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Let p > 3 be a prime, and let a be a rational p-adic integer. Let {B,(x)} denote the Bernoulli
polynomials given by By = 1, S7—, ()Be =0 (n > 2) and B,(z) = >, (1) Bz" ™" (n >
0). In this paper, using Bernoulli polynomials we establish congruences for Ei;i %(Z) (_1_“)

k
(mod p*) and >P_} (O (“) (mod p?). As a consequence we solve the following conjecture
of Z.W. Sun:

k

p—1

7
L= s s (wod ),

M
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where H, =1+ % 5 T +%
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1. Introduction

The Bernoulli numbers {B,,} and Bernoulli polynomials {B,(x)} are defined by

n

— 1, Y :( )Bk() (n>2) and Bn(x)—Z(Z>ka"’f (n > 0).

k=0

The Euler numbers {E,} are defined by Ey = 1 and E,, = — Ecn:/f] (;ﬂ) En ok (n > 1), where
la] is the greatest integer not exceeding a. In [S5] the author introduced the sequence {U,}
given by Uy = 1 and U, = =212 (1)U, o (n > 1). Tt is well known that By, = 0 and
Es,—1 = Us,—1 = 0 for any positive integer n. {B,}, {E,} and {U,} are important sequences
and they have many interesting properties and applications. See [B], [MOS] and [S1-S6].



Let Z be the set of integers. For a prime p let Z, denote the set of rational p — adic integers.
For a p — adic integer a let (a), € {0,1,...,p — 1} be given by a = (a), (mod p). In [S7] the
author showed that for any odd prime p and a € Z,,

(1.1) pi (Z) (_1k_ “) = (—1)" (mod p?).

k=0

As pointed out in [S7], we have
2 2
(—%) _ &) —%) (—é) _ GG
ko ko
(1.2) k 16 k k 27

- () - G

Let p > 3 be a prime and a € Z,. In [T2] Tauraso obtained a congruence for > 4_; % (¢) (7}"%) (mod p?).
In [Su], the author’s brother Z.W. Sun conjectured that

-~ =

p—1 4k) 7
(13) Z 64]€k = Hprl + ZLPQBP_?) (mod p3>’
k=1

WhereHn:1+%+.. +l
Let p > 3 be a prime, a € Z, and t = (a — (a),)/p. In this paper we prove that

pla la)

BpQ(Pfl) (—a) — B2
p’(p—1)

— gt 1)Bys(—a) — 2 ®-D (mod p®).
k=1

As consequences we completely determine

-1 3k p—1 (2k\ (4k p—1 (3k\ (6k
GG () ) () (i) 3
Z Tk A= GARk T A 4320k (mod p7)
In particular, we confirm (1.3) and prove that
p—1 (2k\ (3k
3 52
(1.4) (;;,S;) =3¢,(3) — qup(3)2+p2<qp(3) + 3=Bp-s 3) (mod p),

where g,(a) = (a?~! — 1)/p. We also show that

p—1 _
(—DF fa _ Bpp-1)(—a) = Bpep-1y  a—{a), 2

k k)~ P2(p—1) ) By_s(—a) (mod p7)
k=1

1 (=Dkt

and completely determine Y 7_, “—2—({) (mod p?) in the cases a = —%, —1

oy SN (") =00 02 (Guter + (2 (5))Brs) (moa 52,

where () is the Legendre symbol.

1
—g- Por example,
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2. Congruences for SV L () (mod p?)

For any positive integer n and variable a let

n

si0=2 56 ()

k=1

s-sie- 0= {0 () - () )
SO0 (0
By [S7, (4.5)] or induction on n,

() 0)- (0000

(2.1) SA@—SMa—1%=gC%{U(_a_1)—2-

a n n a

Then

Eod

Lemma 2.1 ([S7, Lemma 4.2]). Let p be an odd prime, m € {1,2,....p—1} andt € Z,.

Then 1 2.2 2
t— t - p’t Lr
(m—i—p )Ep Y m (mod p*).
p—l m

m  m?
By (2.1) and Lemma 2.1, if p is an odd prime and a € Z, with a # 0 (mod p), then

(2.2) Sp-1(a) —Sp_1(a—1) = %gf — % = %ﬁ — 2 (mod p*),

where t = (a — (a),)/p.
Lemma 2.2. Let p > 3 be a prime and t € Z,. Then

1
1/pt\ [(—1 —pt 2
Z (k) ( . > = —gpzth,g (mod p?*).

p—
k=1

Proof. For k € {1,2,...,p — 1} we see that

(pt) (—1 —pt> _ptpt—1)---(pt —k+1)(=1 = pt)(=2 —pt) --- (=k — pt)
k k AE

_ (=D)fpt(pt + k)

WP =) (P = (k= 1))
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Thus,

By [L] or [S2, Corollary 5.1], S>°~} 2 =0 (mod p) and Y7~ % = 2pB,_3 (mod p?). Thus the
result follows.
Lemma 2.3. Let p > 3 be a prime, a € Z,, a # 0 (mod p) and t = (a — (a),)/p. Then

——p2tB L 22 + 2ptz + 2p2t2 (mod p°)
k=1

Proof. For 1 <k < (a), we have (a —k+1), = (a),—k+1andsoa—k+1 = (a—k+1),+pt.
Using (2.2) we see that

Sp-1(a) = Sp-1(a = {a)p)

Pla 1a)

<a>p <a>p
2t(t + 1)p? 2
=S Spala—k+1) =S a@—k) =3 ( - )
— — (a—k+1)3 a—-k+1
<a>p 1 <a>p 1
= 2t(t + 1)p? -2
kz:;(<a)p—k+1)3 ;<a)p—k+1+pt
<a>p 1 <a>p 1
=2t(t+1)p* Y = —2 dp?
(t+1)p 205 22y (mod p~)
Note that
<a>P 7" _ t?"—i— 2t2 <a>p 7,2 o t?“—i— 2t2
R ) e
=1 r +pt r=1 r=1 7‘3

(a)p

alr 1 o)y 1 1
- Z; _ptZﬁ +p2t22ﬁ (modp?’).
r=1 r=1 r=1
We then obtain
Sp—1(a) — Sp-1(a — = -2 Z + 2ptz + 2tp? Z (mod p?)

By Lemma 2.2, S,_1(a — (a),) = Sp-1(pt) = —2p*tB,_3 (mod p*). Thus the result follows.
Theorem 2.1. Let p > 3 be a prime, a € Z,, a # 0 (mod p) and t = (a — (a),)/p. Then

= (Z) (_lk_a) — _2p2t(t + 1)B (_ ) . QBP (p— 1)( a) - Bp2(p—1)

= _ mod p?).
L 3 e PP(p—1) ( )




Proof. It is well known that (see [MOS])

m

(2.3) Z o Bkﬂ(m/:__:i — Bk+17
(2.4 Bulo+9) =3 () Baos(o), Bull = 2) = (175, (0),

Thus, using Euler’s theorem we see that

(a)p 1 (a)p 1
DS D
r=1 r=1

(a)p

(a)p
= pt Z pPP=1-2 _ Z pPP(=1)-1
r=1 r=1

_ pthz(p—l)—1(<a>p +1) = Bpp-1-1 _ Byep-1)({a)p +1) = Bpp-1)

p*p—1) -1 p*(p—1)
_ _ptBPQ(pfl)fl(_m)p) _ Bpp-1)(—(a)p) — Bprp-1)
pPp—1) -1 P*(p—1)
_ _pth2(p_1)_1(pt —a)  Bppy)(pt—a) = Bpep-1y(=a) + Bpep-1(=a) — By
rPp—1) -1 p(p—1)
p’(p-1)-1 , o
::p%p—}g-—l 2 <p(p kD 1)(pﬂkBﬁQFD_L%(_G)
k=0

(p—-1)
1 . p2(p - 1)) k sz(p,l)(—a) - Bp2(p71) 3
- E B2y 1y 1(—a) — mod p°).
p*p—1) & ( k PE) Bt -4l(=0) P*(p—1) ( )

By [S1, Lemma 2.3], B,,(—a) € Z, for m # 0 (mod p — 1) and pB,,(—a) € Z, for m =
0 (mod p — 1). Thus,

(a)p (a)p

1 1 sz(p—l)(_a) - Bp2(p—1)
pt — — -+
D D T
= pt(sz(pfl),l(—CL) + (pQ(p — 1) — 1)pth2(p,1),2(—CL))
2
p’p—1)—1
= PtByep1)-1(=a) = ——————(p1)*Byp-1)-2(—0)

1
= —p2t2Bp2(p_1)_2(—a) + §p2tQsz(p_1)_2(—a)

- _§p2t2B(p2—1)(p—1)+p—3(_a> (mod p*).
By [S2, Corollary 3.1],

B ,3(—(1,) 2
Bz 1)p-1)+p-3(—a) = (p* = 1)(p— 1) +p— 3)ppT =3



Thus,

(a)p (a)p

1 1 Bpp y(—a)— Bpep_y 1
(2.5) ptz ol Z - = Pk ;2(2) Y P _ gPQtQBp_g(—a) (mod p*).
r=1 r=1
By [S2, Lemma 3.2],
<a>p 1 B a>1’ p_4 B Bpfg(—a) _ Bp,3 B 1
(26) Z /,,._3 = Z’r = p— 3 = —g(Bp_g(—a) — Bp_3) (mOd p)
r=1 r=1

Thus, from Lemma 2.3, (2.5) and (2.6) we derive that

p—1 (a) (—l—a) 9 (a)p 1 (a)p 1 (a)p 1
k k _ _“. 2 o - it 2 —
Z;——jr—-_ SPtBys 2§;r+2w;;rf+%p;;r3

E_éﬁﬁ%ﬁ—Z&%FM_w_BM%U

P*p—1)
2 9 2 9
= 3P Bys(—a) — 2p’t(By-s(—a) - By-3)
2 9 Bpp-1)(=a) = Bpp-1) 3
=——ptt+1)B, 3(—a)—2 d p°).
2211+ 1)B, () L (o )
This completes the proof.
Lemma 2.4 ([MOS]). For any positive integer n we have
1 o 1 3— 3%
Bs, <§> = (2 — 1) By, 32n<§) = WBM’
1y 2-— 2 1y (2—22)(3—32)
Bin(3) = = Bon Bu() = 57— B
Theorem 2.2. Let p > 3 be a prime. Then
p—1 (2k) (Sk) 3 59
) \k) 2 3 3
(i) > = Sl — e (3 4 (%(3)" + 3=B,-s ) (mod p?),
p—1 (2k) (4k)
(i1) Z %41:]2: = 6g,(2) — 3pgy(2)° +p (2‘1p(2)3+ Bp—3> (mod p?),
k=1
p—1 (6k) (3k) 3
(i) B = 4,(2) +30,(3) — p(20,(2)° + 50,(3))
k=1
4 455
+ 12 (30(2)° + 4(3)" + [ Bps ) (mod p).

Proof. By Lemma 2.4,

1N 3-33
Bp_3 (g) = WBp_g = ]_3Bp_3 (mOd p),
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Bp_?,(%) - %Bp_g = 28B,_5 (mod p),
By <%> — 221(3_3— 3p73)Bp—3 = 91B,_3 (mod p).
By [S4, p.287],
en) PR Bl B g) - a2+ 50)) mod ),
2g) Do Bl g o) 02+ 102)) (mod ),
o) Do Bronl) o(o,0) - L2 + L))
2 (a3) — 3pa3)7 + 5703)°) (mod 1)

Now taking a = —%, -1 —% in Theorem 2.1 and then applying (1.2) and the above we deduce
the result.

2k 2
Remark 2.1 Let p > 3 be a prime. In [T2] Tauraso showed that > 2~} (l’gkk)k = —2H,-1 (mod p?),
which can be deduced from Theorem 2.1 (with @ = —1) and the congruence ([S2, f‘heorem
5.2(c)])
_ 2 29 3 1 9 3
(2.10) Hoot = =205(2) + pap(2)" = 39°65(2)" — 59" By (mod p°).

By (2.10), Theorem 2.2(ii) is equivalent to Z.W. Sun’s conjecture (1.3).

3. Congruences for 37~} %(Z) (mod p?)

For given positive integer n and variables a and b with b ¢ {0,1,...,n — 1} define
~ ()
fnla,b) = —
2 k(0
o (1) D 130
n a\ _ (a— n 1(a— 1 n a
fn(aab)_fn(a_Lb): kb o bkl = L'
= k) = W =0
By Lerch’s theorem ([B, p.86]) or induction on n,
~ () _ b+l (n1)
(3.1) —:—{1— n }
2 () " real ()



Thus,

I b+1 b+1 o
fn(a’b)_fn(a_l’b):a{b—}—l——a_l_b_|_1_a' Ebiii}

(3.2) nHl

1 ()

T b+l-a btl—a (b) ’

n

Lemma 3.1. Let p be an odd prime, n € {1,2,3,...}, a,b € Z,,1 < (a), < n < (b), and
a=(a), +pt. Then

Z) n (_1)k—1 (a)p 1 (a)p 1
;m:pt; +Zb+1—r+pt;(b—l—1—r)2
t (a)p n r
- (mod p?).

z) r=1 b+ 1 —T’) (n)
Proof. By (3.2),

(
f( ) fn - fna_k+1b) fn(a_kab))
k=1

(S
<
S|

—
(S

~

LS

a—k

b—l—l—(clt—k‘—i—l)(l_ ((g))>

I
_
S
S|

1 1 ({a)y—k+1+a—(a),—1
b+1—a+<a>p—(<a>,,—k+1)<1_@( o ))

Substituting k£ with (a), + 1 — r in the above we obtain

k=1

59 hah - =3 <Z e
' m niPh _T:1b+1—r—pt :b+1—r—pt n '
For 1 <r < (a), we see that

(r—l—i—pt) _ (r—1+pt)(r—2+pt)---(L+pt)pt(pt —1)--- (pt — (n—71))
n n!

_ (1) -pt'(;!l)" Sk L (_1)71—7"% (mod p?)
and so
(@) . 1 (a)p (=) pt
a>p bil—rant pt 22 —1)"
E; Jl;+1—ip _(ZZT)r:l (b+(1—)7’)7"(") ot )



On the other hand,

fn(pt7 b) =

Thus, the result follows.
Theorem 3.1. Let p > 3 be a prime, a € Z, and a # 0 (mod p). Then

p—1 _
(_1)k ' _ sz(p—l)(_a) — B2y a— <a>p 2
- L) = pTp— - B, _3(—a) (mod p°).
k=1

Proof. Set a = (a), + pt. By [S2, Lemma 3.2,

(3.4) rP73 = (—1)P2 BPQ(;G_) 2_ By = %Bp_g(—a) (mod p).

r=1

As (_kl) = (—=1)*, taking b = —1 and n = p — 1 in Lemma 3.1 and then applying (2.5), (3.4)

in
and the known fact (see [S2, Corollary 5.1]) S22_} 2 = 0 (mod p) we see that

p—1 p—1  /q p—1 (a)p (a)p
RO S s §
o) T T Miw AT ptrzlr_z

k=1

||MA

This yields the result.
Remark 3.1 Let p > 3 be a prime. Taking a = —% in Theorem 3.1 and then applying
Lemma 2.4 we deduce that

p—l

< 1/2) = —2¢,(2) —|—pqp(2)2 (mod p?).

k=1
In [T1], using a special method Tauraso proved the following stronger congruence:

5 () = i )

Theorem 3.2. Let p > 3 be a prime. Then

p—1
1/4 3 -1
( / ) = 3¢,(2) +p(§qp(2)2 +(2- (?))Ep_g) (mod p?).
k=1
Proof. Taking a = —}1 in Theorem 3.1 we see that
p—1 1 1 1
1/4 Bpp-1)(3) = Bre-y  —i1— (=1 1 2
= — B, < ) .
() = () )



_ 1
By (2.8), B”Q(”’}(ffigp’”(“) = 3¢,(2) — 2pg,(2)* (mod p?). It is known (see for example [S4,

1
Lemma 2.5]) that Ey, = 42”“% Thus, E, 3 = —4P~ QB”p Zé 1) = Bp’g(l) (mod p). Now,
from the above we deduce the result.

Theorem 3.3. Let p > 3 be a prime. Then

pz_i %( 2/3) = _gqp@) +p(ZQp(3)2 + 3_T<_]T3)Up_3> (mod p?).

Proof. Taking a = —% in Theorem 3.1 we see that

1
< ( 1/3> _ Bp(p— 1)(%) — By . _% - <_%>pB <1

— p*(p—1) 2

Bp p— 7Bp p— (3) — —
By (2.7), ==ty menss = 84, (3)—pgy(3)* (mod p?). By [S5, p.217], By 2(3) = 6U,— (mod p).
Now, from the above we deduce the result.
Theorem 3.4. Let p > 3 be a prime. Then

”1 ( 1 /6)

= —20,(2) = 50,8) + p(0,27 + 0,37+ 3 (3-2(=2) ) Up-a) (mod 7).

Proof. Taking a = _E in Theorem 3.1 and then applying (2.9) and the fact (see [S5, p.216])
B,_2(3) = 30U,_3 (mod p) we deduce the result.
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