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ABSTRACT. Let p =1 (mod 4) be a prime. Let a,b € Z with p t a(a? + b?).

In the paper we mainly determine (va"_b?)pgl (mod p) by assuming
p=c2+d? orp= Az? + 2Bxy + Cy? with AC — B?2 = a® +b2. As an
application we obtain simple criteria for e p to be a quadratic residue (mod p),
where D > 1 is a squarefree integer such that D is a quadratic residue of
p, €p is the fundamental unit of the quadratic field Q(\/E) with negative
norm. We also establish the congruences for U(,41)/2 (mod p) and obtain a
general criterion for p | Uq,_1)/4, where {Uy} is the Lucas sequence defined
by Up =0, U1 =1 and Up41 = bU, + k2U,,_1 (n>1).
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1. Introduction.

Let Z be the set of integers, i = v/—1 and Z[i] = {a + bi | a,b € Z}. For
7 = a+ bi € Z[i] the norm of 7 is given by N7 = 77 = a? + b?, where 7
means the complex conjugate of 7. If 2 | b and a+b =1 (mod 4), we say that
7 is primary. If 7 or — is primary in Z[i], it is known that (see [IR, p. 121))
m = +mwy -7, where m,... ,m, are primary irreducibles. For a € Z][i] the
quartic Jacobi symbol (%) 4 is defined by

=G (G,

where ( 7%) 4 is the quartic residue character of a modulo 75 given by

(a) _{O if 75 |
ms/a i if aNT=D/4 =47 (mod 7).
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Office in China (07TKJB110009).
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If a + bi is primary in Z[i], it is known that

{ ca?4b2 -1 l-a 1+ a—b—b2_1
( > =¢ 4+ =142 and ( ) =4 1 .,
a-+bi/a a-+bi/a

If a 4+ bi and ¢ + di are relatively prime primary elements of Z[i], then we
have the following general law of biquadratic reciprocity:

().~ (55,

For more properties of the quartic Jacobi symbol one may consult [IR, pp.
122-123, 311] and [Su6, (2.1)-(2.8)].
For any odd number m > 1 and a € Z let () be the (quadratic) Jacobi

symbol. For our convenience we also define (=%-) = () and (%) = (%) =
1. Then for any two odd numbers m and n with m,n # £1 we have the
m

following general quadratic reciprocity law: (%) = (—1) ety (). If

m > 1is odd, a,b,x € Z, ax = b (mod m) and a is coprime to m, we define
(%) = (). Hence (%) = (%) ().

Let D > 1 be a squarefree integer, and ep = (m 4+ nv/D)/2 be the fun-
damental unit of the quadratic field Q(v/D) (Q is the set of rational num-
bers). Suppose that p = 1 (mod 4) is a prime such that (%) =1 As
m—i—n\/ﬁ X m—g\/ﬁ — m2—4Dn2

5 = 41, we may introduce the Legendre sym-
bol (%7) When the norm N(ep) = (m? — Dn?)/4 = —1, many mathe-
maticians tried to characterize those primes p for which ep is a quadratic
residue (mod p) (that is (57’3) = 1). In 1908, Vandiver [V] found that

g5 = (14 +/5)/2 is a quadratic residue of a prime p = 1,9 (mod 20) if and
only if p = 22 + 20y? for some x,y € Z. In 1942 Aigner and Reichardt [AR]
proved that e, = 1 4+ /2 is a quadratic residue of a prime p = 1 (mod 8) if
and only if p = 2% + 32y?(z,y € Z). In 1969, Barrucand and Cohn [BC] re-
discovered this result. Later, Brandler [B] showed that for ¢ = 13,37 the unit
g4 is a quadratic residue of a prime p (p = 1 (mod 4), (%) = 1) if and only

if p = 2% + 4qy?*(z,y € Z). For more special results along this line one may
consult [BLW, LW1, LW2, Wi4], [Su6, Remark 6.1] and [Lem2, pp.168-180].
Let p and ¢ be distinct primes such that p = ¢ = 1 (mod 4) and ( ) =

q
p
(g) = 1. Define

[q} B { 1 if ¢ is a quartic residue (mod p),
4

P —1 if ¢ is a quartic nonresidue (mod p).

According to [Lem2], in 1839 Schonemann [Sc| showed that
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This was rediscovered by Scholz [S] in 1934, and it is now called Scholz’s law.
In [Sul] the author proved (%”) = (%q) using only the quadratic reciprocity
law. If p = a®>+b? and q = 2 +d? with a,b, c¢,d € Z and 2 { ac, in 1969 Burde
[Bu] established the following Burde’s rational quartic reciprocity law:

LI = o ()

In 1985, Williams, Hardy and Friesen [WHF] found a general rational
quartic reciprocity law including Scholz’s law and Burde’s law. See also
[Lem1,Lem2| and [E1].

Let D > 1 be a squarefree integer. There are a great many papers dis-
cussing (ETD) The problem of determining the value of (57’3) is concerned

with quartic residues, rational quartic reciprocity laws, class numbers and
binary quadratic forms, and many mathematicians discussed the problem by
using class field theory. For more references, see for example, [Brol, Bro2,
D, FK, KWY, K, Lel-Le5, LW3, W, Wil-Wi3, Wi5].

In [Su6], the author proved the following general result (see [Su6, Theorem
6.2 and Remark 6.1]).

Theorem 1.1. Suppose that p =1 (mod 4) is a prime, D,m,n € Z, m? —
Dn? = —4 and (%) = 1. Then (m+n\/D)/2 is a quadratic residue (mod p)
if and only if p is represented by a primitive, integral quadratic form aar,“2 +
2bzy+cy? of discriminant —4k? D with the condition that 2 1 a and (wu =
1, where

1 if D =4 (mod 8),

k=< 2 if 21D or8| D,
4 if D =2 (mod 4).

Let p = 1 (mod 4) be a prime and a,b € Z with p { a(a® + b?). If s =
a? +b? (mod p) with s € Z, then clearly (M;Ts)(%) = (%) = (*;2) = 1.

Thus we may define

((b+\/a2+b2)/2> _ ((b+s)/2) _ (Q(b—i—s)) _ (2(()—3)).

p p p p

p—1
In Section 2 we give general congruences for (b+— “52’%2) > (mod p) and
deduce general criteria for (ETD) = 1. For example, if D > 1 is odd, ep =
(m+mnvD)/2 and N(ep) = —1, and if p= ¢ + d? with c,d € Z, 21 ¢, pin
and (%) =1, then

(6_13) _ ((m+\/m2+22)/2> _ { (met2dy if 2 4,

p p (24 if2 | m.
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To our surprise, the result is very simple and it can be easily deduced from
a’+b2
P

the law of quadratic reciprocity. If 4 { a® + b? and ( ) = 1, in Section

(+va®+b%)/2 VQ;H’Q)/Q) by expressing p in terms of binary quadratic

4 we determine (
forms of discriminant —4(a? + b?). For example, if p = 22 + (a? + b?)y? for

some integers x and y, we have

(b+ Va2 +b2)/2 (~1)%" if 2| aand 219,

a p—1 b

( D > = (—1)T+§y 1f2*aand2|b’
(—1)% if 24 ab.

For a,b € Z the Lucas sequences {U,,(b,a)} and {V,,(b,a)} are defined by
(1.1) Uy (b,a) =0, Ur(b,a) =1, Up41(b,a) = bU,(b,a) —aU,_1(b,a) (n > 1)
and
(1.2) Vo(b,a) =2, Vi(b,a) =b, Vyt1(bya) = bV, (b,a) —aV,—1(b,a) (n > 1).
Let A = b? — 4a. It is well known that

13 Unlba) = { S{(HE) — (=5)") Ao,

n(4)n-t if A=0

and

) ()"

(1.4) Vi(b,a) = ( >

Suppose p = 1 (mod 4) is a prime, b,k € Z and p { k(b? + 4k?). Using the
results in Sections 2 and 4, in Sections 3 and 5 we determine Up-1 (b, —k?)

and V1 (b, —k?) modulo p. As an application, we give general criteria for
2
p | UPT_l (b7 _kz)
In addition to the above notation, throughout this paper we let N denote
the set of positive integers. For a,b € Z (not both zero) let (a,b) be the
greatest common divisor of ¢ and b. For a given prime p and a nonzero

integer n we use ord,n to denote the nonnegative integer o such that p* | n
but p**tt ¥ n (ie. p® || n).

-1
2. Congruences for (H— V%Q‘H’Q)I)T (mod p) when p = ¢ + d°.
For two integers a and b, it is easily seen that (see [Sul])

b++va?+b> <b+ai—|—\/a2—|—b2>2
5 = :

(2.1) (b + ai) 5

This is the starting point for our goal.
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Theorem 2.1. Let p =1 (mod 4) be a prime and p = ¢® + d? with c,d € Z
and 21 c. Suppose a,b € Z with (a,b) =1 and p 1 a(a® + b?).

(i) If (6‘2].%1’2) =1, then

(b+4d) if2]a,

((b+\/a2+52)/2> =) (—1)8 () if 2| b,
p bc+ad .

S = () if 2t ab.

(i) If (=) = —1, then

<b+m>”;
2
(25554) § - =Ya " (mod p) if2|a,
={ (—1)% (%) e - et (mod p) if 2| b,
(bc+ad) cta c —Va .
(-1 ~ () s - =Y (mod p) if 24 ab.

Proof. We first evaluate the Legendre symbol (2 (; ). As (b+ad/c)(b—
ad/c) = b*> + a®> # 0 (mod p) we have (b+ad <) # 0. It is known that

—1

(6)=(2) = (FE) = (L) =L and (§) = (-1)"F = (~1)%. Thus,

b+ ad/c bc + ad d\ fa—bd/c a fac—bd
(57 - (57) - () (=) — i (=),

Now we assert that (a? + b2, bc+ ad) = (a® +b%,ac — bd) = 1. If ¢ is a prime
such that q | (a® 4+ b%, bc+ ad), we have —a?c? = b*c? = a?d? (mod ¢) and so
q|a’p. Aspta®+0b? and q | a® + b? we see that q#p. Thus ¢ | a and so
q | b. This contradicts the condition (a,b) = 1. Hence (a? + b2, bc + ad) = 1.
Similarly we have (a? + b?,ac — bd) = 1. So the assertion is true.

If 2 | a, then 21 b. By the above we have (a? + b2, bc + ad) = 1 and so

2 L 12\(s2 4 2 2 2

(H;d/c) - <bc;ad) - (bcfad) - <(a +bi l(iwzﬂl ))(Zc:2d>
_ ((bc+ad)® + (ac — bd)*\ be+ ad
_< bc + ad ><a2+b2)

((ac — bd)2> (bc+ ad>

(bc+ad>
be + ad a2+b25 a? +bv2/)"



If 2 | b, then 2 { a. From the above we have (a® + b?, ac — bd) = 1 and so

5 )

i )

i (’
(ac—bd (be + ad)? )(ac—bd)
-0¥(

w\&

N\&.

ac — bd a? + b2
ac—bd)
a? + b2

4
2

If 2 t ab, then (a? +4%)/2 = 1 (mod 4). By the previous assertion we have
(a® + b%,bc+ ad) = 1 and so ((a? + b?)/2,bc + ad) = 1. Hence

(b%?d/c) - (bc—;ad) - (bc—fad)

bc + ad ( 2 +bdc+cclbd+b )><(abc—:—bazi/2>
(bc—i—ad + (ac — bd) )((bc+ad )

=)
(bc+ad>
=)

bc + ad a?+b%)/2
bc + ad (betad)?-1 ¢ bc+ ad
= I N (i
be + ad <a2+b2 /2) (=1 ((a2+b2)/2>

Note that (d/c)?> = —1 (mod p). From (2.1) we have

(b+ va® “’2) — (b+ad/c+Va® 1+ 02)P~ (mod p).

(2.2) (b+ad/c) =
As pta(a®+b?) we see that b+ad/c #Z 0 (mod p), b+ +va? + b2 # 0 (mod p)
and so b+ ad/c+ va? + b2 # 0 (mod p).

Now we assume (“2?%1’2) = 1. By the above we have

((b—l—\/m)ﬂ)(b—irad/C) _ (b+ad/c—|—\/m>2 _

p p p
Thus

W ad/c
((b+ p+b)/2):<b—|—pd/ )

b—i—ad/(:)
p

This together with the previous evaluation of ( proves (i).

Let us consider (ii). Suppose (> S +b? )=—1. As

(Va2 +b?)P =+a?+ b2(a2 + 172)1[)2;1 = —va? + b? (mod p),
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we see that

(b+ ad/c+ a2+ b2)? = (b+ ad/c)? + (Va2 + b2)P
=b+ad/c—+a?+ b? (mod p).

Thus
1 _b+ad/c—+a?+b?
b+ad/c+ a2+ b2t =
( / ) b+ad/c+ va?+ b2
b— VTP
E( 7 ) (mod p).

Combining this with (2.2) we obtain

b+Va2+02\% _ sb+ad/cy (b—VaZ+b?)c
) T =) T e
p a
Now applying the evaluation of (Ha—d/c) we obtain (ii) and hence the theorem

is proved.
Remark 2.1 When 2 | a and a? + b? is a prime, Theorem 2.1(i) was known
to E. Lehmer [Le2].

Lemma 2.1. Let D,m,n € Z with m? — Dn? = —4 and 2 | m. Then

_{O(mod4) if24D or8| D —4,
2 (mod 4) if4|D—2or8|D.

Proof. As (%)* — DT”Q = —1 we see that 4 | Dn? and 16 { Dn?. If 4 | D,
then 2 { n. Thus m/2 = (m/2)? = n?D/4—-1= D/4 —1 (mod 2) and so
m=D/2—2 (mod 4). If4| D —2, then 2 | n and so (%)* = D(%)* -1 =
1 (mod 2) and so 4 | m —2. If 2 4 D, then 4 | n? and 16 { n?. Thus
n =2 (mod 4). Hence (2)? = D(2)2 —1 =0 (mod 2) and so 4 | m. Now

2 2
the proof is complete.

Theorem 2.2. Let D,m,n € Z with m?> — Dn? = —4. Let p =1 (mod 4)
be a prime such that p{ Dn. Let p = c* + d*(c,d € Z) with 21 ¢ and let

( (=) if21m,
() Do,
6= (c)EET e (B2 s D,
(C_i)%d) if 24D and 2 | m,
| (5547 if8|D—A4.




Then

m + ny/D 2
("5

§ (mod p) 7(2)=1
05 - m_g\/ﬁ (mod p) if (2)=—1.

s |

Proof. We first assume (%) = 1. Asm?—Dn? = —4 we have (M)
# 0. If 2 4 m, then clearly 2 { Dn. Taking a = 2 and b = m in Theorem
2.1(i) we see that

<(m+?;\/5)/2) _ ((m+\/2229+7m2)/2> _ (g;cjj;l)
ety (e

So the result is true. If 4 | D —2 or 8 | D, then clearly 2 | m. By Lemma 2.1
we have m = 2 (mod 4) and so DT” ::“18*4 = 1 (mod 2). Thus applying

Theorem 2.1(i) and the fact (%) = (—=1)"7T = (=1)% we see that

8

((m+n\/l_?)/2>:(%+ (%)2+1>:<2>(_1)%d>2—1<( metd )

p P p mZ 1 4)/3
_ (_1)%% (M) _
Dn?/8

If 24D and 2 | morif 8 | D—4, by Lemma 2.1 we have 4 | m and so
Dn? _ ()41 =1 (mod 2). Thus applying Theorem 2.1(i) we have

4
7+ V(E)? af c—5d
(F0) = ()0 (5t
(CD_nf/zL):(s‘

When (%) = —1, one can similarly prove the result by using Theorem
2.1(ii). Thus the theorem is proved.
As consequences of Theorem 2.2 we have:

<(m—l—n\/5)/2>

p

Corollary 2.1. Suppose that p = 1 (mod 4) is a prime and p = 2 +d>*(c,d €
Z) with 2| d. Then

a +\/§)pr1 _ { (—1)% (mod p) if p=1 (mod 8),

(c+d)2—1

—(—l)fg(lg— Vv2) (mod p) if p=>5 (mod 8)



(C+2d) (mod p) if p=1,9 (mod 20),
(et2d)e. 1=V (mod p) if p=13,17 (mod 20).

Proof. Taking m = n = 2 and D = 2 in Theorem 2.2 we obtain the

congruence for (1 + \/5)1%1 (mod p). Taking m =n =1and D =5 in
Theorem 2.2 we obtain the remaining result.
Remark 2.2 When p = 1 (mod 8) is a prime and p = ¢* + d? with 2 | d, the
congruence (1 + \/ﬁ)pT_l = (—l)pT_l+% (mod p) was observed by Lehmer in
[Led].

Using Theorem 2.2 one can also deduce the following results.

Corollary 2.2. Suppose that p = 1 (mod 4) is a prime and p = 2 +d>?(c,d €
Z) with 2 | d. Then

3+ V10)"z
_ (—1) Gt =1 4 4 (2¢4) (mod p) if p=1,9,13,37 (mod 40),
| () (Bekdy e (3 D) (mod p) if p = 17,21,29,33 (mod 40)
and
<w>— _ { (24524) (mod p) if p= 41,43, +4 (mod 13),

2 (3ct2dyc  3VI3 (mod p) if p = 42, 45,46 (mod 13).

Corollary 2.3. Suppose thatp = 1 (mod 4) is a prime and p = ¢*+d?(c,d €
Z) with 2 | d. Then

(4+\/_)’%
(5 ) (mod p) if p=+1,4+2,+4, £8 (mod 17),
T\ (S4)e(4— VIT) (mod p) if p=+3, 45,46, +7 (mod 17)
and
(5+v26)"7
_ _1)(5c+¢;)2 1+%(5cl—§d> (mod p) Zf(l% _ (—1)pT_1;
—1) P (5 £(5 - /26) (mod p)  if () = —(-1)"T




Corollary 2.4. Suppose thatp = 1 (mod 4) is a prime and p = ¢*+d?(c,d €
Z) with 2| d. Then

(5+m)p;1 :{ (°53) (mod p) if (45) =1,
2 LS =2 (mod p) if () = -1
and
p=r _ [ (553%) (mod p) if (F)=1,
6 \/ﬁ 7 = 37 37
(03D {(Cg%g(ﬁ—ﬁ) (mod p) if () = 1.

3. Congruences for Uy (b, —k?) (mod p) when p = ¢ + d°.

For a,b € Z let {U,(b,a)} and {V,,(b,a)} be the Lucas sequences defined
by (1.1) and (1.2). In the section we determine the values of Up_a (b, —k?) and

VpQ;l(b, —k?) (mod p) and give criteria for p | UpT—l(b, —k?), where b,k € Z
and p is a prime such that p = ¢? + d?> = 1 (mod 4).

Theorem 3.1. Let p=1 (mod 4) be a prime and p = ¢® + d? with c,d € 7Z
and 2 | d. Let b,k € Z with (k,b) =1 and p{ k(b® + 4k?). Let

e if21b,
Getkd)®=1 4 Beykd .
1= () () d2
ke—%d .
((%)ijQ) if 41b.
Then .
0 (mod p) if (FEH) =1,
Up-1 (b, —k*) = { b2 p4k2
: T (mod p) if () = 1
and .
21 (mod p) if (FEH-) =1,
Vo (bv _kz) = { b p b2 p4k2
: gl (mod p) if (=0) = 1.

Proof. If 2 1 b, taking a = 2k in Theorem 2.1 we see that

(bi—\/b2 +4k2>”21
2
{ (45254) (mod p) if () =1,
= 3 p) . 2 2
(350§ - 5 (mod p) i (PEHE) = —1




Th
Ujsl(b 1) = 1 {<b+\/m)p51_<b—\/m)p§l}
=\ B

Vb2 + 4k? 2 2
e b24dk?y
:{O(modp) if () =1,
(B (mod p) i (V) =

and

_{2@ﬁﬁ®amdm if ()
= . 2 2
%(ggﬁ’;g) (mod p) if (2R ";4’“ )=—1.

If 2 || b, then 21 k. By Theorem 2.1 and the fact (%) = (—1)% we have

(bi b2+4k2>”§1

2
_ <2>(%i\/(%)2+k’2>”;1
S \p 2

M d %c+kd . 2 2

- (@) (mod p) i (58 =1,

= Gethd)?=1 g Betkd N\ . LT(3)2FR2
if (%) = _1.

This together with (1.3) and (1.4) yields the result in this case.
If 4 | b, using Theorem 2.1 we see that

(bi\/m)p?

c—2d . 2 2
(Dyixz) (mod p) if (=5) =1,
- ke—%d \ o SF\(5)24k2 e b2 4k
i) § - TP (mod p)if (PR = 1.

Now applying (1.3) and (1.4) we deduce the result. The proof is now complete.

Remark 3.1 Let a,b € Z and p be an odd prime such that (£) = 1 and

»
p 1 b? —4a. Tt is well known that p | U(p_(bz,“))/Q(b, a), see [L]. Thus, if

p=1(mod4), ptkand (PE%2) =1, then p | Up_s (b, —K?).

Putting b = 1,2,3,8 and £k = 1 in Theorem 3.1 we deduce the following
results.
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Corollary 3.1. Let p =1 (mod 4) be a prime and p = ¢ + d? with ¢,d € 7Z
and 2 | d. Let F,, = U,(1,-1) and L, = V,(1,—1) be the Fibonacci and

Lucas sequences respectively. Then
P { 0 (mod p) if p=1,9 (mod 20),
S —(¢24)< (mod p) if p=13,17 (mod 20)

and

Lo, = { 2(<24) (mod p) if p=1,9 (mod 20),
B (¢29)< (mod p) if p= 13,17 (mod 20).

Corollary 3.2.

Let p=1 (mod 4) be a prime and p = ¢* + d* with c,d € 7Z
and 2 | d. Then

0 (mod p) if p=1 (mod 8),
UpT—1(2, —-1) = { (ctd)2—1 .
(=1)~ s 4 (mod p) ifp=>5 (mod 8)

and

(c+d)2—1
2(—=1)" s (mod p) if p=1 (mod 8),
Vp%l (2,-1) = { (etd)?—1 .

—2(=1)7 5 5 (mod p) ifp=5 (mod8).

Corollary 3.3. Let p=1 (mod 4) be a prime and p = ¢ + d?* with c,d € 7Z
and 2 | d. Then

Upos (3.-1) = { 0 (mod p if p==+1,£3,+4 (mod 13),
22119, —(3et2dy ¢ (mod p)  if p = £2, 45,46 (mod 13)

and

Vi (3,1) = { 2(3¢t2d) (mod p)  if p=£1,+3, %4 (mod 13),
R mod p) if p=£2,+5,£6 (mod 13).

Corollary 3.4. Let p=1 (mod 4) be a prime and p = ¢* + d* with c¢,d € 7Z
and 2| d. Then

Upor (8,—1) = { 0 (mod p) if p= 1,2, %4, %8 (mod 17),
’ —(524) ¢ (mod p) if p=£3,£5,£6,£7 (mod 17)
and
Ve1(8,—1) = { 2(¢579) (mod p)  if p = £1, 42, +4, 48 (mod 17),
’ (37 )— (mod p) if p = £3, 45, 46, £7 (mod 17).
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Theorem 3.2. Let p =1 (mod 4) be a prime and p = ¢® + d? with c,d € Z
and 2 | d. Let b,k € Z with (k,b) = 1 and p 1 k(b* + 4k?). Let I be as in
Theorem 3.1. Then

I (mod p) if (BE%) =1,
)= { Nl
0 (mod p) if (P58 = 1
and N
2 bl (mOd p) Zf( P ) - ]-7
Vaga (b, —F%) = 2ke (b2 dk?
==L (mod p) if (=) = -1

Proof. Let U,, = U,(b, —k?) and V,, = V,,(b, —k?). From (1.3) and (1.4)
we see that

1 Y 2
(3.1) Ups = E(bUpT_l + Vi) and Vs = 5((b + 4k )Upos + bV ).

Thus applying Theorem 3.1 we obtain the result.

Theorem 3.3. Let p=1 (mod 4) be a prime and p = ¢® + d? with c,d € Z
and 2 | d. Let b,k € Z with (k,b) =1, ptk and (%) = 1. Let I be as in
Theorem 3.1. Then p | UpT—l(b, —k?) if and only if I = (27]“)

Proof. Set U,, = U, (b, —k?) and V,, = V,,(b, —k?). From [Su3, Lemma 6.1]
we know that

p— 2k
(3.2) P | Upr = Vo1 = 2(—]{:2)Tl = 2(?) (mod p).
Thus applying Theorem 3.1 we have

p[Up%l = Vi EZ(%) (mod p) <= 2IE2(2§> (mod p)

— I= (%)
p

This proves the theorem.

Remark 3.2 Let p = 1 (mod 4) be a prime and p = ¢ + d? with ¢,d € 7Z
and 2 | d. Let b,k € Z with (k,b) = 1, p{ k and (“£4°) = —1. By Theorem
3.1 we have Vpi (b, —k%) = 21 (mod p). As p 1t k(b + 4k?) we see that
Z_fz # 42 (mod p) and so VpT—l (b, —k?) £ 2(2}7’“) (mod p). Thus, by (3.2) we
have p 1 UpT—l (b, —k?).

From (1.3) and (1.4) we know that
c

Un(be,ac?) = ¢" U, (b,a) and V,(bc,ac?) = "V, (b, a).

Thus U, (b, —k2) = (k,b)" U, (v, —k'*) and V,, (b, —k2) = (k,b)"V,, (b, —k'?),
where k" = k/(k,b) and b = b/(k,b). Using this we may extend Theorems
3.1-3.3 to the case (k,b) > 1.

Putting £ = 1 in Theorem 3.3 we obtain the following result.
13



Corollary 3.5. Let p =1 (mod 4) be a prime and p = ¢ + d? with ¢,d € 7Z
and 2 | d. Let b € Z and (I’ZT+4) =1. Let {U,} be given by Uy =0, Uy =1
and Up41 = bU, + U,—1(n > 1). Then

(b2 = (-1)2 if21b,
betd Beta)®-1

p ‘ Up%l <~ ((b22+4)/8) = <_1) 8 if 2 ” b,
c—2td d .

(%) = (-1 if4b.

Remark 3.3 Let p = 1,9 (mod 20) be a prime and p = ¢? +d? with ¢,d € Z
and 2 | d. Then clearly 5 | cor 5 | d. Let F,, = U,(1,—1) be the Fibonacci
sequence. From Corollary 3.5 we deduce

5lc ifp=9,21 (mod 40),

Fr1 <
Pl Faza {5|d it p=1,29 (mod 40).
This result is due to E. Lehmer [Lel].

p—1
4. Congruences for (b+— V‘f“’z) 2 (mod p) when p = Azx?+2Bxy+ Cy?
and AC — B? = a? + V2.

Lemma 4.1 ([E2], [Sul, Proposition 1], [Su4, Lemma 2.1]). Let m €
N and a,b € Z with 24 m and (m,a® +b*) = 1. Then

: 2 2
(S (),

Theorem 4.1. Let p be an odd prime and a,b € 7 with p{ a(a®+b2). Then

<b+«/a2+b2>p§1 _ +1 (mod p) if(b;ai)4:j:1,
2v/a? + 12 HL=VOTEE (mod p) if (B220), = .

Proof. Substituting a, b, c by —a?,2b, —a in [Su5, Theorem 3.1 and Corol-
lary 3.1] we see that

Up_1 (2, —a?)

(0 (mod p) if4]p—1and (“H) =1,
B %(4&2 + 462);7%1 (2b;2“i)4i (mod p) if4|p—1and (“2;b2) = -1,
N 2(4a? + 4b?) "7 (26”;2‘“')4 (mod p) if 4| p—3and (‘12;b2) =1,

[ —2(4a” + 42 (2“1'02‘”')42' (mod p) if4|p—3and (“2;b2) =1

14



and

Vi1 (20, —a?)
( 2(4a? + 40%) 5T (2b+2m) (mod p) if 4]p—1and (“55) =1,
2 2b42ai\ ; a®+b%y _
_ (4a + 4b?) T ( )42(modp) if4|p—1and (“>~)=-1,
0 (mod p) if4|p—3and(a2;b2):1,
[ 1(4a® +4b?) " (2£201) j (mod p)  if4|p—3and () = —1.

Clearly (2b+2‘“)4 = (%)4. By Lemma 4.1, (b+‘”)4 = (“2+b2). Thus, if
(%)4 = #+1, then (“2].%1’2) =1;if (b*l;‘“)4 = =14, then (“2;b2) = —1. Hence

applying (1.3), (1.4) and the above we obtain

P 1
(b+ Va2 + )7 = /a2 + 2 Uypos (2, —a?) + 5 Vest (20, —a)

+(2va2 +2)" = (mod p) if (bEed) =41,
N G SRR VO (9v/a? + b2z (mod p) if (b;‘”)4 = +i.
This yields the result.
Remark 4.1 When (%) =41 ( (a +b° ) = 1), Theorem 4.1 can also

be deduced from [Su4, Theorem 2.4]. Note th t ( ) ( )= (%) We see

that the result is true when p | b. Now assume p 1 b. As ($)*+1 = (—V a2b+b2 )2,
by [Su4, Theorem 2.4] we have

(a+bz’> :(a/b+i> _ (\/m/b)<\/m/b+1>

p p p p
and so
(). = (5= (L5 = 057,
RN N o
-5

This yields the result.

Corollary 4.1. Let p be an odd prime. Then

(1 + \/§>‘7§1 _ { (—=1)*%F (mod p) if p= =1 (mod 8),
V2 (—1)%°(1 — v/2) (mod p) if p = £5 (mod 8).

15



Proof. Taking a = b =1 in Theorem 4.1 we obtain

142\ 2% [ £1 (mod p) if (), = +£1,
< 2\/§> — | £ - V2) (mod p) if (1), = =i,

23

To see the result, we note that 2"z = (—=1)*% (mod p) and

(1 +z’> B Z,<71>p4T_1p71 B (—1)%1 if p =41 (mod 8),
p /4 (=1)*%7¢ if p= +5 (mod 8).

Corollary 4.2. Let p # 2,5 be a prime. Then

1 (mod p) if p=+1 (mod 20),

1+v5\ 5 | -1 (mod p) if p= 49 (mod 20),
< 25 ) - %g (mod p)  if p=+3 (mod 20),
( )

—142—\/5 (mod p) if p= =47 (mod 20).

Proof. Set p* = (—1)pT_1p. Taking a = 2 and b = 1 in Theorem 4.1 and
noting that

(1—1—2@') _(1—1—22’) _( p* ) _{il if p* = £1 (mod 5),
p /o \ p* Ja \1+42i/a | 4i if p* =+2 (mod 5)

we obtain the result.

Corollary 4.3. Let p # 2,13 be a prime. Then

1 (mod p) if p= 41,49, £23 (mod 52),
(3 + \/1_3>P51 _ —1 (mod p) if p=+3,4+17,4+25 (mod 52),
2v/13 ] 2= (mod p)  if p= 415,419,421 (mod 52),

=34V13 (mod p) if p = 45,47, +11 (mod 52).

Proof. Set p* = (—l)pT_lp. Taking a = 2 and b = 3 in Theorem 4.1 and
noting that

<3—|—2i> _<3+2¢> _( »* ) _{il if p* = +1, 43, 49 (mod 13),
p Ja \ p* Ja \3+42i/a | +i ifp*=7TF2,T5, 76 (mod 13)

we deduce the result.
Remark 4.2 Corollaries 4.1-4.3 can also be deduced from [Su2], [SS] and
[Sub] respectively.

16



Corollary 4.4. Let p # 2,17 be a prime. Then

1 (mod p) if p= 41,44 (mod 17),

<4+\/ﬁ>”21 _ )1 (mod p) if p= £2,48 (mod 17),
V17 ") 4—+/17 (mod p)  if p==43,£5 (mod 17),
—4 ++/17 (mod p) if p=+6,+7 (mod 17).

Proof. Using the properties of the quartic Jacobi symbol, one can easily
see that

2\ 4+ 2\ /1 1 -4 1 -4
<]_)>< P )4:<]_)><2_9>4< P )4:< P )4:<1f4i>4
1 if p=+41,4+4 (mod 17),
—1 if p= 42,48 (mod 17),
i if p= 43,45 (mod 17),
—i if p=46,£7 (mod 17).

Now taking a = 1 and b = 4 in Theorem 4.1 and applying the above we

obtain the result.

Corollary 4.5. Let p # 2,17 be a prime. Then

Up_i (8,-1)

(0 (mod p)
175 (mod p)
175
—175 (mod p)
175 (mod p)
4-17"% (mod p)

[ —4-17"% (mod p)

(mod p)

and
VpT—1(8, —-1)

(0 (mod p)
2. 175 (mod p)
—2.17" (mod p)
8- 17" (mod p)
—2-17"" (mod p)
—8- 17" (mod p)

[ 21750 (mod p)

if p=4+1,42,£4, 48 (mod 17) and 4 | p — 1,
if p=+£1,44 (mod 17) and p = 3 (mod 4),

if p= 42,48 (mod 17) and p = 3 ( )
if p= 43,45 (mod 17) and p =1 (mod 4),
if p= 46,47 (mod 17) and p =1 (mod 4),
if p=+£3,4£5 (mod 17) and p = 3 (mod 4),
if p=+£6,4+7 (mod 17) and p = 3 ( )

if p=4+1,42,£4,4£8 (mod 17) and 4 | p — 3,
if p==+1,44 (mod 17) and p =1 (mod 4),
if p= 42,48 (mod 17) and p =1 (mod 4),
if p= 43,45 (mod 17) and p =1 (mod 4),
if p=+£3,4+5 (mod 17) and p = 3 (mod 4),
if p=+£6,4+7 (mod 17) and p =1 (mod 4),
( ) ( )

if p=+£6,£7 (mod 17) and p =3 (mod 4).
17



Proof. From (1.3) and (1.4) we have

Un(8,—1) 2\/_{4+¢_ —(4—V17)"}

and
Va8, —1) =4+ VIT)" + (4 — V17)™.
Thus applying Corollary 4.4 we obtain the result.

Lemma 4.2. Let p be an odd prime, m € Z, 4t m and pt m. Let A € Z,
A =2"A¢g(2 1 Ag), (A,m) =1 and p 1 A. Suppose Ap = x> + my? with
r,y €7, (z,y) =1, = 2%, y = 2%y and x9 = yo = 1 (mod 4).

(i) If p=1 (mod 4), then

\ B e
. (5
(—1)5F (arB+D)+20 (o

-)(42) (mod p) if2+tm,
20)(%) (modp) 2| m.

D>

(ii) If p=3 (mod 4), then

r(zoy0—1) ‘
- —(-1)"% (ot B+1)+ mE0g—2 (-2 - (Z—) (mod p) if 21 m,
(1) B (kB 1( 0 ¥ (mod p) if 2 || m.

) (%)

Proof. As (A,m) = 1 and (z,y) = 1 we see that (A,z9) = (4,y0) =
(m,x9) =1 and p 1 xy. It is clear that

(5= G () - G () = () ()
- () (= ><W°>—<;yo>f“<£><xz—z°>

{ (7o) (%’)( Ef”) = (()THET ) () it 2tm,
(2)(52) (752) = (-1 (22) (%) if 2 | m.
p=1 [T\ (Y 2\ B oy

a= =) =-G) (57
{ r(moio—l) (m_o)(z_%) (modp) if2J(m,

If p=1 (mod 4), then (2) = (=) and m™ = (-1)"7 (—m)"F =
(—1)107_1(36/3;)1%1 (mod p). If p = 3 (mod 4), then (%) = (—1)]DTJr1 and

1




m'T = ()T (m)T = ()T (/)T = ()T (/)T
(mod p).

Now putting all the above together we obtain the result.

For an odd prime p and m € Z with (%) = 1, from the theory of
binary quadratic forms we know that p can be represented by some form
Ax? 4+ 2Bxy+Cy? of discriminant —4m, where A, B, C € Z and A is coprime
to a given positive integer. See [Su6, Lemma 3.1].

y
T

Theorem 4.2. Let p be an odd prime, m € Z, 41 m and p t m. Suppose
p = Az? + 2Bxy + Cy? with A,B,C,z,y € Z, pt A, (4,2m) = 1 and
(2B)? —4AC = —4m. Assume Ax + By = 2%z, y = 28yq and xo = yo =
1 (mod 4).

(i) If p=1 (mod 4), then

mf’zl _ (_1)W(Am+3y)(%) (mod p) i 2 m,
(_1)I>—1-+—A_g1 +Amy? (Af}j;??ﬁ(%) (mod p) Zf2 || m.

(ii) If p =3 (mod 4), then

e[ (TR (A (B) v (mod p)  if24m,

(1) BEASTARS (AniByy ()

arimy (mod p) if 2 [ m.

Proof. Set x; = Az + By. Then clearly Ap = A?z? +2ABxy + ACy? =
(Ax + By)? + (AC — B*)y? = 22 + my®. As (A,m) =1 and m = AC — B>
we have (A,B) = 1. Since (A,y) | p and p 1 A we have (A,y) = 1. Thus
(A,z1) = (A,By) = 1. As (m,x1) | Ap, ptm and (A, m) = 1, we see that
(m,z1) = 1. Since 2% + my? = Ap # 0 (mod p?) and (x,y) | p we have
ptxy and (z1,y) = (Az,y) = (z,y) = L.

We first assume 2t m. It is clear that

(G -0 G (R @) ()
- () G EE)
() ) (DG

As 29 +y* =23 + my? = Ap =1 (mod 2), we see that 71 +y =1 (mod 2).
If 2 | 21, then 21y, y?> =1 (mod 8) and so

(o) = (i) = () ) - 2(%)(% 1)

— (-1)%(3) —(~1)" %(m% 1)(3) _ (_1)32(3)
19
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If 24 xq, then 2 |y, 22 =1 (mod 8) and thus

( : ) - ( : ) = (—1)M = (_1)m4y2 (m§+1) _ (_1)%.

2 + my? 1+ my?

Hence

2 at+B s 2\«
(ac%—i—mgﬂ) (E) o

(%)a(w%-gmw)a = (_1)%04 = (_1)% if 2 | L1,
(

2 )5:(_1)%[3:(_1)% if 212

and therefore

2\+tB o N\ (Yo 21y 21\ (B
= ) Ga)(Z) =0 () (E)
(4.1 D mA/ \ A (=1) m/\A
If p=1 (mod 4), then
w3 +my”— Ty
e S e
(21+Z)2—1+(m—1)]12—14+1 W

(=1) =(=1)

This together with Lemma 4.2 and (4.1) yields

i = o (2) (22 () = oo (2) (2)

- (2) () G ),

(—1)"T 3

Similarly, if p = 3 (mod 4), then

2 2
p+l | Z1y Ap+A | 1Y ritmyT+A | 207y
(_1> Tt — (_1) 1 T — (_1) 1 +=2
(@14+9)2-1 | (m=1)y?+Aa+1 (m=1)y2+A+1
= 1 1 1

(=1 =(=1)

By Lemma 4.2 and (4.1) we have

R O B G (G P e Y

e (ﬂ> (g) Y (mod p).

m I

Now we assume 2 || m. As 2?2 = 23 +my? = Ap = 1 (mod 2) we have 2 { 7,
and so o = 0. When 2 | y we have Ap = 22 + my? = 27 = 1 (mod 8) and so
20



(&) = 1. Since Ap = a3 +my? and A%p = (42— 1)(p— 1) + p+ A — 1 =
p—1+ A2 (mod 16) we see that

2
2i-1,p-(-1)° 2
(_1) g+ 1
5 —1 5 5 p—1
Ap—my“—1 | 2p—2(—1) 2 —A°p+Amy“+A | 2p—2(—1) 2
= (_1) ] + 5 = (_ ] + ]
—1 -1
—(p=1+A2)+ Amy? +A+2p 21T p+1-A24A— 2( DT fAmy?

5

N~ —
=@
VRS

G e ()

] o
SNES

/~
=&
N——
/N
N——

/N
| T
N——

p+1-A24A— 2( 1) BT amy? x1 B
- =)
(=1) m/2> A

This together with Lemma 4.2 yields the result. Hence the theorem is proved.

Corollary 4.6. Let p be an odd prime and m € N with 4t m and p t m.
Suppose p = x? +my? for some integers r and y.
(i) If p=1 (mod 4), then

(—1)*= (:£) (mod p) if m =3 (mod 4),

Pl _ (7) (mod p) if m=1 (mod 8),
T (CDTHE) (mod p) if m=5 (mod 8),
(—1)55+ T (G2) (mod p) if m =2 (mod 4).

(ii) If p =3 (mod 4) and we choose the sign of y so that y =1 (mod 4),
then

p=3 { (=1) "7 (;5)% (mod p) if m =3 (mod 4),
(—1)mj2_“3§1_1+#{1(m’”/2)% (mod p) if m =2 (mod 4).

Proof. Let 21 € {x, —z} be such that 1 = 2%z and zop = 1 (mod 4). We

first assume p = 1 (mod 4). Taking A =1, B =0 and C' = m in Theorem
4.2 we have

(m=1)y? o , .
(4.2) IS (—1)p i (21) (mod p)  if 24 m,
(=1) () (mod p) if 2 || m.

21



m—1 y2
It m =3 (mod 4), then 2 f &, 2| y and so (—1)™F* = 1. Thus, by (4.2)

we have m"T (w) = (-1)"= (Z£) (mod p). If m =1 (mod 8),

then (£) = (32). Thﬁs by (4.2) we have m™T = (‘”1) = (£) (mod p).
If m =5 (mod 8), then (ﬁ) = (=) and (—1)¥ = (—1)"~'. Thus, by (4.2)

m m

we have m"7 = (—1)¥(2) = (=1)*1(Z) (mod p). If m = 2 (mod 4), we

m

have 2 | y and p = 22 = 1 (mod 8). Thus, by (4.2) we have

mp4;1 _ (_l)p—lgmyz (ma:_/12> _ (_l)p—l—smyQ <(_7177)J/; :B)
= (—1)1287““"14 e (mx/2) (mod p).

Now assume p = 3 (mod 4). Then clearly m = 2,3 (mod 4) and 2 {y. We
may choose the sign of y so that y = 1 (mod 4). Taking A =1, B =0 and
C' = m in Theorem 4.2(ii) we have

m— y27
L (—1)™ 7 (2) £ (mod p) if m =3 (mod 4),

(_1)% (nf}Q)i (mod p) if m =2 (mod 4).

1

-3
m)_— we have m"T =
2 (mod 4), then 2 { zy
y (4.3) we have

L (mod 8) and (%) = (
(%)% (mod p). If m =
and my? = ( )+m m (mod 16). Thus, b

3

I

Il
T
—_
~—

p—3 _ p5~§my2< f,Cl )i _ (_1)125~g27ny2< ,'L'l )i
m/2/ x1 m/2/ x;

= (1) ((_2/233) (_1)y121x
— (_1)7+3”T‘1+T+%1 m2 (mx/z)g

e+l mt2 g, z%-1/ X
=(=1)z "1 7% (m_ﬂ)% (mod p).

This completes the proof.
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As examples, if p is an odd prime, we then have

(—l)mTl (mod p) for p=2?+2y*=1 (mod 8),

[\]
:
Il

p— T — z2—
2T3 (_1) 21+ 8 : g (HlOd p) for p = gj‘Q + 2y2 = (mod 8)
i
with y =1 (mod 4),

w
S
p“
—

If
—

|
—_
N—r
S

vl |
—
/N

|

) (mod p) for p=x?+3y* =1 (mod 12),

357 (%) Y (mod p) for p=a%+3y>=7 (mod 12)
s
with y =1 (mod 4),

55 = (—1)"! (f) (mod p) for p=a>+5y>=1,9 (mod 20)

6L (_1)%_1+IT_1 (%) (mod p) for p=x?+6y* =1 (mod 24),

627 (_1)%—1 <§>% (mod p) for p=x®+6y*> =7 (mod 24)
with y =1 (mod 4),

~J
|
Il
—
I
—_
~—
N

(%) (mod p) for p=a*+7y*=1,9,25 (mod 28),

7P = _<§)Q (mod p) for p=a®+ 7y* =11,15,23 (mod 28)
x
with y =1 (mod 4),

p— x?
105 = (—1)"= ' (%) (mod p) for p=2%+10y*> =1,9 (mod 40),
p— x— z2—
10" = (—1) =+ (%)Q (mod p) for p =%+ 10y? = 11,19 (mod 40)
x

with y =1 (mod 4).

Remark 4.3 Let p be an odd prime. When p = 22 + 3y%2 = 1 (mod 12),
the congruence 35 = (—1)93l (%) (mod p) was proved by Hudson and
Williams [HW] using cyclotomic numbers of order 6. When m € {2,3,6}
and p = 22 + my? = 3 (mod 4), the above congruences for miT (mod p)
have been given in [Lem2, p. 180].

If p and m are distinct primes such that p = m = 1 (mod 4) and p =
2 +my?(z,y € Z). Then (%) = (L) = (%2) =land [2], = (£). Thus,
by Corollary 4.6(i) we have

m 1 if m =1 (mod 8),
[EL [%L - { (-1)*" ! = (-1)¥ if m =5 (mod 8).

This is a classical result due to Brown [Brol] and Lehmer [Le3].
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Theorem 4.3. Let p be an odd prime, m € Z, 24 m and p t m.
(1) If p =1 (mod 4) and 2p = z? + my? for xz,y € Z, then mE =
(—1)™5 (2) (mod p).

(i) If p =3 (mod 4) and 2p = 2% + my? with x,y € Z and 4 | x — y, then

p—3

m'T = (—=1)"" (£)% (mod p).
(iii) If p =1 (mod 4) and 4p = 2% + my? for x,y € 7, then (—m)p%1 =
(—1)7z (%) (mod p).

(iv) If p =3 (mod 4) and 4p = x? + my? with x,y € Z and 4 | x —y, then

(=m)* % = (=17 ()% (mod p).

Proof. As 2 { zy we may assume x = y = 1 (mod 4). We first assume
2p = 22 + my?. Then 2p = 1 + m (mod 8) and so p = 1 or 3 (mod 4)
according as m =1 or 5 (mod 8). If p =1 (mod 4), taking A = 2 in Lemma
4.2(1) we see that m™ = (—1)" 7 +"5 (£) (mod p). Clearly

(_1)pT—1+zy4—1 _ (_1)1: +'n’éy —2+zy4—1 _ (_1) (Ify)2+2a:y;»(mfl)y272+zy4—1

Thus (i) is true. If p = 3 (mod 4), then

(z—y)?+2zy+(m—1)y%42 e
8 4

+1 zy—1 1‘2+my2+2 zy—1
(—1) = (o +

1 8 1 = (_1)

m—1_2 m—1_2
zYy+—5—y“+1 —S Yy +2 m+3
8

—(-1)" T T = (-1 =(-1)

Thus applying Lemma 4.2(ii) we obtain

m" T = _(—1)E (%)Q —(—1) (3)% (mod p).

This proves (ii).

Now assume 4p = z2 + my?. Then 1 +m = 2? + my? = 4p = 4 (mod 8)
and hence m = 3 (mod 8). Taking A = 4 in Lemma 4.2 we deduce (iii) and
(iv). So the theorem is proved.

Corollary 4.7. Let p be a prime such that p = 3,7 (mod 20) and hence
2p = 2% + 5y* for some integers x and y. Suppose 4 | x —y. Then

22 _ { 4 (mod p)  if p=3 (mod 20),
|l =% (mod p) if p=7 (mod 20),
_ 1 _Y
(mod p) and Fpo1 = —oFep =~ (mod p).

2

Ly

2

< |8

Proof. As #? = 2p (mod 5) we see that (£) = 1 or —1 according as
p = 3 (mod 20) or p = 7 (mod 20). Thus taking m = 5 in Theorem 4.3(ii)
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we deduce the result for 57 (mod p). By the above and [SS, Corollaries 1
and 2| we have

5t = =52 = £ (mod p) if p=3 (mod 20),
Lp—l = N
2 5 = —5% =7 (mod p)  if p=7 (mod 20)
and
1 5 =4 (mod p)  if p =3 (mod 20),
Fp;1 = ——FL1 = » z
2 2 = —5"T =¥ (mod p) if p="7 (mod 20).

This completes the proof.

Lemma 4.3. Let a,b € Z with 2 ¥ a and 2 | b. For any integer x with
(z,a% + b)) = 1 we have

2
<aibi>4: <a2f—b2>'

Proof. Suppose x = 2%zy(2 { 2¢). Using Lemma 4.1 and [Su6, (2.7) and
(2.8)] we see that

2 o 2 ;
(a:—ri— bi>4 - (aibi)i (aiobi>4 - (_1)204(@;_;2)4

. a a2 2
- <—1>3“(a§f)z: <a2—2|—b2> <a\;)yb )
- (a22+b2>(a29:(—)b2> - (a2ib2>'

This proves the lemma.
Remark 4.4 Let a,b,c,d € Z with 21 ¢, 2| d, (¢,d) = 1 and (a? + b?, % +
d?) = 1. Using Lemma 4.3 we have

(a—l—bi)j _ ((ac—i—bcz’)2c2>4 _ ((ac+bd)202>4 _ <(ac—|—bd)c>

c+ di c+di c+di 2+ d?
2, 2
- (G (=) = ()

Theorem 4.4. Let p be an odd prime and a,b € Z with p { a(a® + b?) and
4 1 a® +b%. Suppose p = Ax? + 2Bxy + Cy? with A,B,C,z,y € Z, p 1t A,
(A,2(a? + %)) = 1 and (2B)? — 4AC = —4(a® + b?). Assume y/2°7%2Y =
(Az + By)/20742(A2+By) =1 (mod 4).
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(i) If p=1 (mod 4), then

((b+\/a2—|—62)/2>
p
((—1)EvE (B) (), if2|a and 210,
(—1)"5 Hay (D) (athiy if2ta and 2| b,
B (—1)%2'A21 %)(ﬁ)4 if24ab, 4 a—>b and 2|y,
\@'BZA(ﬁ)(w)ZL if 2tab, 4 |a—0band 21ty.

(ii) If p=3 (mod 4), then

b+ vVa? + b2\ "z
%)

((—1)8v 5 (5) (B

) i Y o a® 402 —bVa2 b2
A /4" Az+By a

(mod p)
if 2| a and 21b,

P=AL14by (B (atbi) ; 2402 —bVa21b2
(_1) Tt +2y(Z)<GAz)4ZszBy & a < (

mod p)
if2fa and 2 | b,
atb a—b,

Yy41.3=A B\ /5 — 510 2152 _py/a2402
(=12 %h T (F) (2 )4Am—?|J—By'a P (

A\

mod p)
if2fab, 4| a—0b and 2|y,

JA—1 atb_a-b 2 2_ 1. /-2 2
v (%)( : A . z)4Ax—?iJ—By L atb Z b (mOd p)
L if21ab, 4| a—0band21y.

Proof. As Ap = (Ax + By)? + (a® + b*)y? we see that (@) =1 and

SO (%)i = (‘121.%”2) = (—l)p%1 by Lemma 4.1. Hence, if p = 1 (mod 4),

then (%)4 = +1; if p = 3 (mod 4), then (%)4 = #4. Thus applying
Theorem 4.1 we have

(4.4)
<b+\/a2+bz>”21
2
B (a? 4+ )T (%)4 (mod p) if p=1 (mod 4),
| Va2 2 + ) b=v/a’ 47 (b;a"')4i (mod p) if p=3 (mod 4).

Now we consider the following three cases.
Case 1. 2| a and 2 1 b. In this case, Ap = (Az + By)? + (a® + b?)y? =
(Ax + By)? +y?> =1 (mod 4) and

1 (mod 8) if4]a,

2, 12 _ 2 _
+b°=a"+1=
@ “ {5(mod8) if 2 || a.
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Thus, if p =1 (mod 4), by Theorem 4.2(i) we have

(a® + b2)pT71 = (_1>%y+% (%) <§) (mod p);

if p =3 (mod 4), by Theorem 4.2(ii) we have

Aac-l—By)(B) Y (mod p).

2 2@: o Qy+@< D
(a> +0%) T =(—1)2vT 72 v \A) ey

On the other hand, using Lemma 4.3 we have

(55, = ), ) = GG,
_ (b—ai (Az + By)? + (a® + b?)y?
= T ),

- (. () = )

Hence, if p =1 (mod 4), then

) = e (5) (52, o

(a2 + 0?57 (

if p =3 (mod 4), then

b+ az’)
p /4 '
- (_1)%y+¥ (%) (b _AM>4A:L- i 5 (mod p).

(a® + b2)pT_3 (

This together with (4.4) yields the result in the case.

Case 2. 2{a and 2 | b. In this case, Ap = (Azx + By)? + (a® + b?)y?

(Az + By)? +y?> =1 (mod 4) and

1 (mod 8) if4|b
2 12 _ 2 _ ;
b*=1+0"=
@ {5(mod8) it 2| b.

Thus, if p =1 (mod 4), by Theorem 4.2(i) we have

p=1 b yA-1 (Ax+ By\ /B
(a® +b2) 5T = (—1)bv (a2—+b2) (Z) (mod p);

if p =3 (mod 4), by Theorem 4.2(ii) we have

9 9 pT73 — %y"_AZS ACL‘—FBy E Yy
(a”+07) 7 =(=1) <a2+62)<A>Am+By (mod p).
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On the other hand,

Now combining the above with (4.4) gives the result in this case.

Case 3. 2 { ab. In this case, a®+b? = 2 (mod 8). We may choose the sign
of a so that 4 | a—b. It is clear that ab=a—b+b*>+ (a—b)(b—1) =a—b+
1 (mod 8) and thus A(a?+b?) = 2abA = 2A(a—b+1) = 2(a—b)+2A (mod 16).
We also have Ap = (Az + By)? + (a®> + v*)y?> =1+ 2y?> =2 — (—1)? (mod 8)
and so p = A%p = (2 — (=1)¥)A (mod 8). Hence A = (—1)"= +¥ (mod 4)
and so A2 =2(—1)"7 YA — 1 (mod 16). We also have

Ala?® 4 12)y? = { 2Ay? = 4y (mod 16) ?f 2|y,

A(a® +v*) =2(a—b) +2A4 (mod 16) if 2¢y.

Thus

A — A% 4+ A(a® + b?)y?
B { (1—2(=1)P=1/2)A + 1 + 4y (mod 16) if 2|y,
L B+2(-D)PV/2)A 4+ 1+ 2(a —b) (mod 16) if 21y.

If p=1 (mod 4), by the above and Theorem 4.2(i) we have

. TEH(E) (BYs) (modp)  if 2]y,
(a2—|—b2)pTl E{ ( )p+5A (,;1) (a2+b2)/2)
-1

(
5T (%)((;ﬁ;bfﬁz) (mod p) if 2¢ty.

If p =3 (mod 4), by the above and Theorem 4.2(ii) we have

+4 Ax+B .

(@ 1 1) = { () (58wt (mod ) 21
= p+A 4 b Az+B '

(=1 (%) ((a2+t2)72) aripy (mod p) if21y.

On the other hand, using [Su6, (2.8)], Lemma 4.3 and the fact p = (2 —
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(—1)¥)A (mod 8) we see that

1 Ap—1 _a—b (=1)(P=1)/2, 3 (CLT-H) — aT_b’L> <(A:c + B'y)2>
4 4

2 T q 1

I
—~
|
N——

a+b a—b
A 2+ 457
a—b (=)@ -D/2G_ o (—n¥a) (P D/2e_(—1n¥)a-1
= (_1) T Yy ] . q 1
(a—;b_agbi> ( A$+By )
X
A i\ (aZ +02)/2
p—1
a— _(2—(—1)Y)A — 2 A(2—(—1)Y)—
:(_1) 4by+p (2(81)) 'i( 1) (42(1))1
y <a—2|—b o a—bi> ( A:c-l—By )
A i\ (a2 +02)/2
p—A (_1)(17*1)/2/.;_1 atb _a—b, A
N\ (=~ z+By :
) YT ! (=), (5 7) if 2 [y,
- a—b , p—3A  —(-1)P-D/24_ atb__a—b;
1Y =z + ; —-1( = 3 ¢ Az+ By :
(=1)= 51 1 (&= )4((a2+b2)/2) if21y.

Now combining the above with (4.4) we deduce the result.

By the above the theorem is proved.
Remark 4.5 Let p be an odd prime and a,b € Z with p { a(a? + b?). Then
clearly

(b—i—\/aQ-i-b?)p_(g_p) B (\/a2+b2+b>p_(4_p)
vasrE—s)

a
Set A .
(2,14ordza) if 2 T b’
2 if 2fa and 2 || b,
f= Gordaa] 01“2d2a) if 2| aand 2| b,
) if4]b

and ' = ﬁ f, where d’ is the product of distinct odd prime divisors of
a. From the above and [Su6, Theorem 4.1] we deduce the congruences for
(b+— V‘fw)(p —(50/2 (mod p) by expressing p in terms of binary quadratic
forms of discriminant —4F?(a? +b?). As 4(a®+b?) < 4F?(a®+b?), Theorem
4.3 is stronger than the above result deduced from [Su6, Theorem 4.1].
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If (Az + By)/2°742(A2+BY) = 3 (mod 4), then
(A(=z) + (=B)y)/20742(A=2)+(=B)W) = 1 (mod 4).

We also have (£) = (=£) for A =1 (mod 4). Thus from Theorem 4.4 we
deduce the following result.

Corollary 4.8. Letp =1 (mod 4) be a prime and a,b € Z with p{ a(a®+b?)
and a®+b% = 1 (mod 8). Suppose p = Ax?+2Bxy+Cy? with A,B,C,x,y €
Z,pt A, (A2(a*+b%) =1 and (2B)? — 4AC = —4(a® + b?).

(i) If 4 | a and 21 b, then

(BT - (5) (5,

(ii)) If 24 a and 4 | b, then

() = ()5,

Suppose that p is a prime such that p =1 (mod 4) and p = +1,+2, +4, £8
(mod 17). Then p is represented by x? + 17y* or 922 + 2xy + 2y%. Taking
a=1and b =4 in Corollary 4.8(ii) we see that

<gﬁ>:<4+\/1—7>:{1 if p= a2+ 1742,

D p (42, = (%)i:—l if p =922+ 2zy + 2y°.

This together with Corollary 2.3 yields

(LTt (252)

(4.5) p=1>+17y)* = T

=1,

where ¢ and d are given by p = ¢* + d*(c,d € Z) and 2 | d.
Corollary 4.9. Let p be an odd prime and a,b € 7 with p {1 a(a® + b?).
Suppose p = 22 + (a® + b*)y? for some integers x and y.

(i) If2 | a and 24 b, then (LYY = (_1)3v,

(ii) If 24 a and 2 | b, then (H‘/ﬁ) = (—1)3Y.

(iii) If 21ab and 4 | a — b, then p =2 — (—1)¥ (mod 8) and

(b+ Va2 +b2)"7
_ J (=1)% (mod p) if8|p—1,
N —%'M(modp) if8|p—3and 4|z —y.
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Proof. If a +b = 1 (mod 2), then clearly p = 22 + (a? + b*)y? = 22 +
y?> = 1 (mod 4). When 2 { ab, we have a? + b?> = 2 (mod 8), 2 { z and
p=2a>+(a®>+b%)y> =1+2y*> =2 — (—1)Y (mod 8). Thus, if 2 { ab and
p = 3 (mod 4), then 2 t zy, p = 3 (mod 8) and hence 2% = —1 (mod p).
Now taking A =1, B =0 and C = a® +b? in Theorem 4.4 and applying the
above we deduce the result.

Let p be an odd prime. From Corollary 4.9 we deduce

(4.6) (%ﬂ) =(-1)Y for p=2a*+5y%(z,y € ),
(4.7) (@) = (=1)Y for p=az*+13y*(z,y € Z),
6+ /37

(4.8) ( ) = (~1)Y for p=a®+37y%(z,y € Z).

p

Here (4.6) is due to Vandiver [V], (4.7) and (4.8) are due to Brandler [B].
See also [Su6, Remark 6.1].

When p = 3 (mod 8) is a prime and p = 22 + 2y? with x = y (mod 4), by
Corollary 4.9(iii) we have (1 + v/2)"2 = —%(2 — v/2) (mod p). This result
has been given in [Lem2, p. 180].

Corollary 4.10. Let p = 1,9,11,19 (mod 40) be a prime and hence p =
22 4 10y? for some integers x and y. Then

(3+10)7
_ { (—1)% (mod p) if p=1,9 (mod 40),
~ | (10 - 3v10) (mod p) if p=11,19 (mod 40) and 4 |z — y.

Proof. Taking a = —1 and b = 3 in Corollary 4.9(iii) we obtain the result.

Corollary 4.11. Let p be an odd prime such that p = 1,3 (mod 8) and
(%) = 1. Then p = 2% + 58y? for some x,y € Z and

(7+V58)" 7
_ (—1)% (mod p) if p=1 (mod 8),
N —%'M(modp) if p=3(mod 8) and 4 | x — y.

Proof. By [SW, Table 9.1], a prime p is represented by x? + 58y2 if and
only if (_72) = (2%) = 1. Now taking a = 3 and b = 7 in Corollary 4.9(iii)
we deduce the result.

Comparing Theorem 2.1(i) with Corollary 4.9 we have the following result.
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Theorem 4.5. Let p =1 (mod 4) be a prime and a,b € Z with (a,b) =1
and pt a(a® +b?). Suppose p = c® +d? = 2% + (a® + b?)y? with c,d,x,y € Z
and 2 | d.

(1) If2 | a and 21 b, then (%F9d) = (—1)3V,

a2+b2
. (betad)2—1 cta y
(i) If 21 ab, then (—1)""5 (hsed ) = (—1)%.

Suppose that p =1 (mod 4) is a prime and p = ¢ + d* with ¢,d € Z and
2]d If p=1,9 (mod 20), then p = 2% + 5y for some z,y € Z. Taking
a =2 and b= 1 in Theorem 4.5 we deduce (“22) = (—1)¥ and hence

(4.9) 2|y <=

c+2d 5|d and p=1 (mod 20),
(57) =1 =
5 5/c¢ and p=9 (mod 20).

This result is essentially due to Lehmer [Lel]. See also [BEW, Corollary
8.3.4]. If p = 1,43, £4 (mod 13), then p = 22 + 13y? for some z,y € Z.
Taking @ = 2 and b = 3 in Theorem 4.5 we deduce (34229) = (—1)¥. If
(35) = 1, then p = x? + 37y? for some z,y € Z (see [SW, Table 9.1]).
Taking a = 6 and b = 1 in Theorem 4.5 we deduce (£84) = (-1)v. If

p=1,9 (mod 40) and hence p = 2% + 40y? for some z,y € Z, putting a = 3
c 2_

and b = 1 in Theorem 4.5 we deduce (—1)( g (e3d) = (—1)v.

5. Congruences for UpTil (b, —k?) (mod p) when p = Ax? + 2Bxy + Cy?

and AC — B? = (b + 4k?)/(4,b?).
For n € N and b,k € Z with b? + 4k? # 0, by (1.3) and (1.4) we have

(5.1) Un(b,—kQ) _ 1 {<b+\/b2+4k;2)n_ (b—\/bz+4k2_>n}

Vb2 4+ 4k2 2 2
and
b+ Vb?% + 4k2\n b— Vb2 +4k2\n
(5.2) Valb, k) = ( . ) +( > )"

Theorem 5.1. Let p be an odd prime, b,k € Z, 41 b> + k? and p { k(b* +
4k?). Let p = Ax? + 2Bxy + Cy? with A,B,C,z,y € Z, pt A, (A,2(b* +

4k*)) =1 and (2B)? — 4AC = —ﬁ(lﬁ + 4k?%). Assume y/2°7%2Y = (Ax +

By)/20r2(Az+BY) = 1 (mod 4). Let {U,} and {V,,} be given by

Uy=0, Uy =1, Upy1 =bU, + KU,y (n>1);
Vo=2, Vi=b, Viur =bV,, +k*V,,_1  (n>1).

(i) If p=1 (mod 4), then

1 b
P } Uprl, UPTH = §Vp71 (mod p), Vet = §Vp71 (mod p)



and

2(=1)r+ (F) (B34), (mod p) if 210,
b 1 2642kt .
2(—1 5t (%)(%)4 (mod p) if 8|b— 2k and 2|y,
Vprl = A_3 2k+b _ 2k—b;
2% (§)(——F=), (mod p) if 8| b—2k and 21y,
A-1 b k+2q .
[ 2(-1)77 +5v(8)(=52%), (mod p) if 4.
(ii) If p=3 (mod 4), then
b 2k>
p| Vit Ups :—b2+4k2vp 1 (mod p), Uppr = b2+4k2vp 1 (mod p)
and
( A3 (BN (b=2ki) ;(b®+4k>
(_1)]@+ * (Z)( j )4Zlg(A:c+B)yy) (mod p)
if 21,
y. A3  py kb 2k=by b2 44k
(12T (F)(——= )42(k(A:r+B)3) (mod p)
B if 8| b—2k and 2 | y,
VT i ) BRoBE 0 o
- (Z) A )42k(Ax+By) (mod p)
if 8| b—2k and 21y,
A-3b ktgiy o (b°+4k>
(1) T (F) (4 )422(k(Am—|—B)5) (mod p)
y if4]b

p_1
Proof. We first determine (bEVE 45~ Vb;W) > (mod p) by considering the
following three cases.
Case 1. 2{b. Taking a = 2k in Theorem 4.4 we see that

(bi\/myzl
2

(—1)ky+25 (8) (=35, (mod p) if p=1 (mod 4),
_ A—-3 —92ki . 2 2 /b2 2
=4 COMEE(R) () ity e (mod p)

if p=3 (mod 4),

Case 2. 2 || b. In this case, b/2 and k are odd. We choose the sign of k so
that k = b/2 (mod 4). As Ap = (Az+ By)? + ((2)? + k?)y? = (Az + By)* +
2y? = 1+2y? =2—(—1)¥ (mod 8) we have p = A?p = (2—(—1)¥)A (mod 8).
Thus

-1
e-(-n¥)a—(Zh)
4

(mod p).



Now applying the above and replacing a,b by k,b/2 in Theorem 4.4 we
obtain

(=1)

@—(-DY)A-(F) (b + 4 /bz + 4k2>
4

Il
/N
[\)

A1 2k+b _ 2k=b,

(-2 (F)(——5"—), (modp)  if4[p—1and2]y,
_ 2k+b _ 2k—b; .
i34A(%)(—4 - )4 (mod p) if4|p—1and21y,
y 3—A 2k+b_ 2k=b, (2)24+k2F2/(2)2+k2
= (_1)“§’+17, * (%)( — )4Am—Z|/—By e T (mod p)
if4d|p—3and2|y,
JA-—1 2k+b _ 2k—b, (Q)2+k2:,:ﬁ (Q)2+k2
(7)) (o )4Ax-?iBy' : P (mod p)
if 4| p—3and21y.

Case 3. 4 | b. In this case, k is odd and b/2 is even. Substituting a, b by
k,b/2 in Theorem 4.4 we see that

P=(55) b+ b2 + 4k2\ 55t
= ( )

2

Il
/N
NS
H_
—~
[S]ISH
SN—
o
+
=
)
N——
S
N
—-

2
(~)5F 0 (B) (M), (mod p) if p=1 (mod 4),
= p-A b E+biy . 5y 4 k2L /(5)2+k2
(—-1)"3 +1+4y(§)( - )42Ax—z|J—By 3 ?k (3) (mod p)

if p =3 (mod 4).
By (3.1) we have

(0" +4k*)Ups + 0V ).

N | =

(bULfl +Vp;1) and Ve =
3 3 2

N | =

Up+1 -
2

If p =1 (mod 4), by the above congruences for (bi— V”;W) T (mod p) and
(5.1)-(5.2) we deduce p | Up p-1 and the congruence for Vet (mod p). As
p | Up—1, we have Upr = lV 1 (mod p) and Viy = —Vp (mod p). If

> 2
p =3 (mod 4), as

b2 1 4k? T b/BT AR bi\/b2 2
+ ]sz + N kbR 1 AR,
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p—1
by the above congruences for (2524 Vl’;w) > (mod p) and (5.2) we deduce
D | Ven and the congruence for Vit (mod p). Since p | Vepr we have

p-1 b2+4k2 Vi (mod p) and

Uzl( va+v)— 2K\ (mod p)
T\ Ry ) T Ry e O

This completes the proof.

Corollary 5.1. Let p be an odd prime and let {U,} be given by Uy =0, Uy =
1and Uy =3U, +Up—1 (n>1).

(i) If p=1 (mod 4), p = £1,43,+4 (mod 13) and hence p = x? + 13y?
for some z,y € Z, then p | Up_s and Uppr = (—=1)¥ (mod p).

(ii)) If p = 3 (mod 4), p = +2,45,46 (mod 13), p # 7 and hence p =
722 + 2xy + 2y? for some x,y € Z, then

3y
= (_1)yt1 29 L= (=1
Upgl = (—1) o (mod p) and Up; = (—1)

where x and y are chosen so that y/2°742Y = (Tx+y)/2°72(7*+Y) = 1 (mod 4).

Proof. If p = 1 (mod 4) and p = £1,43,+4 (mod 13), by [SW, Table
9.1] we have p = 22 + 13y? for some z,y € Z. Now putting A =1, B =
0, C =13, b =3 and k = 1 in Theorem 5.1(i) we see that p | Up_: and
Uppr = (—=1)Y (mod p). If p=3 (mod 4) and p = £2,+5,46 (mod 13), by
[SW, Table 9.1] we have p = T2 + 22y + 2y? for some z,y € Z. We choose
the signs of z and y so that y/2°7%Y = (7x + y)/2°7%2(+Y) = 1 (mod 4).
Putting A=7 B=1, C =2,b=3and k = 1 in Theorem 5.1(ii) we see
that

3 H1\ /3 —2i\ | 13y 3y
Upr = —— (=1 = = (1)1 ——— d
! (=1) (7)( 7 )4Z7le:y (=07 7y (mod p)

2 +1\ /3 —-2i\ . 13y Y
Uptr1 = — (=1 (= = (-1)¥ d
= 3 ( 7 )( 7 )4Z7sc:|:y (=1) (mod p)

This completes the proof.

Corollary 5.2. Letp = 1 (mod 4) be a prime, bk € Z, 2 || b, 2t k and
p 1 k(b®+ 4k?). Suppose p = b +4k OHAR 22 1+ 292 for some x,y € Z. Then

(& >2—1+y

P Upos(b,=k?), Upsi(b,—k?) = Vi (b, —k?) = (-1)

35
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and
($)2-1

Vi (b, —k?) = (=1) 75 "2b (mod p).

Proof. We choose the signs of k¥ and z so that £ = /2 (mod 4) and
r =1 (mod 4). Set ¢ = (b® + 4k?)/8. Then ¢ = 1 (mod 4) and hence
p=-cr?+2y> =2y +1 (mod 4). As p =1 (mod 4) we have 2 | y. Clearly
p=cr?+2y?> = (c+2)2?> —dzx(z—y) +2(z —y)?, (c+2)x£2(x—y) =cr =
1 (mod 4) and (=1)% (z—y) = 1 (mod 4). We also have (c+2, 2(b>+4k?)) = 1
and 24z —y. If p|c+ 2, then 2(22 — y?) = (¢ +2)2? —p = 0 (mod p). As
0 < 22,y? < p we deduce 22 = y2. But 24z and 2 | y. Thus 22 # y? and so
ptc+2. Now putting A = ¢+ 2, B=2(—1)21!, C = 2 and substituting y
by (—1)%(z — y) in Theorem 5.1(i) and then applying [Su6, (2.7) and (2.8)]
we obtain

Y 2k+b 2k—b ;
s 0, —k?) = (2<—1>2“> (T+ S
2 2 c+2 c—+ 2 4

Le—1 c+3 y ct1 2k—b c+ 2
=TT (—D)EL () <m>4

4 4
o 2k*b+%+czl _cfl 2
= (=1 v <M_Mi>4
4 4
b—
_ (CD)EEER SO0 AR (04 )
Set t = (2k — b)/8. Then 52 = 221 — 2¢ and
b2 + 4k2 2k — b)2 + 4(2k — 8tk
c— T :( )"+ 4 ) = 8t + k% — 4kt.
8 8
Thus
(—1)55 i T DT
_ (—1)tiw .Z.(_l)bTTQt _ (—l)t ) (—1)t2+k28_12'_kt ) i(_l)%t

k21

= (1) ST e gy

= (=1)"F *% (mod p).

By Theorem 5.1(i), p | Up_1 (b, —k?), Upsa (b, —k?) = %vp%l (b, —k?) (mod p)
and VPTH (b, —k?) = %VpT—l (b, —k?) (mod p). So the corollary is proved.

From (3.2) and Theorem 5.1 we deduce the following result.
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Theorem 5.2. Let p = 1 (mod 4) be a prime, b,k € Z, 4 ¥ b*> + k? and
p 1 k(b® + 4k?). Suppose p = Ax? + 2Bxy + Cy? with A B,Cix,y € 7,
ptA (A,20%+4k%) =1 and (2B)? - 4AC = — 53 b2) (b* + 4k2) Assume
y /20729 = (Az + By)/2°72(A2+BY) = 1 (mod 4). Then p | UpTﬂ<b, —k?) if
and only if

(- (ActBy)y (%) (b_jm')4 if 210,
2k+b _ 2k—b,

1)
(k) (1) (B) (), if8|b—2k and 4] A1,

P Z'%(%)(#h if 8| b—2k and 4| A — 3,
T vy Li )
DT (), e

Proof. If 2 || b, then (2)% 4+ k% = 2 (mod 8) and thus Ap = (Az + By)? +
(2 + k) =142y2=2—(—1)¥ (mod 8). Thus A=Ap=2— (1) =
(—1)Y (mod 4) and

Snca _ (_pyeeteprea (-1 if4]A-1,
— P —
if4]A-3.

If 44b— 2, then (b% + 4k?)/(4,b?) is odd. Hence

(—1)5F = (—1) 25 = (o)A B T A/

232 2 2y _ _
()T S (CDE a2y,
= (—DiA”B”ﬂ*’“ if 2 f by,
(—1) T+ + if 4| band 21y.

From (3.2) we know that p | Up-1 ifand only if V-1 = 2(—1)17%1 (%) (mod p).
Thus applying the above and Theorem 5.1(i) we deduce the result.
Putting A =1, B=0and C = (b*>+4k?)/(4,b*) in Theorem 5.2 we have:

Corollary 5.3. Let p = 1 (mod 4) be a prime, b,k € Z, 4 1 b*> + k? and

ptk(b? + 4k?). Suppose p = 22 + b?jlff;y for some x,y € Z. Then

P Upos (b, —K?) = (g) _ (D%,

Remark 5.1 When k£ = 1 and 2 t b, Corollary 5.3 has been given in [Sub,
Theorem 5.3]. See also [Su6, Corollary 7.1].
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Theorem 5.3. Let p = 1 (mod 4) be a prime, bk € Z, 2 || b, 2 1 k and
p 1 k(b? + 4k?). Suppose p = %aﬂ + 2y% for some x,y € Z. Then
p | Up-1(b,—k?) if and only if (—1)% (%) = (-1)%.

Proof. As p=1 (mod 4) we have 24z and 2 | y. Thus p = —b2+84k2 %+

p—1 (5)2+k2—2
2y = 2((3)? + k?) (mod 8) and hence (2) =7 =) =
Therefore, by (3.2) and Corollary 5.2 we have

2%
P Upzs (b, —K?) <= Vi (b, —K?) 52(?> (mod p)

by2 _
— (—1) 5t = (%)
p
— (—1)(%’82’1% _ (_1)%)22'“2’2 (E)
P

This proves the theorem.

Corollary 5.4. Letb € {2,14}. Let p # 2b+1 be a prime of the form 4n+1.
Then p | UpTﬂ(b, —9) if and only if p = x* + 8(2b + 1)y? with z,y € Z and
(=1)¥ = (&), orp=(2b+ 1)a? + 8y* with x,y € Z and (—1)¥ = —(§).

Proof. From Remark 3.2 we know that p f Up—1 (b, —9) when (#2) = —1.

If p = 22 4+8(2b+1)y2 or (2b+1)22+8y2, then clearly (4££2) = (Z224D) —

So the result holds when (4”174'2) = —1. Now assume (4b;'2) = (_4;;_2) =1.

From [SW, Table 9.1] we know that p = 22 + (4b + 2)y? or (2b + 1)a? + 2y
according as (_72) = (gpq) = 1lor (_72) = (g57) = —1. If p=1 (mod 8)

and (g57) = 1, then p = 2%+ (4b+2)y® with 2 | y. Taking k = 3 in Corollary

5.3 we see that

PIUs(,-9) = ()= (0% = ()=t

If p=5 (mod 8) and (5f7) = —1, then p = (2b 4 1)2* 4 2y* with 2 | y.

Taking £ = 3 in Theorem 5.3 we obtain

plU(b-9) = (D% (5) =(0f = (-t =—(}).

The proof is now complete.
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Theorem 5.4. Let p be an odd prime.
(i) If p=1,9,11,19 (mod 40) and hence p = x* + 10y? for some integers
x and y, then

Ups (6 1)_{0(modp) if p=1,9 (mod 40),
I | % (mod p) if p=11,19 (mod 40) and 4 |z —y

x

and

(=1)% (mod p) ifp=1,9 (mod 40),
Upta (6, _1) = .
2 2 (mod p) if p=11,19 (mod 40) and 4 | z — y.
(ii) If p = 13,37 (mod 40) and hence p = 5x% + 2y? for some integers x
and y, then p | Up%l (6,—1) and UPTH (6,—1) = (=1)2+! (mod p).

Proof. From (1.3) and Corollary 4.10 we deduce (i). Putting b = 6 and
k =1 in Corollary 5.2 we deduce (ii). So the theorem is proved.

Theorem 5.5. Let p be an odd prime.

(i) If (_72) = (&) =1 and hence p = x* + 58y> for some integers x and

Yy, then

Uprl(].4, gy = { (;y(mod p) ifp=1 (mod ),

22 (mod p) ifp=3 (mod 8) and4 |z —y

and

(=1)% (mod p) ifp=1 (mod 8),

—3% (mod p) ifp=3 (mod 8) and 4 | z — y.

UPTH(M, -9) = {
ii) If p = 5 (mod 8), (&) = —1 and hence p = 2922 + 2y? for some
29

integers x and y, then p | Up—1(14,—9) and Ups1 (14, —9) = (=1)% (mod p).

Proof. From (1.3) and Corollary 4.11 we deduce (i). Putting b = 14 and
k = 3 in Corollary 5.2 we deduce (ii). So the theorem is proved.
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