (mod 12)��ê,
b ∈ Z, p - b, p = A2 + 3B2(A, B ∈ Z), A ≡
1 (mod 3),K

Vp(x
4+bx) =





1

8
(5p + 7 + 6(−1)

p−7
12 − 4A)

if 2b is a cubic residue of p,
1

8
(5p + 1 + 2A)

if 2b is a cubic nonresidue of p.

|^12�©�ê�y²

½n4 �p ≡ 1 (mod 12)��ê, b ∈ Z, p - b,
p = A2 + 3B2(A, B ∈ Z), A ≡ 1 (mod 3),K

Vp(x
4+bx) =





1

8
(5p + 9− 6(−1)

p−1
12 )

if 2b is a cubic residue of p,
1

8
(5p + 3± 6B)

if (2b)
p−1
3 ≡ 1

2(−1∓ A
B (mod p).
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8. �Fpþý�­�:ê�éX

½n5 �p > 3��ê, k ∈ Z, p - k,

δ(k, p) =
∣∣∣
{
x ∈ {1,2, . . . , p− 1} :

x3 + 4kx + 8k2 ≡ 0 (mod p), (
x

p
) = −1

}∣∣∣,

K

8Vp(x
4 + 2kx2 + 4k2x) = 5p + 2 + (−1)

p−1
2 + 4δ(k, p)

+ (
p

3
)(#Ep(x

3 − (18k + 3)x− 27k2 − 18k − 2)

−#Ep(x
3 − 3k2x + k3(27k + 2)).

9. Vp(x4 − 3x2 + 2x)��

½n6 �p > 3��ê, K

(1) �p ≡ 11 (mod 12)�

Vp(x
4 − 3x2 + 2x)

=





5p + 1

8
+

1

2
(1− (

3
p+1
4 + 1

p
)) if 24 | p− 11,

5

8
(p + 1) if 24 | p− 23.
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(2) �p ≡ 7 (mod 12), p = A2 + 3B2, A ≡
1 (mod 3)�

Vp(x
4 − 3x2 + 2x) =

1

8
(5p + 1− 2A).

(3) �p ≡ 5 (mod 12), p = c2 + d2, 2 | d,
c + d ≡ 1 (mod 4), c ≡ d (mod 3) �

Vp(x
4 − 3x2 + 2x) =

1

8
(5p + 3− 2d).

(4) �p ≡ 1 (mod 12), p = c2+d2 = A2+3B2,
2 | d, c + d ≡ 1 (mod 4), A ≡ 1 (mod 3) �

Vp(x
4 − 3x2 + 2x)

=





1

8
(5p + 3 + 4δ(p)− 2A− 2c) if 3 | c,

1

8
(5p + 3 + 4δ(p)− 2A + 2c) if 3 | d,

Ù¥

δ(p) =





1 if 24 | p− 13,

0 if 24 | p− 1 and 8 | B − d,

2 if 24 | p− 1 and 8 - B − d.
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10. Vp(x4 + ax2 + bx)��O

½n7 �p > 3��ê, a, b ∈ Z, p - b, K
∣∣∣∣Vp(x

4 + ax2 + bx)− 5p

8

∣∣∣∣ ≤
1

2

√
p +

15

8
.

Birch and Swinnerton-Dyer(1959)$^Weil(J
éA�¤k�õ�ªf(x)y²

Vp(f(x)) = p

(
1− 1

2!
+

1

3!
−· · ·−(−1)d 1

d!

)
+O(

√
p),

Ù¥d�f(x)�gê.

1967cK. McCann and K.S.Williams$^Skolem(
Jy²

Vp(x
4 + ax2 + bx) =

5p

8
+ O(

√
p).

11



11. �o´Ð�êÆ?

�kÊH�ýnâ´�Æ���8I

~: Newton, Leibniz, Cauchy, Weierstrass

Chasles: ok��Ì��ýn,<�¬@Ñ§
5,Ï�O�½nÑòÏL{ü�C�½��N´�
íØ
l§�Ñ. ���£Ä:����ýnoäk
{üÚ�*�AÚ.

C.Segre£l�X¤: ��5ù§·��±räk
eã5��¤kïÄó�Ñ¡�­��µÓ��Ò
é­��¯Ôk'¶äké����5¶rL¡þØ
Ó�Æ�Ú�3ü��*:�e§¦�{z¿���
²¶Ù(Jk�U�)NNõõ�íØ"

¥Æ��¥�ïÄö,AÛ½n�#y²,Ramseyê
�ïÄ�ß�

Gowers,Tao�*:Ú�)
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