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Supercongruences and binary quadratic forms

by

Zhi-Hong Sun (Huaian)

1. Introduction. Let p > 3 be a prime. In 2003, based on his work
concerning hypergeometric functions and Calabi–Yau manifolds, Rodriguez-
Villegas [RV] conjectured the following congruences:

(1.1)

p−1∑
k=0

(
2k
k

)2
16k

≡
(
−1
p

)
(mod p2),

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k

≡
(
−3
p

)
(mod p2),

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k

≡
(
−2
p

)
(mod p2),

p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k

≡
(
−1
p

)
(mod p2),

where
(
a
p

)
is the Legendre symbol. These congruences were later confirmed

by Mortenson [M1, M2] via the Gross–Koblitz formula.
It is easily seen (see [S4]) that

(1.2)

(
−1

2

k

)2

=

(
2k
k

)2
16k

,

(
−1

3

k

)(
−2

3

k

)
=

(
2k
k

)(
3k
k

)
27k

,(
−1

4

k

)(
−3

4

k

)
=

(
2k
k

)(
4k
2k

)
64k

,

(
−1

6

k

)(
−5

6

k

)
=

(
3k
k

)(
6k
3k

)
432k

.

Let Z be the set of integers. For a prime p let Zp be the set of rational numbers
whose denominator is not divisible by p. In [S4], the author generalized (1.1)
by proving that for any odd prime p and a ∈ Zp,

(1.3)
p−1∑
k=0

(
a

k

)(
−1− a

k

)
≡ (−1)〈a〉p (mod p2),
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where 〈a〉p ∈ {0, 1, . . . , p − 1} is given by a ≡ 〈a〉p (mod p). Moreover,
q-analogues of (1.1) have been given by Guo and his coauthors in [G], [GPZ]
and [GZ].

For positive integers a, b and n, if n = ax2 + by2 for some integers x

and y, we briefly write that n = ax2 + by2. Let p be an odd prime. In [S8,
Theorem 2.8 and (6)], the author proved that

(1.4)
p−1∑
k=0

(
2k

k

)2 p

16k(4k + 1)
≡ 4x2 − 2p− p2

4x2
(mod p3)

for p = x2 + 4y2 ≡ 1 (mod 4). Assume that b ∈ Zp with p + b − 〈b〉p 6≡
0 (mod p2). In Section 2, using a combinatorial identity we obtain a congru-
ence for

∑p−1
k=0

(
2k
k

)2 p
16k(k+b)

(mod p2) under the condition 〈b〉p > p
2 . In par-

ticular, we prove several congruences similar to (1.4); see Theorems 2.2–2.4.

Let p be an odd prime, a, b ∈ Zp, ab 6≡ 0 (mod p) and p + b − 〈b〉p 6≡ 0

(mod p2). In Section 3, we deduce a general congruence for
∑p−1

k=0

(
a
k

)(−1−a
k

) p
k+b

(mod p2) under the condition 1 ≤ 〈a〉p ≤ p−3
2 and 〈b〉p ≥ p−〈a〉p. In Section 4,

we derive congruences for
∑p−1

k=0

(
a
k

)(−1−a
k

)
1

k+b (mod p2) under the condition
〈b〉p ≤ p− 1− 〈a〉p. From Sections 3 and 4, we have explicit formulas for

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k

· p

3k + 1
,

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k

· p

4k + 1
,

p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k

· p

6k + 1

modulo p2, where p > 3. See Theorems 3.3–3.5 and 4.3.

Let {Dn} and {Wn} be two Apéry-like sequences given by

(1.5)

Dn =

n∑
k=0

(
n

k

)2(2k
k

)(
2n− 2k

n− k

)
,

Wn =

[n/3]∑
k=0

(
2k

k

)(
3k

k

)(
n

3k

)
(−3)n−3k,

where [x] is the greatest integer not exceeding x. The numbers Dn (n =

0, 1, 2, . . .) are called the Domb numbers. For Dn and Wn see A002895 and
A291898 in Sloane’s database “The On-Line Encyclopedia of Integer Se-
quences”, and the related papers [CZ], [S5] and [S9].

Let p be a prime with p ≡ 1 (mod 3), p = x2 +3y2 and 4p = L2 +27M2

where x, y, L,M ∈ Z and L ≡ 1 (mod 3). Appealing to Sections 2 and 3, in
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Section 5 we prove the congruences

(1.6)

p−1∑
n=0

Dn

16n
≡

p−1∑
n=0

Dn

4n
≡ 4x2 − 2p (mod p2),

p−1∑
n=0

Wn

(−3)n
≡ −L+

p

L
(mod p2),

which were conjectured by the author’s brother Z. W. Sun [Su1], [Su2].
Throughout this paper, let qp(a) = (ap−1 − 1)/p for given odd prime p

and a ∈ Z with p - a, and let H0 = 0 and Hn = 1 + 1
2 + · · ·+ 1

n (n ≥ 1).

2. Congruences for
∑p−1

k=0

(
2k
k

)2 p
16k(k+b)

(mod p2) under the condi-
tion 〈b〉p > p

2 . We begin with basic congruences for the harmonic num-
bers Hn. For an odd prime p and k ∈ {1, . . . , p− 1}, it is clear that

(2.1) Hp−1−k =

p−1∑
i=1

1

i
−

k∑
i=1

1

p− i
≡

p−1
2∑

i=1

(
1

i
+

1

p− i

)
+

k∑
i=1

1

i
≡ Hk (mod p).

It is well known (see [L]) that

(2.2)

H p−1
2
≡ −2qp(2) (mod p) and H[ p

3
] ≡ −

3

2
qp(3) (mod p) for p > 3.

For k = 1, . . . , p−12 ,

H p−1
2

+k −H p−1
2

=

k∑
i=1

1
p−1
2 + i

≡ 2

k∑
i=1

1

2i− 1
= 2H2k −Hk (mod p).

Thus, for k = 1, . . . , p−12 ,

(2.3) Hk +H p−1
2
−k ≡ Hk +H p−1

2
+k ≡ 2H2k − 2qp(2) (mod p).

From (2.2) and (2.3) we deduce the known congruences (see [L])

(2.4)
H[ p

4
] ≡ −3qp(2) (mod p),

H[ p
6
] ≡ −2qp(2)− 3

2qp(3) (mod p) for p > 3.

Let p be an odd prime, a,m ∈ Zp, k ∈ {1, . . . , p−1} and a−i 6≡ 0 (mod p2)
for i = 0, 1, . . . , k − 1. Then clearly

(2.5)
(
a+mp

k

)
≡
(
a

k

)(
1 +

k−1∑
i=0

mp

a− i

)
(mod p2).
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Hence, for a 6≡ 0 (mod p) and k = 1, . . . , 〈a〉p,(
a+mp

k

)
≡
(
a

k

)(
1 +mp

k−1∑
i=0

1

〈a〉p − i

)
(2.6)

≡
(
a

k

)
(1 +mp(H〈a〉p −H〈a〉p−k)) (mod p2).

Theorem 2.1. Let p be an odd prime, b∈Zp, 〈b〉p> p
2 and s=(b−〈b〉p)/p

6≡−1 (mod p). Then

p−1∑
k=0

(
2k
k

)2
16k

· p

k + b
≡

(p−1)/2∑
k=0

(
2k
k

)2
16k

· p

k + b

≡

(
2(〈b〉p− p+1

2
)

〈b〉p− p+1
2

)2
16〈b〉p−

p+1
2 (s+ 1)

(1 + p(2s+ 1)(Hp−〈b〉p −H〈b〉p− p+1
2
))

≡ 1

s+ 1

( p−1
2

p− 〈b〉p

)2(
1 + p(2qp(2) + (2s+ 2)Hp−〈b〉p − (2s+ 1)H〈b〉p− p+1

2
)
)

≡

(2(p−〈b〉p)
p−〈b〉p

)2
16p−〈b〉p(s+ 1)

(
1 + p(2s+ 2)(Hp−〈b〉p −H〈b〉p− p+1

2
)
)
(mod p2).

Proof. It is well known (see [S8, (7)]) that for b 6∈ {0,−1, . . . ,−n},

(2.7)
n∑

k=0

(
2k

k

)
(−1)k

(
n+ k

2k

)
1

k + b
= (−1)n (b− 1)(b− 2) · · · (b− n)

b(b+ 1) · · · (b+ n)
.

From [S1, Lemma 2.2], for k = 1, . . . , p−12 ,

(2.8)
(
2k
k

)
(−16)k

≡
(
1 + p2

k∑
i=1

1

(2i− 1)2

)(p−1
2 + k

2k

)
(mod p4).

Appealing to (2.7) and (2.8), we get

(p−1)/2∑
k=0

(
2k
k

)2
16k

· p

k + b

≡
(p−1)/2∑
k=0

(
2k

k

)
(−1)k

(p−1
2 + k

2k

)(
1 + p2

k∑
i=1

1

(2i− 1)2

)
p

k + b
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≡
(p−1)/2∑
k=0

(
2k

k

)
(−1)k

(p−1
2 + k

2k

)
p

k + b
+

(
2(p− 〈b〉p)
p− 〈b〉p

)
(−1)p−〈b〉p

×
(p−1

2 + p− 〈b〉p
2(p− 〈b〉p)

)(
p2

p−〈b〉p∑
i=1

1

(2i− 1)2

) p

p− 〈b〉p + b

≡
(−1)

p−1
2 (b− 1)(b− 2) · · ·

(
b− p−1

2

)
b(b+ 1) · · · (b+ p− 〈b〉p − 1)

b+p−〈b〉p
p (b+ p− 〈b〉p + 1) · · ·

(
b+ p−1

2

)
+

(−1)p−〈b〉p
s+1

(
2(p−〈b〉p)
p−〈b〉p

)( (2(p−〈b〉p)
p−〈b〉p

)
(−16)p−〈b〉p

−
(p−1

2 +p−〈b〉p
2(p−〈b〉p)

))
(mod p3).

That is,

(2.9)
(p−1)/2∑
k=0

(
2k
k

)2
16k

· p

k + b
≡

(−1)p−〈b〉p
(b−1

p−1
2

)( p−1
2

〈b〉p− p+1
2

)
(s+ 1)

(−1+p+b−〈b〉p
p−〈b〉p

)(−1−(p+b−〈b〉p)
〈b〉p− p+1

2

)
+

(−1)p−〈b〉p
s+ 1

(
2(p− 〈b〉p)
p− 〈b〉p

)( (2(p−〈b〉p)
p−〈b〉p

)
(−16)p−〈b〉p

−
(p−1

2 + p− 〈b〉p
2(p− 〈b〉p)

))
(mod p3).

From (2.9), (2.8), (2.6), (2.1) and the fact Hp−1 ≡ 0 (mod p), we obtain

(p−1)/2∑
k=0

(
2k
k

)2
16k

· p

k + b

≡
(−1)p−〈b〉p

(〈b〉p−1+ps
p−1
2

)( p−1
2

〈b〉p− p+1
2

)
(s+ 1)

(−1+p(s+1)
p−〈b〉p

)(−1−p(s+1)

〈b〉p− p+1
2

)
≡ (−1)〈b〉p−

p+1
2

s+ 1
·

(〈b〉p−1
p−1
2

)
(1 + ps(H〈b〉p−1 −H〈b〉p− p+1

2
))
( p−1

2

〈b〉p− p+1
2

)
(1− p(s+ 1)Hp−〈b〉p)(1 + p(s+ 1)H〈b〉p− p+1

2
)

≡ 1

s+ 1
(−1)〈b〉p−

p+1
2

(〈b〉p − 1
p−1
2

)( p−1
2

〈b〉p − p+1
2

)
×
(
1 + ps(Hp−〈b〉p −H〈b〉p− p+1

2
)
)(
1 + p(s+ 1)Hp−〈b〉p

)
×
(
1− p(s+ 1)H〈b〉p− p+1

2

)
≡ 1

s+ 1
(−1)〈b〉p−

p+1
2

(p−1
2 + 〈b〉p − p+1

2

〈b〉p − p+1
2

)( p−1
2

〈b〉p − p+1
2

)
×
(
1 + p(2s+ 1)(Hp−〈b〉p −H〈b〉p− p+1

2
)
)
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=
1

s+ 1
(−1)〈b〉p−

p+1
2

(
2(〈b〉p − p+1

2 )

〈b〉p − p+1
2

)(p−1
2 + 〈b〉p − p+1

2

2(〈b〉p − p+1
2 )

)
×
(
1 + p(2s+ 1)(Hp−〈b〉p −H〈b〉p− p+1

2
)
)

≡

(
2(〈b〉p− p+1

2
)

〈b〉p− p+1
2

)2
16〈b〉p−

p+1
2 (s+ 1)

(
1 + p(2s+ 1)(Hp−〈b〉p −H〈b〉p− p+1

2
)
)
(mod p2).

By [S1, Lemma 2.4], for k = 1, . . . , p−12 ,

(2.10)
(p−1

2

k

)
≡
(
2k
k

)
(−4)k

(
1− p(H2k − 1

2Hk)
)
(mod p2).

Thus,

(2.11)
(
2k
k

)2
16k

≡
(p−1

2

k

)2

(1 + 2pH2k − pHk) (mod p2).

Now, from the above, (2.1) and (2.3), we deduce

(p−1)/2∑
k=0

(
2k
k

)2
16k

· p

k + b

≡ 1

s+ 1

( p−1
2

〈b〉p − p+1
2

)2

(1 + 2pH2〈b〉p−p−1 − pH〈b〉p− p+1
2
)

× (1 + p(2s+ 1)(Hp−〈b〉p −H〈b〉p− p+1
2
))

≡ 1

s+ 1

( p−1
2

p− 〈b〉p

)2(
1 + p(2H2(p−〈b〉p) + (2s+ 1)Hp−〈b〉p

− (2s+ 2)H〈b〉p− p+1
2
)
)

≡ 1

s+ 1

( p−1
2

p− 〈b〉p

)2(
1 + p(2qp(2) + (2s+ 2)Hp−〈b〉p

− (2s+ 1)H〈b〉p− p+1
2
)
)

≡ 1

16p−〈b〉p(s+ 1)

(
2(p− 〈b〉p)
p− 〈b〉p

)2

(1− 2pH2p−2〈b〉p + pHp−〈b〉p)

×
(
1 + p(2H2(p−〈b〉p) + (2s+ 1)Hp−〈b〉p − (2s+ 2)H〈b〉p− p+1

2
)
)

≡

(2(p−〈b〉p)
p−〈b〉p

)2
16p−〈b〉p(s+ 1)

(
1 + p(2s+ 2)(Hp−〈b〉p −H〈b〉p− p+1

2
)
)
(mod p2).

To complete the proof, we note that p |
(
2k
k

)
for p

2 < k < p.
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Corollary 2.1. Let p be an odd prime, b ∈ Zp, 〈b〉p > p
2 and s =

(b− 〈b〉p)/p 6≡ −1,−1
2 (mod p). Then

p−1∑
k=0

(
2k
k

)2
16k

· p

k + 1
2 − b

≡ −2s+ 2

2s+ 1

p−1∑
k=0

(
2k
k

)2
16k

· p

k + b
(mod p2).

Proof. Set b′ = 1
2 − b and s′ = (b′ − 〈b′〉p)/p. Then

〈b′〉p = p+
p+ 1

2
− 〈b〉p >

p

2
and s′ = −3

2
− s.

By Theorem 2.1,

(s′ + 1)

p−1∑
k=0

(
2k
k

)2
16k

· p

k + b′

≡
( p−1

2

p− 〈b′〉p

)2(
1 + p(2qp(2) + (2s′ + 2)Hp−〈b′〉p − (2s′ + 1)H〈b′〉p− p+1

2
)
)

=

( p−1
2

p− 〈b〉p

)2(
1 + p(2qp(2) + (2s+ 2)Hp−〈b〉p − (2s+ 1)H〈b〉p− p+1

2
)
)

≡ (s+ 1)

p−1∑
k=0

(
2k
k

)2
16k

· p

k + b
(mod p2).

This yields the result.

Theorem 2.2. Let p be a prime with p ≡ 1 (mod 3) and so p = x2+3y2.
Then

p−1∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1
≡

p−1∑
k=0

(
2k

k

)2 1

16k
· p

6k + 1
≡ 4x2 − 2p (mod p2).

Proof. Putting b = 1
3 in Theorem 2.1 and noting that 〈b〉p = 2p+1

3 and
s = −2

3 we get
p−1∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1

≡
(p−1

2
p−1
3

)2(
1 + p

(
2qp(2) +

2
3H p−1

3
+ 1

3H p−1
6

))
≡
(p−1

2
p−1
3

)2(
1 + p

(
2qp(2) +

2
3

(
−3

2qp(3)
)
+ 1

3

(
−2qp(2)− 3

2qp(3)
)))

=

(p−1
2

p−1
6

)2(
1 + p

(
4
3qp(2)−

3
2qp(3)

))
(mod p2),
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where we have used (2.2) and (2.4). By [Y] or [BEW, Theorem 9.4.4], for
x ≡ 1 (mod 3),

(2.12)
(p−1

2
p−1
6

)
≡
(
2x− p

2x

)(
1− 2

3pqp(2) +
3
4pqp(3)

)
(mod p2).

Thus,

(2.13)
(p−1

2
p−1
6

)2

≡ (4x2 − 2p)
(
1− 4

3pqp(2) +
3
2pqp(3)

)
(mod p2).

Hence
p−1∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1

≡ (4x2 − 2p)
(
1− p

(
4
3qp(2)−

3
2qp(3)

))(
1 + p

(
4
3qp(2)−

3
2qp(3)

))
≡ 4x2 − 2p (mod p2).

Taking b = 1
3 in Corollary 2.1 gives

p−1∑
k=0

(
2k

k

)2 1

16k
· p

6k + 1
≡

p−1∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1
(mod p2).

Thus, the theorem is proved.

Theorem 2.3. Let p > 3 be a prime with p ≡ 1, 3 (mod 8) and so
p = x2 + 2y2. Then

(2− (−1)
p−1
2 )

p−1∑
k=0

(
2k

k

)2 1

16k
· p

8k + 1

≡
(
2 + (−1)

p−1
2
) p−1∑
k=0

(
2k

k

)2 1

16k
· p

8k + 3
≡ 4x2 − 2p (mod p2).

Proof. Since 3
8 = 1

2 −
1
8 , from Corollary 2.1 we only need to prove the

congruence for
∑p−1

k=0

(
2k
k

)2 1
16k
· p
8k+1 (mod p2). Set b = 1

8 . For p ≡ 1 (mod 8),
〈b〉p = 7p+1

8 > p
2 , p − 〈b〉p = p−1

8 , 〈b〉p − p+1
2 = 3(p−1)

8 and s =
b−〈b〉p

p = −7
8 .

From Theorem 2.1,

1

8

p−1∑
k=0

(
2k

k

)2 1

16k
· p

k + 1/8

≡
( p−1

2

[p/8]

)2(
1 + p

(
2qp(2) +

1
4H[ p

8
] +

3
4H[ 3p

8
]

))
(mod p2).

For p ≡ 3 (mod 8), 〈b〉p = 5p+1
8 > p

2 , p− 〈b〉p =
[3p
8

]
, 〈b〉p − p+1

2 =
[p
8

]
and
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s =
b−〈b〉p

p = −5
8 . By Theorem 2.1,

3

8

p−1∑
k=0

(
2k

k

)2 1

16k
· p

k + 1/8

≡
( p−1

2

[p/8]

)2(
1 + p

(
2qp(2) +

3
4H[ 3p

8
] +

1
4H[ p

8
]

))
(mod p2).

By (2.3) and (2.4), H[ p
8
]+H[ 3p

8
] ≡ 2H[ p

4
]−2qp(2) ≡ −8qp(2) (mod p). Hence,

for p ≡ 1, 3 (mod 8),

(2− (−1)
p−1
2 )

p−1∑
k=0

(
2k

k

)2 1

16k
· p

8k + 1

≡
( p−1

2

[p/8]

)2(
1 + p

(
2qp(2) +

3
4(−8qp(2))−

2
4H[ p

8
]

))
=

( p−1
2

[p/8]

)2(
1− p

(
4qp(2) +

1
2H[ p

8
]

))
(mod p2).

On the other hand, taking m = 4 and r = −1 in [S4, Theorem 3.2(iii)] and
then applying (2.3)–(2.4) gives

p−1∑
k=0

(
2k
k

)(
4k
2k

)
128k

=

p−1∑
k=0

(
−1

4

k

)(
−3

4

k

)
1

2k

≡
( p−1

2

[p/8]

)(
1 + p

(
3
4H[ p

4
] − 1

4H[ p
8
] +

1
4qp(2)

))
≡
( p−1

2

[p/8]

)(
1− p

(
2qp(2) +

1
4H[ p

8
]

))
(mod p2).

From [S2, Theorem 4.3],

p−1∑
k=0

(
2k

k

)(
4k

2k

)
128−k ≡ (−1)[

p
8
]+ p−1

2

(
2x− p

2x

)
(mod p2),

where x ≡ 1 (mod 4). Thus,

4x2 − 2p ≡
(
2x− p

2x

)2

≡
( p−1∑

k=0

(
2k
k

)(
4k
2k

)
128k

)2

≡
( p−1

2

[p/8]

)2(
1− p

(
2qp(2) +

1
4H[ p

8
]

))2
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≡
( p−1

2

[p/8]

)2(
1− 2p

(
2qp(2) +

1
4H[ p

8
]

))
≡ (2− (−1)

p−1
2 )

p−1∑
k=0

(
2k

k

)2 1

16k
· p

8k + 1
(mod p2).

This proves the theorem.

Theorem 2.4. Let p be a prime, p > 5, p ≡ 1 (mod 4) and so p = x2+y2

with 2 - x. Then(
3

(
p

3

)
− 2

) p−1∑
k=0

(
2k

k

)2 1

16k
· p

12k + 1

≡
(
3

(
p

3

)
+ 2

) p−1∑
k=0

(
2k

k

)2 1

16k
· p

12k + 5
≡ 4x2 − 2p (mod p2).

Proof. Since 5
12 = 1

2 −
1
12 , from Corollary 2.1 we only need to prove the

congruence for
∑p−1

k=0

(
2k
k

)2 1
16k
· p
12k+1 (mod p2). Set b= 1

12 . For p≡ 1 (mod 12),
〈b〉p = 11p+1

12 > p
2 , p−〈b〉p =

p−1
12 , 〈b〉p− p+1

2 = 5(p−1)
12 and s =

b−〈b〉p
p = −11

12 .
From Theorem 2.1,

p−1∑
k=0

(
2k

k

)2 1

16k
· p

12k + 1

≡
( p−1

2[ p
12

])2(
1 + p

(
2qp(2) +

1
6H[p/12] +

5
6H[ 5p

12
]

))
(mod p2).

For p ≡ 5 (mod 12), 〈b〉p = 7p+1
12 > p

2 , p−〈b〉p =
5p−1
12 , 〈b〉p− p+1

2 = p−5
12 and

s =
b−〈b〉p

p = − 7
12 . By Theorem 2.1,(

1− 7

12

) p−1∑
k=0

(
2k

k

)2 1

16k
· p

k + 1/12

≡
( p−1

2[ p
12

])2(
1 + p

(
2qp(2) +

1
6H[ p

12
] +

5
6H[ 5p

12
]

))
(mod p2).

Since
[ p
12

]
+
[5p
12

]
= p−1

2 , from (2.3) and (2.4),

H[ 5p
12

] +H[ p
12

] ≡ 2H[ p
6
] − 2qp(2) ≡ −6qp(2)− 3qp(3) (mod p).

Thus,

2qp(2) +
1
6H[ p

12
] +

5
6H[ 5p

12
] ≡ 2qp(2)− 4

6H[ p
12

] +
5
6(−6qp(2)− 3qp(3))

= −3qp(2)− 5
2qp(3)−

2
3H[ p

12
] (mod p).



Supercongruences and binary quadratic forms 11

On the other hand, putting m = 6 and r = −1 in [S4, Theorem 3.2(iii)] and
then applying (2.3)–(2.4) yields

p−1∑
k=0

(
3k
k

)(
6k
3k

)
864k

=

p−1∑
k=0

(
−1

6

k

)(
−5

6

k

)
1

2k

≡
( p−1

2[ p
12

])(1 + p
(
5
6H[ p

6
] − 1

3H[ p
12

] +
1
6qp(2)

))
≡
( p−1

2[ p
12

])(1− p
(
3
2qp(2) +

5
4qp(3) +

1
3H[ p

12
]

))
(mod p2).

By [S3, Theorem 3.2],
p−1∑
k=0

(
3k

k

)(
6k

3k

)
864−k ≡ 2c− p

2c
(mod p2),

where

c =


x if p ≡ 1 (mod 12) and 3 - x,
−x if p ≡ 1 (mod 12) and 3 |x,
y if p ≡ 5 (mod 12) and y ≡ x (mod 3)

and x ≡ 1 (mod 4). Hence,

2c− p

2c
≡
( p−1

2[ p
12

])(1− p
(
3
2qp(2) +

5
4qp(3) +

1
3H[ p

12
]

))
(mod p2)

and so

4c2 − 2p ≡
( p−1

2[ p
12

])2(
1− p

(
3qp(2) +

5
2qp(3) +

2
3H[ p

12
]

))
≡
(
3− 2

(
p

3

)) p−1∑
k=0

(
2k

k

)2 1

16k
· p

12k + 1
(mod p2).

To complete the proof, we note that 4c2 − 2p =
(p
3

)
(4x2 − 2p).

Based on calculations with Maple, we pose the following conjectures.

Conjecture 2.1. Let p be a prime such that p ≡ 1 (mod 6) and so
p = x2 + 3y2. Then

p−1∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1
≡

p−1∑
k=0

(
2k

k

)2 1

16k
· p

6k + 1

≡ 4x2 − 2p− p2

4x2
(mod p3).
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Conjecture 2.2. Let p be a prime with p > 3, p ≡ 1, 3 (mod 8) and so
p = x2 + 2y2. Then

(2− (−1)
p−1
2 )

p−1∑
k=0

(
2k

k

)2 1

16k
· p

8k + 1

≡ (2 + (−1)
p−1
2 )

p−1∑
k=0

(
2k

k

)2 1

16k
· p

8k + 3
≡ 4x2 − 2p− p2

4x2
(mod p3).

Conjecture 2.3. Let p be a prime, p > 5, p ≡ 1 (mod 4) and so
p = x2 + y2 with 2 - x. Then(
3

(
p

3

)
− 2

) p−1∑
k=0

(
2k

k

)2 1

16k
· p

12k + 1

≡
(
3

(
p

3

)
+ 2

) p−1∑
k=0

(
2k

k

)2 1

16k
· p

12k + 5
≡ 4x2 − 2p− p2

4x2
(mod p3).

3. Congruences for
∑p−1

k=0

(
a
k

)(−1−a
k

) p
k+b (mod p2) under the condi-

tion 〈b〉p ≥ p − 〈a〉p. Replacing b with 1
b in [S6, (2.2)], we see that for a

given nonnegative integer n and b 6∈ {0,−1, . . . ,−n},

(3.1)
n∑

k=0

(
a

k

)(
−1− a

k

)
a+ b

k + b
−

n∑
k=0

(
a− 1

k

)(
−a
k

)
a− b

k + b

= 2

(
a− 1

n

)(
−a− 1

n

)
.

By [S6, Lemma 2.2], for any odd prime p and a ∈ Zp with a 6≡ 0 (mod p),

(3.2)
(
a− 1

p− 1

)(
−a− 1

p− 1

)
≡ (a− 〈a〉p)(p+ a− 〈a〉p)

a2
(mod p3).

Now taking b = a in (3.1) and then applying (3.2) implies that for a 6∈
{0,−1, . . . ,−(p− 1)},

p−1∑
k=0

(
a
k

)(−1−a
k

)
k + a

=
1

a

(
a− 1

p− 1

)(
−a− 1

p− 1

)
(3.3)

≡ (a− 〈a〉p)(p+ a− 〈a〉p)
a3

(mod p3).

Lemma 3.1. Let p be an odd prime, m ∈
{
1, . . . , p−12

}
, b ∈ Zp, b 6= 0,

p + b − 〈b〉p 6≡ 0 (mod p2) and 〈b〉p 6∈
{p−1

2 , p−12 − 1, . . . , p−12 − (m − 1)
}
.
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Then
p−1∑
k=0

(
−1

2 −m

k

)(
−1

2 +m

k

)
p

k + b

≡
(− 1

2
+b

m

)(− 1
2
−b

m

) p−1∑
k=0

(
2k

k

)2 p

16k(k + b)
(mod p3).

Proof. Set S(a) =
∑p−1

k=0

(
a
k

)(−1−a
k

) p
k+b . Then S(a) ∈ Zp since k + b

6≡ 0 (mod p2) for k = 0, 1, . . . , p−1. By (3.1) and (3.2), for k 6≡ p+1
2 (mod p),(

1
2 − k + b

)
S
(
1
2 − k

)
−
(
1
2 − k − b

)
S
(
− 1

2 − k
)

= 2p

(1
2 − k − 1

p− 1

)(
−
(
1
2 − k

)
− 1

p− 1

)
≡ 0 (mod p3).

Hence, for k 6≡ p+1
2 , p+1

2 − b (mod p),

S
(
−1

2 − k
)
≡

1
2 + b− k
1
2 − b− k

S
(
−1

2 − (k − 1)
)
(mod p3).

For k = 1, . . . ,m we have k 6≡ p+1
2 , p+1

2 − b (mod p) and so

S
(
−1

2 −m
)
≡

1
2 + b−m
1
2 − b−m

S
(
−1

2 − (m− 1)
)

≡
1
2 + b−m
1
2 − b−m

·
1
2 + b− (m− 1)
1
2 − b− (m− 1)

S
(
−1

2 − (m− 2)
)

≡ · · · ≡
m∏
k=1

1
2 + b− k
1
2 − b− k

S
(
−1

2

)
=

(−1/2+b
m

)(−1/2−b
m

)S(−1
2

)
(mod p3).

This together with (1.2) gives the result.

Lemma 3.2. Let p be an odd prime, a, b, r ∈ Zp, ab 6≡ 0 (mod p),
a 6≡ −1 (mod p), a− 〈a〉p 6≡ 0,−p (mod p2) and p+ b− 〈b〉p 6≡ 0 (mod p2).
Then

p−1∑
k=0

(
a+ pr

k

)(
−1− a− pr

k

)
p

k + b
−

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k + b

≡ r

1 + (b− 〈b〉p)/p

(
a

p− 〈b〉p

)(
−1− a

p− 〈b〉p

)

×
( p−1−〈b〉p∑

i=0

p

a− i
+

p−〈b〉p∑
i=1

p

a+ i

)
(mod p2).
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Proof. For 1 ≤ k ≤ 〈a〉p we see a− i 6≡ 0 (mod p) for i = 0, 1, . . . , k − 1

and so
∑k−1

i=0
pr
a−i ≡ 0 (mod p). For 〈a〉p < k ≤ p − 1, we have

(
a
k

)
≡(〈a〉p

k

)
= 0 (mod p). Thus,

(
a
k

)∑k−1
i=0

pr
a−i ≡ 0 (mod p) for k = 1, . . . , p − 1.

Similarly,
(−1−a

k

)∑k−1
i=0

pr
a+1+i ≡ 0 (mod p) for k = 1, . . . , p − 1. Hence, for

k = 1, . . . , p− 1,(
a

k

)(
−1− a

k

)( k−1∑
i=0

pr

a− i

) k−1∑
i=0

pr

a+ 1 + i
≡ 0 (mod p2).

From (2.5) and the above,(
a+ pr

p− 〈b〉p

)(
−1− a− pr

p− 〈b〉p

)

≡
(

a

p− 〈b〉p

)(
1 +

p−1−〈b〉p∑
i=0

pr

a− i

)(
−1− a

p− 〈b〉p

)(
1 +

p−1−〈b〉p∑
i=0

−pr
−1− a− i

)

≡
(

a

p− 〈b〉p

)(
−1− a

p− 〈b〉p

)(
1 +

p−1−〈b〉p∑
i=0

pr

a− i
+

p−〈b〉p∑
i=1

pr

a+ i

)
(mod p2).

On the other hand,

p−1∑
k=0

(
a+ pr

k

)(
−1− a− pr

k

)
p

k + b

=

(
a+ pr

p− 〈b〉p

)(
−1− a− pr

p− 〈b〉p

)
p

p− 〈b〉p + b

+ p

p−1∑
k=0

k 6=p−〈b〉p

(
a+ pr

k

)(
−1− a− pr

k

)
1

k + b

≡
((

a+ pr

p− 〈b〉p

)(
−1− a− pr

p− 〈b〉p

)
−
(

a

p− 〈b〉p

)(
−1− a

p− 〈b〉p

))
p

p− 〈b〉p + b

+

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k + b
(mod p2).

Now, combining all the above proves the lemma.

Theorem 3.1. Let p be an odd prime, a, b ∈ Zp, 1 ≤ 〈a〉p ≤ p−3
2 ,

〈b〉p ≥ p − 〈a〉p, t = (a − 〈a〉p)/p 6≡ 0,−1 (mod p) and s = (b − 〈b〉p)/p
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6≡ −1 (mod p). Then

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k + b

≡ t+ 1/2

s+ 1
(−1)p−〈b〉p

(
〈a〉p

p− 〈b〉p

)(
〈a〉p + p− 〈b〉p

p− 〈b〉p

)
× p(H〈a〉p+p−〈b〉p −H〈a〉p+〈b〉p−p)

+

(
〈b〉p− p+1

2
p−1
2
−〈a〉p

)
( 3p−1

2
−〈b〉p

p−1
2
−〈a〉p

)(1 + p(2s+ 2)H〈b〉p− p+1
2
− p

2s+ 1

2
H〈a〉p+〈b〉p−p

− p
2s+ 3

2
H〈a〉p+p−〈b〉p

) p−1∑
k=0

(
2k

k

)2 p

16k(k + b)
(mod p2).

Proof. Set m = p−1
2 − 〈a〉p. Then

1 ≤ m <
p− 1

2
, 〈b〉p 6∈

{
p− 1

2
,
p− 1

2
− 1, . . . ,

p− 1

2
− (m− 1)

}
and

−1

2
−m = 〈a〉p −

p

2
= a− p

(
t+

1

2

)
.

Taking r = −t− 1
2 in Lemma 3.2 gives

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k + b
−

p−1∑
k=0

(
−1

2 −m

k

)(
−1

2 +m

k

)
p

k + b

≡
t+ 1

2

s+ 1

(
a

p− 〈b〉p

)(
−1− a

p− 〈b〉p

)( p−1−〈b〉p∑
i=0

p

a− i
+

p−〈b〉p∑
i=1

p

a+ i

)

≡ p
t+ 1

2

s+ 1

(
〈a〉p

p− 〈b〉p

)(
−1− 〈a〉p
p− 〈b〉p

)( p−1−〈b〉p∑
i=0

1

〈a〉p − i
+

p−〈b〉p∑
i=1

1

〈a〉p + i

)

≡ p
t+ 1

2

s+ 1

(
〈a〉p

p− 〈b〉p

)(
−1− 〈a〉p
p− 〈b〉p

)
× (H〈a〉p −H〈a〉p+〈b〉p−p +H〈a〉p+p−〈b〉p −H〈a〉p)
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= p
t+ 1/2

s+ 1
(−1)p−〈b〉p

(
〈a〉p

p− 〈b〉p

)(
〈a〉p + p− 〈b〉p

p− 〈b〉p

)
× (H〈a〉p+p−〈b〉p −H〈a〉p+〈b〉p−p) (mod p2).

By Lemma 3.1,

p−1∑
k=0

(
−1

2 −m

k

)(
−1

2 +m

k

)
p

k + b

≡
(− 1

2
+b

m

)(− 1
2
−b

m

) p−1∑
k=0

(
2k

k

)2 p

16k(k + b)
(mod p2).

Since 〈b〉p ≥ p− 〈a〉p, appealing to (2.6) and (2.1),(− 1
2
+b

m

)(− 1
2
−b

m

) =

(〈b〉p− p+1
2

+p(s+ 1
2
)

m

)( 3p−1
2
−〈b〉p−p(s+ 3

2
)

m

)
≡

(
〈b〉p− p+1

2
p−1
2
−〈a〉p

)
(1 + p(s+ 1

2)(H〈b〉p− p+1
2
−H〈a〉p+〈b〉p−p))( 3p−1

2
−〈b〉p

p−1
2
−〈a〉p

)(
1− p

(
s+ 3

2

)
(H 3p−1

2
−〈b〉p −Hp−〈b〉p+〈a〉p)

)
≡

(
〈b〉p− p+1

2
p−1
2
−〈a〉p

)
( 3p−1

2
−〈b〉p

p−1
2
−〈a〉p

)(1 + p
(
s+ 1

2

)
(H〈b〉p− p+1

2
−H〈a〉p+〈b〉p−p)

)
×
(
1 + p

(
s+ 3

2

)
(H〈b〉p− p+1

2
−Hp−〈b〉p+〈a〉p)

)

≡

(
〈b〉p− p+1

2
p−1
2
−〈a〉p

)
( 3p−1

2
−〈b〉p

p−1
2
−〈a〉p

)(1 + p(2s+ 2)H〈b〉p− p+1
2
− p

2s+ 1

2
H〈a〉p+〈b〉p−p

− p
2s+ 3

2
Hp−〈b〉p+〈a〉p

)
(mod p2).

Now combining the above proves the theorem.

Theorem 3.2. Let p be an odd prime, a ∈ Zp, 1 ≤ 〈a〉p ≤ p−3
2 and

t =
a−〈a〉p

p 6≡ 0,−1 (mod p). Then

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k − a

≡ (−1)〈a〉p−1
(
2〈a〉p
〈a〉p

)(
1

t
+ 2p(H2〈a〉p −H〈a〉p)

)
(mod p2).
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Proof. Taking b = −a in Theorem 3.1 and noting that 〈b〉p = p − 〈a〉p,
s = (b− 〈b〉p)/p = −t− 1 and H0 = 0 we get

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k − a
≡ −pt+ 1/2

t
(−1)〈a〉p

(
2〈a〉p
〈a〉p

)
H2〈a〉p

+

(p−1
2 + 〈a〉p

p−1
2 − 〈a〉p

)−1(
1− 2ptH p−1

2
−〈a〉p + p

2t− 1

2
H2〈a〉p

)
×

p−1∑
k=0

(
2k

k

)2 p

16k(k − a)
(mod p2).

By (2.8),
( p−1

2
+〈a〉p

p−1
2
−〈a〉p

)
≡
(2〈a〉p
〈a〉p

)
(−16)−〈a〉p (mod p2). From Theorem 2.1,

p−1∑
k=0

(
2k

k

)2 p

16k(k − a)

≡ −1

t

(
2〈a〉p
〈a〉p

)2

16−〈a〉p(1− 2pt(H〈a〉p −H p−1
2
−〈a〉p)) (mod p2).

Hence, from the above we deduce that

p−1∑
k=0

(
a

k

)(
−1− a

k

)
p

k − a

≡ −pt+ 1/2

t
(−1)〈a〉p

(
2〈a〉p
〈a〉p

)
H2〈a〉p −

1

t
(−1)〈a〉p

(
2〈a〉p
〈a〉p

)
× (1− 2pt(H〈a〉p −H p−1

2
−〈a〉p))

(
1− 2ptH p−1

2
−〈a〉p + p

2t− 1

2
H2〈a〉p

)

≡ −p
(
1 +

1

2t

)
(−1)〈a〉p

(
2〈a〉p
〈a〉p

)
H2〈a〉p − (−1)〈a〉p

(
2〈a〉p
〈a〉p

)
×
(
1

t
− 2pH〈a〉p + 2pH p−1

2
−〈a〉p − 2pH p−1

2
−〈a〉p + p

(
1− 1

2t

)
H2〈a〉p

)
= (−1)〈a〉p−1

(
2〈a〉p
〈a〉p

)(
1

t
+ 2p(H2〈a〉p −H〈a〉p)

)
(mod p2).

This proves the theorem.

Theorem 3.3. Let p be a prime, p ≡ 1 (mod 4) and p = x2 + y2 with
x ≡ 1 (mod 4). Then

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k

· p

4k + 1
≡ (−1)

p−1
4

(
2x− p

2x

)
(mod p2).
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Proof. Taking a = −1
4 in Theorem 3.2 and noting that 〈a〉p = p−1

4 and
t = −1

4 we get

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k

· p

4k + 1
=

1

4

p−1∑
k=0

(
−1

4

k

)(
−3

4

k

)
p

k −
(
−1

4

)
≡ (−1)

p−1
4

(p−1
2

p−1
4

)(
1− p

2
(H p−1

2
−H p−1

4
)

)
≡ (−1)

p−1
4

(p−1
2

p−1
4

)(
1− p

2
qp(2)

)
(mod p2),

where we have used (2.2) and (2.4). By [CDE] or [BEW, Theorem 9.4.3],( p−1
2

p−1
4

)
≡
(
2x− p

2x

)(
1 + p

2qp(2)
)
(mod p2). Thus,

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k

· p

4k + 1
≡ (−1)

p−1
4

(
2x− p

2x

)(
1 +

p

2
qp(2)

)(
1− p

2
qp(2)

)
≡ (−1)

p−1
4

(
2x− p

2x

)
(mod p2).

This proves the theorem.

Remark 3.1. Theorem 3.3 was conjectured by Z. W. Sun [Su1, Conjec-
ture 1.5].

Theorem 3.4. Let p be a prime with p ≡ 1 (mod 3) and so 4p =
L2 + 27M2 with L ≡ 1 (mod 3). Then

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k

· p

3k + 1
≡
(
2(p− 1)/3

(p− 1)/3

)
≡ −L+

p

L
(mod p2).

Proof. Taking a = −1
3 in Theorem 3.2 and noting that 〈a〉p = p−1

3 ,
t = −1

3 , and(
−1/3
k

)(
−2/3
k

)
=

(
2k

k

)(
3k

k

)
27−k, H 2(p−1)

3

≡ H p−1
3

(mod p),

we deduce that
p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(3k + 1)
≡
(
2(p− 1)/3

(p− 1)/3

)
(mod p2).

By [Y] or [BEW, Theorem 9.4.2],
(2(p−1)/3
(p−1)/3

)
≡ −L + p

L (mod p2). Thus the
theorem is proved.
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Theorem 3.5. Let p be a prime with p ≡ 1 (mod 6). Then

p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k

· p

6k + 1
≡ (−1)

p−1
2

5− 2p

3

(
(p− 1)/3

(p− 1)/6

)
(mod p2).

Proof. In view of (1.2), (2.2) and (2.4), putting a = −1
6 in Theorem 3.2

and noting that 〈a〉p = p−1
6 and t = −1

6 we get

p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k

· p

6k + 1
=

1

6

p−1∑
k=0

(
−1

6

k

)(
−5

6

k

)
p

k − (−1
6)

≡ (−1)
p−1
6

(
(p− 1)/3

(p− 1)/6

)(
1− p

3
(H[ p

3
] −H[ p

6
])

)
≡ (−1)

p−1
2

(
(p− 1)/3

(p− 1)/6

)(
1− 2

3
pqp(2)

)
(mod p2).

This proves the theorem.

Theorem 3.6. Let p be a prime with p ≡ 1 (mod 6) and so 4p =
L2 + 27M2. Then

p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(6k + 1)
≡ L2 − 2p (mod p2).

Proof. Set a = −1
3 and b = 1

6 . Then 〈a〉p =
p−1
3 , t = a−〈a〉p

p = −1
3 , 〈b〉p =

5p+1
6 , s =

b−〈b〉p
p = −5

6 , p− 〈b〉p = p−1
6 , 〈b〉p − p+1

2 = p−1
3 , p−1

2 − 〈a〉p = p−1
6

and 3p−1
2 − 〈b〉p = 2(p−1)

3 . By Theorem 3.1,

p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(k + 1/6)

≡ p

(p−1
3

p−1
6

)
(−1)

p−1
6

(p−1
2

p−1
6

)
(H p−1

2
−H p−1

6
)

+

((p−1)/3
(p−1)/6

)(2(p−1)/3
(p−1)/6

)(1 + p

3
(H p−1

3
+H p−1

6
− 2H p−1

2
)

)

×
p−1∑
k=0

(
2k

k

)2 p

16k(k + 1/6)
(mod p2).
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It is easy to see that for k = 1, . . . , (p− 1)/2,(p−1
2 + k

k

)
≡
(
2k

k

)
4−k
(
1 + p

k∑
i=1

1

2i− 1

)
=

(
2k

k

)
4−k
(
1 + p

(
H2k − 1

2Hk

))
(mod p2).

Hence (2(p−1)
3

p−1
6

)
≡
(p−1

3
p−1
6

)
4−

p−1
6
(
1 + p

(
H p−1

3
− 1

2H p−1
6

))
(mod p2).

Therefore, appealing to (2.2), (2.4) and (2.10) gives

p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(k + 1/6)

≡ 4
p−1
6

(p−1
2

p−1
6

)2

p(H p−1
2
−H p−1

6
) + 4

p−1
6
(
1− p

(
H p−1

3
− 1

2H p−1
6

))
×
(
1 +

p

3
(H p−1

3
+H p−1

6
− 2H p−1

2
)

) p−1∑
k=0

(
2k

k

)2 p

16k(k + 1/6)

≡ 4
p−1
6

(p−1
2

p−1
6

)2

p(H p−1
2
−H p−1

6
)

+ 4
p−1
6
(
1− 2

3pH p−1
2
− 2

3pH p−1
3

+ 5
6pH p−1

6

) p−1∑
k=0

(
2k

k

)2 6p

16k(6k + 1)

≡ 2
p−1
3 p

(p−1
2

p−1
6

)2(
−2qp(2) + 2qp(2) +

3
2qp(3)

)
+ 2

p−1
3
(
1 + 4

3pqp(2) + pqp(3)− 5
6p
(
2qp(2) +

3
2qp(3)

))
×

p−1∑
k=0

(
2k

k

)2 6p

16k(6k + 1)

≡ 2
p−1
3

(
3

2
pqp(3)

(p−1
2

p−1
6

)2

+
(
6− 2pqp(2)− 3

2pqp(3)
)

×
p−1∑
k=0

(
2k

k

)2 p

16k(6k + 1)

)
(mod p2).
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Suppose that p = x2 + 3y2 with x, y ∈ Z. From the above, Theorem 2.2
and (2.13),

p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(k + 1/6)
≡ 2

p−1
3 (4x2 − 2p)(6− 2pqp(2)) (mod p2).

By (2.10), (2.1) and (2.2),(p−1
2

p−1
6

)
≡
(2(p−1)

3
p−1
3

)
(−4)−

p−1
3
(
1− p

(
H 2(p−1)

3

− 1
2H p−1

3

))
≡
(2(p−1)

3
p−1
3

)
(−4)−

p−1
3

(
1− p

2
H p−1

3

)

≡
(2(p−1)

3
p−1
3

)
(−4)−

p−1
3
(
1 + 3

4pqp(3)
)
(mod p2).

Thus, appealing to (2.13), we get(2(p−1)
3

p−1
3

)2

≡ 16
p−1
3
(
1− 3

4pqp(3)
)2(p−1

2
p−1
6

)2

≡ 2
p−1
3 (1 + pqp(2))

(
1− 3

2pqp(3)
)
(4x2 − 2p)

(
1− 4

3pqp(2) +
3
2pqp(3)

)
≡ 2

p−1
3 (4x2 − 2p)

(
1− 1

3pqp(2)
)
(mod p2).

Suppose 4p = L2+27M2 with L ≡ 1 (mod 3). By [Y] or [BEW],
(2(p−1)/3
(p−1)/3

)
≡

−L+ p
L (mod p2). Thus,

(3.4) 2
p−1
3 (4x2−2p)

(
1− 1

3pqp(2)
)
≡
(
2(p−1)/3

(p−1)/3

)2

≡L2−2p (mod p2).

Therefore,
p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(6k + 1)
≡ 2

p−1
3 (4x2 − 2p)

(
1− 1

3pqp(2)
)

≡ L2 − 2p (mod p2).

This proves the theorem.

To conclude this section, we pose two challenging conjectures.

Conjecture 3.1. Let p be a prime with p ≡ 1 (mod 6) and so 4p =
L2 + 27M2. Then

p−1∑
k=0

(
2k

k

)(
3k

k

)
p

27k(6k + 1)
≡ L2 − 2p− p2

L2
(mod p3).
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Conjecture 3.2. Let p be a prime with p ≡ 1 (mod 6) and so p =
x2 + 3y2. Then

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k

· p

6k + 1
≡ (−1)

p−1
2

(
4x2 − 2p− p2

4x2

)
(mod p3).

4. Congruences for
∑p−1

k=0

(
a
k

)(−1−a
k

)
1

k+b (mod p2) under the condi-
tion 〈b〉p ≤ p− 1− 〈a〉p

Theorem 4.1. Let p be an odd prime, a, b ∈ Zp, ab 6≡ 0 (mod p) and
〈b〉p ≤ p − 1 − 〈a〉p. Assume that t = (a − 〈a〉p)/p and s = (b − 〈b〉p)/p
6≡ −1 (mod p). For 〈b〉p ≤ 〈a〉p we have

p−1∑
k=0

(
a

k

)(
−1− a

k

)
1

k + b
≡ p(s+ t+ 1)(s− t)

b2(s+ 1)
(〈a〉p
〈b〉p

)(p−1−〈a〉p
〈b〉p

) (mod p2).

For 〈b〉p > 〈a〉p we have

p−1∑
k=0

(
a

k

)(
−1− a

k

)
1

k + b

≡ s+ 1 + t

b(s+ 1)
·

(〈b〉p−1
〈a〉p

)
(p−1−〈b〉p
〈a〉p

)(1 + p
s+ 1

b
+ p(2s+ 1)H〈b〉p−1

− p(s− t)H〈b〉p−〈a〉p−1 − p(s+ t+ 1)H〈a〉p+〈b〉p

)
(mod p2).

Proof. For k ∈ {0, 1, . . . , p − 1} clearly k + b 6≡ 0 (mod p) for k 6=
p − 〈b〉p. For k = p − 〈b〉p we have k + b 6≡ 0 (mod p2),

(
a
k

)
=
(

a
p−〈b〉p

)
≡( 〈a〉p

p−〈b〉p

)
= 0 (mod p) and so

(
a
k

)
1

k+b ∈ Zp. Therefore,
(
a
k

)(−1−a
k

)
1

k+b ∈ Zp for
k = 0, 1, . . . , p− 1. From (3.1) and (3.2),

(4.1)
p−1∑
k=0

(
a

k

)(
−1− a

k

)
a+ b

k + b
≡

p−1∑
k=0

(
a− 1

k

)(
−a
k

)
a− b

k + b
(mod p2).

Set S(a, b) =
∑p−1

k=0

(
a
k

)(−1−a
k

)
1

k+b . By (4.1), for k = 0, 1, . . . , 〈a〉p − 1,

S(a− k, b) ≡ a− k − b

a− k + b
S(a− k − 1, b) (mod p2).

Hence,

(4.2) S(a, b) ≡
〈a〉p−1∏
k=0

a− k − b

a− k + b
· S(a− 〈a〉p, b) =

(
a−b
〈a〉p
)(

a+b
〈a〉p
)S(pt, b) (mod p2).
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It is well known that
∑p−1

k=1
1
k ≡ 0 (mod p). Thus,

p−1∑
k=1

(
pt

k

)(
−1− pt

k

)
1

k + b

=

p−1∑
k=1

(−1)k pt(pt+ k)(p2t2 − 12) · · · (p2t2 − (k − 1)2)

k!2(k + b)

≡ −
p−1∑
k=1

pt(pt+ k)

k2(k + b)
= −pt2

p−1∑
k=1

p

k2(k + b)
− t

b

p−1∑
k=1

(
p

k
− p

k + b

)

≡ − pt2

(p− 〈b〉p)2(p− 〈b〉p + b)/p
+

t

b

( p−1∑
k=0

p

k + b
− p

b

)
≡ − pt2

b2(s+ 1)
+

t

b

(
1

s+ 1
− p

b

)
(mod p2)

and so

S(pt, b) ≡ 1

b
+

p−1∑
k=1

(
pt

k

)(
−1−pt

k

)
1

k+b
≡
(
1+

t

s+1

)
1

b

(
1− pt

b

)
(mod p2).

For 〈b〉p ≤ 〈a〉p, we see that(
a−b
〈a〉p
)(

a+b
〈a〉p
) = (a−b−(〈a〉p−〈b〉p))

(a−b)(a−b−1) · · · (a−b−(〈a〉p−〈b〉p−1))

〈a〉p!

× (a− b− (〈a〉p − 〈b〉p + 1)) · · · (a− b− 〈a〉p + 1)(
a+b
〈a〉p
)

≡ p(t− s)
(〈a〉p − 〈b〉p)!
〈a〉p!

· (−1)(−2) · · · (−(〈b〉p − 1))(〈a〉p+〈b〉p
〈a〉p

)
=

p(t−s)

−〈b〉p
· (〈a〉p−〈b〉p)!(−1)

〈b〉p〈b〉p!
〈a〉p!(−1)〈b〉p

(−1−〈a〉p
〈b〉p

) ≡ p(s− t)

b
(〈a〉p
〈b〉p

)(p−1−〈a〉p
〈b〉p

) (mod p2).

For 〈b〉p > 〈a〉p, appealing to (2.6) and (2.1), we get(
a−b
〈a〉p
)(

a+b
〈a〉p
) =

(b−1−a+〈a〉p
〈a〉p

)
(−b−1−a+〈a〉p

〈a〉p

) =

(〈b〉p−1+p(s−t)
〈a〉p

)
(p−1−〈b〉p−p(s+t+1)

〈a〉p

)
≡

(〈b〉p−1
〈a〉p

)
(1 + p(s− t)(H〈b〉p−1 −H〈b〉p−〈a〉p−1))(p−1−〈b〉p

〈a〉p

)
(1− p(s+ t+ 1)(Hp−1−〈b〉p −Hp−1−〈a〉p−〈b〉p))
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≡

(〈b〉p−1
〈a〉p

)
(p−1−〈b〉p
〈a〉p

)(1 + p(s− t)(H〈b〉p−1 −H〈b〉p−〈a〉p−1)
)

×
(
1 + p(s+ t+ 1)(H〈b〉p −H〈a〉p+〈b〉p)

)
≡

(〈b〉p−1
〈a〉p

)
(p−1−〈b〉p
〈a〉p

)(1 + p
s+ t+ 1

b
+ p(2s+ 1)H〈b〉p−1

− p(s− t)H〈b〉p−〈a〉p−1−p(s+ t+1)H〈a〉p+〈b〉p

)
(mod p2).

Now combining all the above proves the theorem.

Corollary 4.1. Let p be a prime with p > 3, a ∈ Zp, 1 ≤ 〈a〉p ≤ p−3
2

and t = (a− 〈a〉p)/p 6≡ −1 (mod p). Then

p−1∑
k=0

(
a

k

)(
−1− a

k

)
1

k + a+ 1

≡ (−1)〈a〉p(2t+ 1)

(2a+ 1)(t+ 1)
(2〈a〉p
〈a〉p

)(1− 2pt(H2〈a〉p −H〈a〉p)) (mod p2).

Proof. Set b = a+1. Then 〈b〉p = 〈a〉p+1, so 〈a〉p < 〈b〉p ≤ p− 1−〈a〉p.
Now, putting b = a+ 1 in Theorem 4.1 and noting that s = t we deduce

p−1∑
k=0

(
a

k

)(
−1− a

k

)
1

k + a+ 1
≡ 2t+ 1

(a+ 1)(t+ 1)
(p−2−〈a〉p
〈a〉p

)
×
(
1 + p

t+ 1

a+ 1
− p(2t+ 1)(H2〈a〉p+1 −H〈a〉p)

)
(mod p2).

By (2.6) and (2.1), for k ∈
{
1, . . . , p−12

}
,(

p− 1− k

k

)
≡
(
−1− k

k

)
(1 + p(Hp−1−k −Hp−1−2k))

≡ (−1)k
(
2k

k

)
(1− p(H2k −Hk)) (mod p2).

Thus,(
p− 2− 〈a〉p
〈a〉p

)
≡ p− 1− 2〈a〉p

p− 1− 〈a〉p
(−1)〈a〉p

(
2〈a〉p
〈a〉p

)
(1− p(H2〈a〉p −H〈a〉p)) (mod p2).
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Since
p− 1− 2〈a〉p
p− 1− 〈a〉p

=
(p(2t+ 1)− 1− 2a)(p(t+ 1) + 1 + a)

p2(t+ 1)2 − (1 + a)2

≡ (a+ 1)(2a+ 1) + (a− t)p

(a+ 1)2
(mod p2),

from the above we see that
p−1∑
k=0

(
a

k

)(
−1− a

k

)
1

k + a+ 1

≡ (2t+ 1)(−1)〈a〉p

(a+ 1)(t+ 1) (a+1)(2a+1)+(a−t)p
(a+1)2

(2〈a〉p
〈a〉p

)
(1− p(H2〈a〉p −H〈a〉p))

×
(
1 + p

t+ 1

a+ 1
− p(2t+ 1)(H2〈a〉p+1 −H〈a〉p)

)
≡ (2t+ 1)(−1)〈a〉p

(2a+ 1)(t+ 1)
(2〈a〉p
〈a〉p

)(1− p

(
a− t

(a+ 1)(2a+ 1)
− (H2〈a〉p −H〈a〉p)

))

×
(
1 + p

(
t+ 1

a+ 1
− 2t+ 1

2a+ 1
− (2t+ 1)(H2〈a〉p −H〈a〉p)

))
≡ (2t+ 1)(−1)〈a〉p

(2a+ 1)(t+ 1)
(2〈a〉p
〈a〉p

)(1− 2pt(H2〈a〉p −H〈a〉p)) (mod p2).

This proves the corollary.

Theorem 4.2. Let p > 3 be a prime, b ∈ Zp, 〈b〉p 6= 0 and s = (b−〈b〉p)/p
6≡ −1 (mod p). Then

p−1∑
k=0

(
2k
k

)2
16k(k + b)

≡
(
s+ 1

2

)2
p

b2(s+ 1)
((p−1)/2
〈b〉p

)2 (mod p2) for 〈b〉p < p/2,(4.3)

(p−1)/2∑
k=0

(
2k
k

)2
16k(k + b)

≡ b− 〈b〉p
b2
((p−1)/2
〈b〉p

)2 (mod p2) for 〈b〉p < p/2,(4.4)

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k(k + b)

≡
(−1)〈b〉p

(
s+ 1

3

)(
s+ 2

3

)
p

b2(s+ 1)
(2〈b〉p
〈b〉p

)([p/3]+〈b〉p
[p/3]−〈b〉p

) (mod p2)(4.5)

for 〈b〉p < p/3,

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k(k + b)

≡
(−1)〈b〉p

(
s+ 1

4

)(
s+ 3

4

)
p

b2(s+ 1)
(2〈b〉p
〈b〉p

)([p/4]+〈b〉p
[p/4]−〈b〉p

) (mod p2)(4.6)

for 〈b〉p < p/4,
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p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k(k + b)

≡
(−1)〈b〉p

(
s+ 1

6

)(
s+ 5

6

)
p

b2(s+ 1)
(2〈b〉p
〈b〉p

)([p/6]+〈b〉p
[p/6]−〈b〉p

) (mod p2)(4.7)

for 〈b〉p < p/6.

Proof. Set a = −1
2 . Then 〈a〉p = p−1

2 and t = (a − 〈a〉p)/p = −1
2 . For

〈b〉p < p
2 we have 〈b〉p ≤ p − 1 − 〈a〉p = 〈a〉p. Since

(−1/2
k

)2
=
(
2k
k

)2
16−k,

taking a = −1
2 in Theorem 4.1 yields (4.3). By (2.10),

1

p

(
2(p− 〈b〉p)
p− 〈b〉p

)
≡ (p− 2〈b〉p)!(−1)〈b〉p−1(〈b〉p − 1)!

(p− 〈b〉p)!
≡ −2

b
(2〈b〉p
〈b〉p

)
≡ −2

b(−4)〈b〉p
((p−1)/2
〈b〉p

) (mod p).

Since p |
(
2k
k

)
for p

2 < k < p, from the above and (4.3),

(p−1)/2∑
k=0

(
2k
k

)2
16k(k + b)

≡
p−1∑
k=0

(
2k
k

)2
16k(k + b)

−

(2(p−〈b〉p)
p−〈b〉p

)2
16p−〈b〉p(p− 〈b〉p + b)

≡ p(s+1/2)2

b2(s+1)
((p−1)/2
〈b〉p

)2 − 1

16p−〈b〉p(s+1)
× 4p

16〈b〉pb2
((p−1)/2
〈b〉p

)2
≡ ps

b2
((p−1)/2
〈b〉p

)2 =
b− 〈b〉p

b2
((p−1)/2
〈b〉p

)2 (mod p2).

This proves (4.4).
Now consider (4.5)–(4.7). Note that for 〈b〉p ≤ 〈a〉p,(
〈a〉p
〈b〉p

)(
p− 1− 〈a〉p
〈b〉p

)
≡
(
〈a〉p
〈b〉p

)(
−1− 〈a〉p
〈b〉p

)
= (−1)〈b〉p

(
2〈b〉p
〈b〉p

)(
〈a〉p + 〈b〉p
〈a〉p − 〈b〉p

)
(mod p).

Set a = −1
3 or −2

3 according as p ≡ 1 (mod 3) or p ≡ 2 (mod 3). Then
〈a〉p=

[p
3

]
and t=(a−〈a〉p)/p=−1

3 . Recall that
(−1/3

k

)(−2/3
k

)
=
(
2k
k

)(
3k
k

)
27−k.

From Theorem 4.1 and the above we obtain (4.5).
Next consider (4.6). Set a = −1

4 or −3
4 according as p ≡ 1 (mod 4) or

p ≡ 3 (mod 4). Then 〈a〉p =
[p
4

]
and t = (a− 〈a〉p)/p = −1

4 . Recalling that(−1/4
k

)(−3/4
k

)
=
(
2k
k

)(
4k
2k

)
64−k, (4.6) follows from Theorem 4.1.

Finally, consider (4.7). Set a = −1
6 or −5

6 according as p ≡ 1 (mod 6)

or p ≡ 5 (mod 6). Then 〈a〉p =
[p
6

]
and t = (a − 〈a〉p)/p = −1

6 . Since(−1/6
k

)(−5/6
k

)
=
(
3k
k

)(
6k
3k

)
432−k, applying Theorem 4.1 yields (4.7). The proof

is now complete.
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Theorem 4.3. Let p be a prime with p > 3. Then

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k(3k + 2)

≡ 1

2
(2(p−1)/3
(p−1)/3

) (mod p2) for 3 | p− 1,(4.8)

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k(3k + 1)

≡ 1 + 2p

2
(2(p−2)/3
(p−2)/3

) (mod p2) for 3 | p− 2,(4.9)

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k(4k + 3)

≡ (−1)
p−1
4

2p−1 + 1

6
((p−1)/2
(p−1)/4

) (mod p2) for 4 | p− 1,(4.10)

p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k(4k + 1)

≡ (−1)
p+1
4

2p−1 + 2p+ 1

6
((p−3)/2
(p−3)/4

) (mod p2) for 4 | p− 3,(4.11)

p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k(6k + 5)

≡ (−1)
p−1
2

2p + 1

15
((p−1)/3
(p−1)/6

) (mod p2) for 6 | p− 1,(4.12)

p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k(6k + 1)

≡ (−1)
p+1
2

1 + p
2 + 2p−2

3

5
((p−5)/3
(p−5)/6

) (mod p2)(4.13)

for 6 | p− 5 and p > 5.

Proof. For a = −1
3 and p ≡ 1 (mod 3) we see that 〈a〉p = p−1

3 and
t =

a−〈a〉p
p = −1

3 . By (2.1), H 2(p−1)
3

≡ H p−1
3

(mod p). Thus, taking a = −1
3

in Corollary 4.1 and then applying (1.2) gives (4.8). For a = −2
3 and

p ≡ 2 (mod 3) we see that 〈a〉p = p−2
3 , t = a−〈a〉p

p = −1
3 and H2〈a〉p−H〈a〉p =

H 2(p−2)
3

−H p−2
3
≡ H p+1

3
−H p−2

3
= 1

(p+1)/3 ≡ 3 (mod p). Thus, taking a = −2
3

in Corollary 4.1 and then applying (1.2) and the above gives (4.9).

For a=−1
4 and p≡1 (mod 4) we see that 〈a〉p= p−1

4 and t=
a−〈a〉p

p =−1
4 .

By (2.2) and (2.4), H2〈a〉p − H〈a〉p = H p−1
2
− H p−1

4
≡ −2qp(2) + 3qp(2)

= qp(2) (mod p). Now taking a = −1
4 in Corollary 4.1 and then applying (1.2)

and the above yields (4.10). For a = −3
4 and p ≡ 3 (mod 4) we see that

〈a〉p = p−3
4 and t =

a−〈a〉p
p = −1

4 . By (2.2) and (2.4), H2〈a〉p − H〈a〉p =

H p−1
2
− 1

(p−1)/2 − H p−3
4
≡ 2 − 2qp(2) + 3qp(2) = 2 + qp(2) (mod p). Now

taking a = −3
4 in Corollary 4.1 and then applying (1.2) and the above

yields (4.11).

For a = −1
6 and p ≡ 1 (mod 6) we have 〈a〉p = p−1

6 and t =
a−〈a〉p

p = −1
6 .

Applying (2.2) and (2.4) givesH2〈a〉p−H〈a〉p =H p−1
3
−H p−1

6
≡2qp(2) (mod p).
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Now taking a = −1
6 in Corollary 4.1 and then applying (1.2) and the above

yields (4.12). For a = −5
6 and p ≡ 5 (mod 6) we have 〈a〉p = p−5

6 and
t =

a−〈a〉p
p = −1

6 . By (2.2) and (2.4), H2〈a〉p−H〈a〉p = H p−2
3
− 1

(p−2)/3−H p−5
6

≡ 3
2 + 2qp(2) (mod p). Now taking a = −5

6 in Corollary 4.1 and then apply-
ing (1.2) and the above yields (4.13). The proof is now complete.

Based on calculations by Maple, we pose two conjectures.

Conjecture 4.1. Let p be a prime with p ≡ 1 (mod 4). Then
p−1∑
k=0

(
3k
k

)(
6k
3k

)
432k(4k + 1)

≡

{
(−1)y (mod p2) if p = x2 + 9y2 ≡ 1 (mod 12),
(−3)

p−1
4 (mod p) if p ≡ 5 (mod 12).

Conjecture 4.2. Let p be a prime with p > 5. Then
p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k(3k + 1)

≡

{
1 (mod p2) if p ≡ 1 (mod 3),
−5

4 (mod p2) if p ≡ 2 (mod 3),
p−1∑
k=0

(
2k
k

)(
4k
2k

)
64k(3k + 2)

≡

{
1
2 (mod p2) if p ≡ 1 (mod 3),
−2

5 (mod p2) if p ≡ 2 (mod 3).

5. Congruences involving Dn and Wn. In this section, we use con-
gruences from Sections 2–4 to prove Z. W. Sun’s conjectures on congruences
involving Dn and Wn.

Theorem 5.1. Let p be a prime with p > 3. Then
p−1∑
n=0

Dn

16n
≡

p−1∑
n=0

Dn

4n
≡

{
4x2−2p (mod p2) if 3 | p−1 and so p = x2+3y2,
0 (mod p2) if p ≡ 2 (mod 3).

Proof. From [CZ] or [S5],

(5.1) Dn = (−1)n
n∑

k=0

(
2k

k

)2(3k
k

)(
n+ 2k

3k

)
(−16)n−k.

It is well known that

(5.2)
m∑

n=r

(
n

r

)
=

(
m+ 1

r + 1

)
.

Using (5.1)–(5.2) and exchanging the summation order, we get
p−1∑
n=0

Dn

16n
=

p−1∑
k=0

(
2k

k

)2(3k
k

)
1

(−16)k

(
p+ 2k

3k + 1

)
.
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Note that p |
(
2k
k

)
for p

2 < k < p. We then have

(5.3)
p−1∑
n=0

Dn

16n
≡

(p−1)/2∑
k=0

(
2k

k

)2(3k
k

)
1

(−16)k

(
p+ 2k

3k + 1

)
(mod p2).

AsH2(p−1)/3 ≡ H(p−1)/3 (mod p) for p ≡ 1 (mod 3) by (2.1), for 1 ≤ k < p/2,

(
3k

k

)(
p+ 2k

3k + 1

)
=

p

3k + 1
· (p

2 − 12) · · · (p2 − k2)(p+ k + 1) · · · (p+ 2k)

k!(2k)!

≡ p

3k + 1
· (−1

2) · · · (−k2)(k + 1) · · · 2k
k!(2k)!

(
1 + p

(
1

k + 1
+ · · ·+ 1

2k

))
=

(−1)k

3k + 1
(p+ p2(H2k −Hk)) ≡ (−1)k p

3k + 1
(mod p2).

Hence,

(5.4)
p−1∑
n=0

Dn

16n
≡

(p−1)/2∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1
(mod p2).

Since
(p−1

p−1
3

)(
p+ p−1

3
p

)
≡ 1 (mod p2) for p ≡ 1 (mod 3), from [S7, p. 137],

(5.5)
p−1∑
n=0

Dn

4n
≡

(p−1)/2∑
k=0

(
2k

k

)2 1

16k
· p

3k + 1
(mod p2).

Recall that p |
(
2k
k

)
for p

2 < k < p. Combining (5.4)–(5.5), Theorem 2.2
and (4.4) (with p ≡ 2 (mod 3) and b = 1/3) yields the result.

Remark 5.1. In [S7], the author showed that for any prime p≡5 (mod 6),∑p−1
n=0

Dn
4n ≡ 0 (mod p2).

Theorem 5.2. Let p be a prime with p > 3. Then

p−1∑
n=0

Wn

(−3)n
≡


−L+ p

L (mod p2)

if 3 | p− 1 and so 4p = L2 + 27M2 with 3 |L− 1,
−p

3

(p−2
3 !
)3

(mod p2) if p ≡ 2 (mod 3).



30 Z.-H. Sun

Proof. By (1.5), (5.2) and the fact that
(
p−1
m

)
≡ (−1)m (mod p),

p−1∑
n=0

Wn

(−3)n
=

[p/3]∑
k=0

(
2k

k

)(
3k

k

)
1

(−27)k

(
p

3k + 1

)

≡
[p/3]∑
k=0

(
2k
k

)(
3k
k

)
27k

· p

3k + 1
(mod p2).

For p
3 < k < p we have

(
2k
k

)(
3k
k

)
= (3k)!

k!3
≡ 0 (mod p) and so(

2k

k

)(
3k

k

)
p

3k + 1
≡ 0 (mod p2) for k 6= 2p− 1

3
.

For p ≡ 2 (mod 3) and k = (2p− 1)/3 we see that(
2k
k

)(
3k
k

)
27k

· p

3k + 1
=

(2p− 1)!(2p−1
3 !
)3 · 32p−1 · 2

≡ p

6
(2p−1

3 !
)3 ≡ p

6

(
p− 2

3
!

)3

(mod p2)

since
p− 2

3
!
2p− 1

3
! =

(p− 1)!( p−1
(p−2)/3

) ≡ −(−1) p−2
3 = 1 (mod p).

Thus, appealing to Theorem 3.4 and (4.9), we deduce that

[p/3]∑
k=0

(
2k
k

)(
3k
k

)
27k

· p

3k + 1

≡



p−1∑
k=0

(
2k
k

)(
3k
k

)
27k

· p

3k + 1
(mod p2) if 3 | p− 1,

p−1∑
k=0

(
2k
k

)(
3k
k

)
27k

· p

3k + 1
− p

6
·
(
p− 2

3
!

)3

(mod p2) if 3 | p− 2

≡


−L+

p

L
(mod p2) if 3 | p−1 and so 4p = L2+27M2 with 3 |L−1,

p(1+2p)

2
(2(p−2)/3
(p−2)/3

)− p

6

(
p−2

3
!

)3

≡ p

2

(
−1

3
− 1

3

)(
p−2

3
!

)3

(mod p2)

if 3 | p−2.
Now, combining the above proves the theorem.
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Abstract (will appear on the journal’s web site only)
Let p > 3 be a prime, and let a, b be two rational p-adic integers. We

present general congruences for
∑p−1

k=0

(
a
k

)(−1−a
k

) p
k+b (mod p2). Let {Dn} be

the Domb numbers given by Dn =
∑n

k=0

(
n
k

)2(2k
k

)(
2n−2k
n−k

)
. We also prove that

p−1∑
n=0

Dn

16n
≡

p−1∑
n=0

Dn

4n
≡

{
4x2 − 2p (mod p2) if 3 | p− 1 and so p = x2 + 3y2,
0 (mod p2) if p ≡ 2 (mod 3),

which was conjectured by Z. W. Sun.
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