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Supercongruences and binary quadratic forms
by
ZH1-HONG SUN (Huaian)
1. Introduction. Let p > 3 be a prime. In 2003, based on his work

concerning hypergeometric functions and Calabi—Yau manifolds, Rodriguez-
Villegas [RV] conjectured the following congruences:

-1 2 -1
P (2k) B 1 p (Zk) (3k) B -3
ay o = <p> (mod %), k_0k27kk - <p> (mod £,
T op=1 2k 4k _9 p—1 (3ky (6k -1
ko(k(;(;k) = <p> (mod 102)7 ko(lzg))gi;k) = <p> (mod p2),

where (7) is the Legendre symbol. These congruences were later confirmed
by Mortenson [MI) [M2] via the Gross—Koblitz formula.
It is easily seen (see [S4]) that

(1.2) <_’}>2 N (}2 ) (‘5) (—]}) _ W |

(D)5 (0 -5

Let Z be the set of integers. For a prime p let Z;, be the set of rational numbers
whose denominator is not divisible by p. In [S4], the author generalized (1.1)
by proving that for any odd prime p and a € Z,,
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where (a), € {0,1,...,p — 1} is given by a = (a), (mod p). Moreover,
g-analogues of (1.1) have been given by Guo and his coauthors in [G], [GPZ]
and [GZ].

For positive integers a, b and n, if n = ax?® + by? for some integers x
and y, we briefly write that n = az? + by?. Let p be an odd prime. In [S8|
Theorem 2.8 and (6)], the author proved that

= p P
_ 2 3
(14) (3 ) R D) = 4 %~ g (mod p°)

k=0

for p = 22 + 4y> = 1 (mod 4). Assume that b € Z, with p+ b — (b), #

0 (mod p?). In Section 2, using a combinatorial identity we obtain a congru-
- 2

ence for Zz:é (Zkk) m (mod p?) under the condition (b), > 5. In par-

ticular, we prove several congruences similar to (1.4); see Theorems 2.2-2.4.

Let p be an odd prime, a,b € Zy, ab # 0 (mod p) and p + b — (b), Z 0
(mod p?). In Section 3, we deduce a general congruence for p /- : ( k) (_1k_a) kLer
(mod p?) under the condition 1 < {a), < p23 and (b), > p—(a >p. In Section 4,
we derive congruences for Zi;é (%) (71;“) %M (mod p?) under the condition

(b)p <p—1—(a)p. From Sections 3 and 4, we have explicit formulas for

p—l 3k) P P—l k:) P p—l Gk) P
Z% 27k 3kt 1’ kzzo 64k 4k 41 kzzo 432k 6k 1

modulo p?, where p > 3. See Theorems 3.3-3.5 and 4.3.
Let {D,} and {W,,} be two Apéry-like sequences given by

SO D)
SHOHES

where [z] is the greatest integer not exceeding x. The numbers D, (n =
0,1,2,...) are called the Domb numbers. For D,, and W,, see A002895 and
A291898 in Sloane’s database “The On-Line Encyclopedia of Integer Se-
quences”; and the related papers [CZ], [S5] and [S9].

Let p be a prime with p = 1 (mod 3), p = 2% + 3y? and 4p = L%+ 27M?
where z,y, L, M € Z and L =1 (mod 3). Appealing to Sections 2 and 3, in



Supercongruences and binary quadratic forms 3

Section 5 we prove the congruences

Zmn Z&—le — 2p (mod p?),
=0

p—1

W p
Z 3 =L+ T (mod p?),
n=0

(1.6)

which were conjectured by the author’s brother Z. W. Sun [Sull, [Su2].
Throughout this paper, let g,(a) = (a?~! — 1)/p for given odd prime p
and a € Z with pfa, and let Hy=0and H, =1+ 3 +---+2 (n>1).

2. Congruences for > 7_ (% ) (mod p?) under the condi-

p
k) 16% (k+b
tion (b), > L. We begin with basic congruences for the harmonic num-

bers H,,. For an odd prime p and k € {1,...,p — 1}, it is clear that

k

2 k
Z 1 Z Z 1
It is well known (see [L]) that
(2.2)
3
Hp-1 = —2¢,(2) (mod p) and Hip = —fqp( ) (mod p) for p > 3.

2

Thus, for k=1,..., 22
(2.3) Hk+Hp?flfkEHk+H%4+kE2H2k—2Qp(2) (mod p).
From (2.2) and (2.3) we deduce the known congruences (see [L])

(2.4) Hip) = —3qy(2) (mod p),
' Hipy = —2¢,(2) — 3¢,(3) (mod p) for p > 3.

Let p be an odd prime, a,m € Zy, k € {1,...,p—1} and a—i % 0 (mod p?)
fori=0,1,...,k — 1. Then clearly

s (=B

.) (mod p?).
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Hence, for a # 0 (mod p) and k =1,...,(a)y,

po ()= () )

THEOREM 2.1. Let p be an odd prime, b€ Z,, (b),>5 and s=(b—(b),)/p
#—1 (mod p). Then

p—1 (2k)2 » (p—1)/2 (Qk)z ’
k — k
k . L h k I
i 167 k40 = 16" kb
(2((b>p—p§1) 2
(b)p— 232 1 o(2s + 1\(H "
N 16<b>p—p71(8—|—1)( +p2s + ) (Hpo ), — Hy),_ri1))
1 p=1 \?2
= o (p _2<b>p> (1 + p(QQp(Q) + (28 + 2>Hp—(b>p — (28 + 1>H<b)p—%>)
Coie)
= W(’;Jrl)(l +p(2s +2)(Hp— ), — H<b>pJT+1)) (mod p?).
Proof. Tt is well known (see [S8, (7)]) that for b & {0,—1,..., —n},
SICAYEN LA Lb=1)(b—2)---(b—n)
2. -1 — =(-1 ‘
27 Z<k‘)( )<2k‘ >k+b =1 bb+1)---(b+n)

k=0

From [S1, Lemma 2.2|, for k =1,..., %,

(Qk) B k 1 E—’—k
(2.8) (-f@)k = <1 +p2;(%_1)2>( o > (mod p?).

Appealing to (2.7) and (2.8), we get

(p—1)/2 (2k)2
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i} (p;zll/z <2kk:> (_1)k<”5; k+ k) kLib . (zga_—<<bl;>pp)>(_1)p<b>,,

-1 p—(b)p
B=+p—(b)p 2 1 p
< 2(p — (b)) >(p (2 >> —(b)p +b
_ (=1 (b—1)(b (b 1)
bb+1)- (b+p— () — )™ b>p<b+p p+ 1) (b4 P50)
(—1)7= 0 (25— (5),) é’ﬁf? ) L+p (b)
S p—<b>:>< ~Ws < 2 >> (mod 7).
That is,
(0=1)/2 (212 (0O () (T )
(2.9) Z (1k62<f .kibz —1+p+b—(b)p —bl—(Pj”—<b>p)
k=0 s+ D0, 0 e )
(

1200 2o — )\ [ Com?) (55 +p— (b, ;
et <p—<b>p ><<—16>p<b>p< 2p— (b)) )) (med 77
(

From (2.9), (2.8), (2.6), (2.1) and the fact H,—; = 0 (mod p), we obtain

D) G )

+03(Hppy, = iy, ) (1205 + D)
—p(s+ 1)H(b>p—1’7“)

—1 1 —1
NI <p2 + () —1&5 )( 5 +1)
s+l o)y — 55 (b)p — B
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Lo (W DY (1 0
s+ O - 25!
X (1 +p(2$ + 1)(Hp—(b>p — H(bﬁ—%))
(2((b>p—p7+1))2

_ (byp—2Et )
By [S1, Lemma 2.4], for k =1,..., %7
p—1 (2k) ,
(2.10) < ]2§ ) = (_Z)k (1 — p(Hox — 3 Hy)) (mod p?).
Thus,
(Zk 2 p—1\ 2
(2.11) 1k76k = < ]i ) (14 2pHay — pHy) (mod p?).
Now, from the above, (2.1) and (2.3), we deduce

2
)
1 p—1
= ( ’ > (1 + p(2Happ),) + (25 + 1) H, ),
— (28 + 2)H<b>p—&l))

2

L (5
= 1 2q,(2 2 2)H.
1(,7,) o)+ @s e 2,0,
25+ DHy),_p))
L
_ 1 — 2pH,,_ H,_
16p<b>p(5+1)< p— (b), (1= 2pHop ), + PHp-),)

X (14 p(2Hypp—my,) + (25 + D) Hp_ iy, — (25 + 2)H<b>p7p7+1))
(2= ()

p*<b>p

= m(l + (25 +2)(Hy—q), — Hy, _ps1)) (mod p?).

To complete the proof, we note that p | (Qkk) for f <k<p. m
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COROLLARY 2.1. Let p be an odd prime, b € Z,, (b), > & and s =
(b—(b)p)/p # —1, —% (mod p). Then

—1 2 —1
k 1 = k :
Py 16 k+35—0b 25+1k:0 16 kE+b
Proof. Set ¥/ = 3 —band s = (V/ — (V/),)/p. Then
p+1 P 3
(b'>p=p+T—<b>p>§ and s':—i—s.

By Theorem 2.1,

p—1
= < 2 p> (14 p(2gp(2) + (25 +2)H,_ gy, — (25 + 1)H<b>pr+1))
1

p— (b 2
< (215)2 p 2
k=0

This yields the result. =

THEOREM 2.2. Let p be a prime with p = 1 (mod 3) and so p = x>+ 3y2.
Then

p—1 2 p—1 2
2k 1 P 2k 1 P 9 9
. = . = 422 — 2p (mod p?).
k20<k> 16F 3k + 1 kzo<k) 6F Gkl @ 2 (modpT)

Proof. Putting b = % in Theorem 2.1 and noting that (b), = 2”3—+1 and

_ 2
s = —35 we get

()L
‘ k 6 kE+1
p 2
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where we have used (2.2) and (2.4). By [Y] or [BEW| Theorem 9.4.4|, for
z =1 (mod 3),

p—1
2.12 2 ) = (20— ) (1 2pg,(2) + 2pgp(3)) (mod p?).
e ()= (20 5) 0 3w + ) moa 1)
Thus,
p—1 2
213 (,2) = - 20~ 4yl + Bop(3) (mod 52)
6
Hence

pzl <2k:>21 P

— k) 16F 3k+1
= (42° = 2p) (1~ p(305(2) — $05(3))) (1 +2(505(2) — 345(3)))
= 42% — 2p (mod p?).

Taking b = % in Corollary 2.1 gives

o rokN? 1 = »
_ 2
Z(k) 16 6k+1_z< ) ToF 341 med )

k=0 k=0

Thus, the theorem is proved. =

THEOREM 2.3. Let p > 3 be a prime with p = 1,3 (mod 8) and so
p =%+ 2y>. Then

p—1 2
p=1 2k 1 P
2 (~1)"7 — .
(2= ( )Q)kz()(k) 165 8k +1

p-1, % 2k\? 1 D 9 9
E(2+(—1)2)Z e 176’€.8k+354$ —2p (mod p?).
k=0

Proof. Since % = % — % from Corollary 2.1 we only need to prove the

congruence for 37— (2kk) T6% -—1 (mod p?). Set b = %. For p =1 (mod 8),
p =

(B)p= L > B p— (b, = 251, (), — 2 = 27 and s = 20 = T,
From Theorem 2.1,

p
RS P
8;::( )16k E4+1/8

p—1\2

- <[;]> (14 p(20(2) + $Hig) + §Hjsz))) (mod p).

For p =3 (mod 8), (b), = &= > 5. p— (b), = [32], (b)p — 5+ = [£] and
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s = bi;bh’ = —% By Theorem 2.1,

BN~ (2L
8=\ k) 165 k+1/8
2

p—1
- ([p;f%]) (1+p(20(2) + 3 Hyzpy + 3 Hiz)) (mod p?).

By (2.3) and (2.4), Hp)+ Hzpy = 2Hp) —2¢p(2) = —8¢,(2) (mod p). Hence,
8
for p=1,3 (mod 8),

v1 R 28)\2 1
p—1 2
= (7)ol + H-80,2) - 31)
p=1 2
- ([p;8]> (1 — p(4qp(2) + %H[g])) (mod pQ).
On the other hand, taking m = 4 and » = —1 in [S4, Theorem 3.2(iii)] and
then applying (2.3)—(2.4) gives

0 ()

From [S2, Theorem 4.3],

p—1
2]{ 4k‘ -k _ [ [EH_PT*1 72 2
> <k) <2k>128 = (-1)ls 20 — o) (mod p?),

k=0
where =1 (mod 4). Thus,
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2

= ([Js}) (1 —2p(24p(2) + 3 Hp)))

_ v BN 20\ 1 p ,
(2 (-1)"s );()(’f) g (mod 1)
This proves the theorem. =
THEOREM 2.4. Let p be a prime, p > 5, p=1 (mod 4) and so p = 2% +y?
with 24 z. Then

p—1 2
2 1
3(2)-2) 3 Y"1 p
3 Py k 16k 12k +1

p 26\ 1 p 2 2
= (3(2) +2 P 2 .
(3<3>+ >kz:0<k> T6F Toh g5 - 2 (wod )

1

Proof. Since 2 5 =35 12, from Corollary 2.1 we only need to prove the
2

congruence for > 7 _ (,f) é T (mod p?). Set b= L. For p=1 (mod 12),
5(p—1 b—(b)p
(Bl = 5 > 8, p— (b = Bt () — B = Mg and s = B0 = —

From Theorem 2 1,

S ()L
k) 16F 12k +1
—1. 2

= <m> (1+p(2gp(2) + %H[p/m] + %H[%])) (mod p?).

For p = 5 (mod 12), {b), = T > §, p— (b), = 5+, (b)p — B5H = &3 and
s =0 _ —1—72. By Theorem 2.1,

() () i
T R
12) 2\ k) 165 k+1/12
p—1\ 2
= (7)) (-+olen + g + 31

Since [&] + [51’—2] = = from (2.3) and (2.4),
H[g] — 2qp(2) = —6gp(2) — 3¢p(3) (mod p).

)) (mod p2).

(35

25(2) + gH p) + §Hpse) = 20p(2) — gHz) + g(—64,(2) — 3¢5(3))
= —3¢p(2) — 34(3) — §H| 2 (mod p).

12



Supercongruences and binary quadratic forms 11

On the other hand, putting m = 6 and r = —1 in [S4, Theorem 3.2(iii)| and
then applying (2.3)—(2.4) yields

> GE-2()()s

k=0 k=0
p—1
- ( 5 >(1+p(6H[‘°1 — $Hig) + §0(2)
p—1
= ( é )(1 —p(545(2) + 345(3) + sH» ])) (mod p?).
[#5]

where
z ifp=1(mod 12) and 31t =z,
c=<¢ -z ifp=1(mod12) and 3|z,
y ifp=5(mod 12) and y = x (mod 3)

and z =1 (mod 4). Hence,

p—1
2e = % = H’Z]) (1 _p(%qp(Q) + %%}(3) + %H[%])) (mod p2)
and so
p—1 2
402_2]?_ <[1122]) (1—p(3qp(2)—|—gqp(3>+ gH[% ))
p—1 2
=(3-2(2 2k\"1 P 2
- <3 2<3>>kzo<k> T6F 1ok 41 mod P

To complete the proof, we note that 4¢> — 2p = (%)(4:62 —2p). =
Based on calculations with Maple, we pose the following conjectures.

CONJECTURE 2.1. Let p be a prime such that p = 1 (mod 6) and so
p =22+ 3y>. Then

S L (YL
prt k) 16k 3k+1_k:0 k) 16F 6k+1

SPP —ﬁ( d p?
= p— 4z (mo p°).
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CONJECTURE 2.2. Let p be a prime with p > 3, p = 1,3 (mod 8) and so
p =224 2y>. Then

p—1
71 2k 1 P
2 - (-1 —
’ 2)( ) 6k 8k 11
- p 2 P2 3
= ( > =422 —2p— 2 (mod p?).
ko( )16’“ Si13 - @ — W s (mod p)

CONJECTURE 2.3. Let p be a prime, p > 5, p = 1 (mod 4) and so
p=2%+y* with 2t x. Then

p—1 2
2 1
3(2) o) S (*F) 2 2
3 =\ k) 165 12k +1
p—1 2 )
p 2k\? 1 D ) » \
<3<3>+ )§<k> 6F 12k+5 0 P72 (mod p”)

3. Congruences for Zi;é (%) (_lk_“)k%;b (mod p?) under the condi-

tion (b), > p — (a),. Replacing b with 3 in [SE, (2.2)], we see that for a
given nonnegative integer n and b € {0, —1,..., —n},

o 3 ()R

(7))

By [S6, Lemma 2.2], for any odd prime p and a € Z, with a # 0 (mod p),

(3.2) (“ N 1) (—pa - 1) _ le—fap)lpta=(a) g8,

p—1 -1 a?

Now taking b = a in (3.1) and then applying (3.2) implies that for a ¢
{0,—-1,...,—(p— 1)},

o EEE-I0)00)
(a—(a)p)(p +a—{(a)p)

a3

(mod p?).

LEMMA 3.1. Let p be an odd prime, mle {11,...,%}, b1€ Ly, b # 0,
p+b—(b)y #0 (mod p*) and (b) & {¥5- 25 —1,....55 — (m—1)}.
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_ (3 &= 2k P
= o 2 (4 e ot

=
“L79) 2y, Then S(a) € Z, since k + b
. By

Proof. Set S(a) = Zij)( )
_ (3.1) and (3.2), for k # 2L (mod p),

# 0 (mod p?) for k =0,1,...,p
(3-k+0)S(z k) - (3 -
:2p<é pfll> (G —k) - 1> =0 (mod p?).

Hence, for k # prl ol g (mod p),

,_n/—\

20 2
1
5+b—k
S(-3-k)=2—— ; kS(—%—(k—l)) (mod p?).
T—b-
For k=1,...,m we hauvek:;,—é][ﬂrl pgl (mod p) and so
1
5+b—m
S(—1—m) =2 L (m—1
(=3 —m) %—b—m (-3 —(m—1))
1 1
5+b— s+b—(m—1
R )
m o1 —1/24b
s5+b—k ( )
=--=]I[1 (=3) = 7= S(~3) (mod p°)
1 2 120 2
i1z bk (1{3 )
This together with (1.2) gives the result. =

LEMMA 3.2. Let p be an odd prime, a,b,r € Z,, ab # 0 (mod p),
a % —1 (mod p), a — (a), # 0,—p (mod p?) and p+b— (b), Z 0 (mod p?).
Then

I (TG B o

N <b>p>/p( Ci<b > (pi@f;)

<
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Proof. For 1 <k < (a), we see a —i # 0 (mod p) for i =0,1,...,k—1

and so Zf:_ol% = 0 (mod p). For (a), < k < p—1, we have (}) =

(<ak>”) = 0 (mod p). Thus, (}) S P = 0 (mod p) for k=1,...,p— 1.

1=0 a—1
Similarly, (_1k_a) Zi':ol af{+i =0 (mod p) for k = 1,...,p — 1. Hence, for
k=1,....,p—1,

(Z) (_1k_ a) <l§ apjz'> kié a ffﬂ- =0 (mod p?).

=0

From (2.5) and the above,
<a+pr > <—1—a—pr>
p—(b)p p—(b)p

<p —a<b>p> (1 " p_i@p - ) <p_—1 @) ” p_%_@p - >

=0

(p _a<b>p) (p_i &7;;) (1 * p_ib>p ap_ri + p‘ ’ apl Z) (mod p?).

=0 =1

On the other hand,

> <a+pr><—1—g—pr>kib
-G, o) )i

a+pr\[(—1—a—pr 1
*p Z( )( k >k+b

k#ﬂ < )p
=(Ga) o) - G ) G o))
B (et e

Now, combining all the above proves the lemma. =

gl

THEOREM 3.1. Let p be an odd prime, a,b € Zy, 1 < (a), < 3%3,
(b)p > p—A(a)p, t = (a—(a)p)/p # 0,—1 (mod p) and s = (b — (b)p)/p
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# —1 (mod p). Then

SO0
e ) ()

X P(Ha)yp— ) = Hia)p+ 0)p—p)

2s+1
5 Hiah+ v

5 “p>
+ <szl<b>p(1 +p(28 + 2)H(b>p_p7+l — P

1

15

2s+3 - D 9
————  (mod p°).
TPy e ”>P>k_0< ) 16 /~c+b)( cd )

Proof. Set m = 25 — (a),. Then

1<m<%1, (b)pgz{p_l Pl p;l—(m—l)}

2 ) 2 ) b
and
1 _ p_ 1
—§—m—<a>p 5= p<t+2>
Taking r = —t — % in Lemma 3.2 gives
p—1 1 p—1 1 1
X )2 ) )
— k k k+b Pt k k k+0b
) R
s+ 1\p— (b)) \p—(b), ~ a—i < a+i
_pt+§< a)p )(—1—<a>p><p_1_<b>” 1 +”‘<b>p | >
T s+ 1\p—(b)p/ \ p—(b)p — la)p—i = (a)pti
_ t+§< a)p ><—1—<a>p>
p
s+1\p—(0)p/\ p—(0)p
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(@ ) (et e )

s+1 p—(b)p p—{(b)p

X (Hiayp 1), = Hia)pt (o)p—p) (mod p?).
By Lemma 3.1,

()
— k k k+5b

_ AN
= i 2 (3) ks

(757
Since (b)p, > p — (a),, appealing to (2.6) and (2.1),
(2 Fh) (Ot rlst))
(30 (- Oplet D)
b)p— 21 .
(BT, ) s+ D) (Hy, e~ i)
= 3p—1

2541
L4+ p2s +2)Hy por = p=——Ha), 10,

s~
w‘l s

=g

[

—~ s
S

AR

N~ \_/
7N

25+ 3
2 Hp_<b>,,+<a>p> (mod p?).

Now combining the above proves the theorem. =

THEOREM 3.2. Let p be an odd prime, a € Zy, 1 < {a), < P3° and
t = a_;%h? §_£ 0’ -1 (mod p). Then

S0
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Proof. Taking b = —a in Theorem 3.1 and noting that (b), = p — (a)p,
s=(b—(b)p)/p=—t—1and Hy =0 we get

:Z:; <Z> <_1k_ a> . p = Lt +t1/2 (—1)ehs <2<<aa>>pp> Ha,

= ! <2<a>p>216<a>’7(1 — 2pt(H gy, — Hp1 g )) (mod p?).
t\ (a)p » 3 »

Hence, from the above we deduce that

S
= 2 0 (30 g, - -0 (07

=-p (1 - 21t> (—1)f (2<<aa>>pp> Hygy, — (—1)(@ <2<a>p>

(a)p
! 2pH 2pH 2pH 1 L H
*\ 7 T APy, T AP gy, — APHe gy, TP LT 5 o),
_1(2(a 1
= (@ (2@ (L oy ) (mod ).
(a)p t
This proves the theorem. m

THEOREM 3.3. Let p be a prime, p = 1 (mod 4) and p = 2> + y* with
z =1 (mod 4). Then

pz_:l () (50) P p=1 (295_ P

=(-1) © d p?).
R ES (=1 29:) (mod p7)
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Proof. Taking a = —% in Theorem 3.2 and noting that (a), = =L and
t= —i we get

SN p 1 (—i) (—i) p
- 1
prrd 64k 4k + 1 4 — k Jk— (_1)

where we have used (2.2) and (2.4). By [CDE] or [BEW, Theorem 9.4.3],

(Zé) = (22 — £)(1 4 5¢p(2)) (mod p?). Thus,

4

L o [

k;O
= (-7 <2x - ;;) (mod p?).

This proves the theorem. m

REMARK 3.1. Theorem 3.3 was conjectured by Z. W. Sun [Sull Conjec-
ture 1.5].

THEOREM 3.4. Let p be a prime with p = 1 (mod 3) and so 4p =
L? 4+ 27M? with L =1 (mod 3). Then

pz_: (Qkk) (Skk) P _ (2(]7 N 1)/3> =_r4+ %2 (mod p?).

=N UL ARV L
Proof. Taking a = —% in Theorem 3.2 and noting that (a), = 735—1,
t= f%, and

<_2/3> <_i/3> - (2;) (3:)27%’ Hasgn = Huga (mod p)

we deduce that
p—1
> (1) () amrn = (- ays) ot

By [Y] or [BEW, Theorem 9.4.2], ((¥~V/%) = =L+ % (mod p?). Thus the
theorem is proved. m
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THEOREM 3.5. Let p be a prime with p =1 (mod 6). Then

pfl Gk)

Z;) 432k 6k 1

p e 52 ((p=1)/3) 1 o
0 () et 7

Proof. In view of (1.2), (2.2) and (2 4), putting a = —% in Theorem 3.2
and noting that (a), = %

1 _
pz p ISR
432k 6k+1 6 E)\k k= (1)

1
=0 =0 6

and t = —= we get

This proves the theorem. =

THEOREM 3.6. Let p be a prime with p = 1 (mod 6) and so 4p =
L? +27M?. Then

k=0

Proof. Set a = —3 and b = ;. Then (a), = p=l 4 alap _

1
3 3 p
5p+1 b— (b —1 +1 —1 —1 —1
pH s =0 8 po <>P:pT’<b>P_pT:pT7pT_<a>P:T
1)

6 »° P

and 3221 — (p), = ( . By Theorem 3.1,

(EP_BE) P

p_ —_ n— _— —

+ (2((p_11))//63) <1 + 5 (Homs + Hyo 2Hp21)>
o

p—1 o 2 P
% (k:) 167 (k + 1/6) (mod 7).
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It is easy to see that for k=1,...,(p—1)/2,

(%)= () (%)

<2k’“>4—k(1 © p(Hap — LHy)) (mod p2).

Hence

-1

S

S
[ w
—_

2(p—1)
3 p—
6

Therefore, appealing to (2.2), (2.4) and (2.10) gives

> () ()i

2

>4 (1 +p(Hp 1 —pr 1)) (modp2).

< ‘

p—1
S =Ly p=1 1
=4 <pgl> p(Hpo = Hpot) +470 (1= p(Hpo — 5Hpo )
P A

+4%( —2pH, 1 — 2pH 1—|—§H 1)1021 2k 26729
gPiiecl = gPHecd T gDl k) 16F(6k + 1)

p—1
2k 6p
> <k> 165 (6k + 1)

k=0

p—1
= o <2pqp(3) (p21> + (6 — 2pgp(2) — 5pap(3))

<% (4 o) ot
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Suppose that p = 22 + 3y? with z,y € Z. From the above, Theorem 2.2
and (2.13),

p—1
Z (2:) (3:) m =2"5 (427 — 2p)(6 — 2pgy(2)) (mod p?).

k=0
By (2.10), (2.1) and (2.2),
1 2

7 N
3 3
o:‘ | w‘ |
—
N———
Il
S
| w
—_
N———
~—~
|
N
S—
|
"'@
w
—
[S—
|
i
—
=
)
|
-
|
[N
=
L
SN—
SN—

2(p=1) 2 1 p—1x 2
( % > = 16%(1 — qup(3))2<pzl>
=25 (14 pagyp(2)) (1 - 3pg,(3)) (42 — 2p) (1 — 4pg,(2) + 3pg,(3))

p—1
3

=235 (42% — 2p) (1 — %pqp(Q)) (mod p?).

Suppose 4p = L?+27M? with L = 1 (mod 3). By [Y] or [BEW], (2(29:11))/33) =
—L + % (mod p?). Thus,

2
(3.4) 25 (42” ~2p) (1- }pgy(2)) = (2(27__ 11))//33) = L*=2p (mod p’).
Therefore,
Lok 3k b e
kzzo<k><k‘>27k(6k+1):2 T (42" = 2p)(1 - 3pap(2))

= L? — 2p (mod p?).
This proves the theorem. m
To conclude this section, we pose two challenging conjectures.

CONJECTURE 3.1. Let p be a prime with p = 1 (mod 6) and so 4p =
L? +27M?. Then

p—1 )
2k (3K p 2 P 3
Shar o) =L~ 2~ 75 (mod pr).
kzo<k><k>27k(6k+1) p— 15 (mod p7)
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CONJECTURE 3.2. Let p be a prime with p = 1 (mod 6) and so p =
z? + 3y%. Then

p*l 4k) - p2
: =(-1)z (42?2 —2p— — 3.
kz_o 64k 6k+1 (=1) <x P 4x2> (mod p%)

4. Congruences for Zz;é (%) (_lk_“)k%rb (mod p?) under the condi-
tion (b), <p—1—(a),

THEOREM 4.1. Let p be an odd prime, a,b € Z,, ab # 0 (mod p) and
(b)p < p—1—(a)y. Assume that t = (a — (a)p)/p and s = (b — (b)p)/p
# —1 (mod p). For (b), < (a), we have

lra\ /~1-a) 1 p(s+t+1)(s—1) )
= — o (mod p°).
rard (k) ( k >k 57 (s + 1) (0 (75 b

For (b), > (a), we have

L)

M

s+ (N s+1
= . 4/p
= b(S n 1) (p—<1—>(b>p) < p b (28 + 1)H<b>p71
ajp

— p(s — t)H<b>p—<a>p—1 — p(s +t+ I)H(a)p-i-(b)p) (mod pz).

Proof. For k € {0,1,...,p — 1} clearly k + b # 0 (mod p) for k #
p — (b)p. For k = p — (b), we have k + b # 0 (mod p?), (}) = ( %) =
(piagb’;p) =0 (mod p) and so (Z)m € Zy. Therefore, (&) (%) 2 w15 € Zp for

1

,...,p— 1. From (3.1) and (3.2),

o BOCE 0w

—~

k=0
Set S(a,b) = S0_0 (1) ("} ") 55 By (4.1), for k=0,1,..., (a), — 1,
a—k—b
— =— —k-1 2).
S(a—k,b) a—k—i—bs(a k—1,b) (mod p)
Hence,
a)p— a—b
(a)p—1 ((a)p)

42) S@b =[] L T

= S(pt,b) (mod p?).
_ a+b ’
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It is well known that Zp 1+ =0 (mod p). Thus,

(e

1
L pt(pt + k) (p*t* — 1) - (p*t* — (k — 1)?)
Z b* K12(k + b)

i M

-1

1 —1
_ M:*JZLJ p__p_
B = R~ T RS k- k+b

pt? t(= p p
T - Oy 0 b<§ )

k
_ w1 p 2
= b2(s+1)+b<s—|—1 b> (mod p7)
and so
Seen = 5 (P ()l 2 (e )12 (unoa g
PR\ ke ke T U)o P

For (b), < (a),, we see that

a—b
Gaw) _ 0y (1ay, — ) @U@= = 1) (a=b=({a)y = )= 1))

(?;;:) (a)p!
la—b—({a)p = (b)p+1))---(a—b—(a)p +1)
(o))
— it g U@ — (b))t (=1)(=2) - ( (<> —-1))
=p(t—s) ) ( )
b)p 1 bp' s—t
- 2= (- Ol >1 20 M=) oa

(7

For (b), > (a),, appealing to (2.6) and (2.1), we get

SONNRIG D

P

(a—b) (bflza>+<a>p) (<b>r<1+>p(sft))
_ a)p — ajp
(a+b) (7b71<;;1p+(a>p) (pflf(b>€af>f(s+t+l))
(U (14 pls = )(Hpp, -1 = Hipy—(a),-1))

) (1 = s + £+ 1)(Hy 1y, = Hyo1-a),— )
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= (pl?wp)(l +p(s = ) (Hipy,—1 — Hipyy—(ay,—1))
P
x (L4 p(s + 1+ 1) (Hyy, — Hiay,y0),))
D)
s+t+1
7121)»0 (1 +p +p(28 + 1)H<b>p—l

_ p(s — t)H(b>p—<a>p—1 —p(s +t+ 1)H<a>p+<b>p> (mod p2).
Now combining all the above proves the theorem. m

COROLLARY 4.1. Let p be a prime with p > 3, a € Zp, 1 < (a)p < %
and t = (a — (a)p)/p # —1 (mod p). Then

p a 1—a 1
S ()
(=Dt 41)
(2a+1)(t+1) (")

(1 = 2pt(Hy(ay, — Ha,)) (mod p?).

Proof. Set b=a+1. Then (b), = (a), + 1, so (a), < (b)p <p—1—(a)p.
Now, putting b = a + 1 in Theorem 4.1 and noting that s = ¢ we deduce

’”‘1<a>< 1—a> 1 2 + 1
kF+a+1 p—2—(a)p
a (a+ D)+ 1) (" ")

t+1
(L p ] = D2 1) (a1~ Hig,) ) (0 12)

-1
By (2.6) and (2.1), for k € {1,..., 2=},

= (-0 (%)) 0 = ottt — 1)) (o ).

DM
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Since
p—1-2(a), (p2t+1)—1-2a)(p(t+1)+1+a)

p—1—{(a), pP?(t+1)2—(1+a)?
_(a+1)2a+1)+(a—t)p
= (a+1)2 (I’IlOd p2)7

from the above we see that

SO )
— k+a+1

(2t +1)(—1)@»
p

)
(a+1)(t + 1) REZO00 (00) (1 — p(Hy(, — Hia, )

t+1
X (1 +pa7+1 —p(2t + 1) (Haa), 41 — H(a)p)>

25

@D (=n)ler o a-t -
= (2at 1)t + 1)(2(10?;) (1 p<(a+ D(2a+1) (H2<a>p H<a>p)>)

t+1 2t +1
X (1 -I—p<a+ 1 — %+ 1 — (2t+ 1)(H2(a>p —H<a>p)>>

(2t 4+ 1)(—1)(@»

C (2a+1)(t+ 1)(2<<a“>>:)

This proves the corollary. =

(1= 2pt(Haay, — Hg,)) (mod p?).

THEOREM 4.2. Letp > 3 be a prime, b € Zy, (b), # 0 and s = (b—(b);,)/p

# —1 (mod p). Then

TES G _ DT oai) oy <2
. kzolﬁk(k+b)_ 3_1-1(1”1)/2) mod p or \0)p < P/ 4,
T @y — () )
(4.4) kZ:O T65(k £ 0) = b2(( (bii/ )2 (mod p?) for (b), < p/2,
-1
I I o L Cht Y IRt ) A
(4.5) kZ:O 27k (k +b) bz (s + 1) ) (O (mod p”)

« G )(4k) _ (—1><b>‘°(5+1)(8+%

[p/4]=(b)p
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(mod p?)
for (b), < p/6.
Proof. Set a = —1. Then (a), = % and t = (a — (a)p)/p = —3. For
(b)p < & we have (b)p < p—1—{(a), = (a),. Since (_2/2)2 = (Qkk)216_k,

S L e
' = b)p by
B e O )

taking @ = —3 in Theorem 4.1 yields (4.3). By (2.10),
1<2(p— <b>p)> _ (=20 ()P (), 1)) 2
_ = _ ! = 20
p\ p—(b)p (p <b>p)~ b))
—2
= (mod p).
—1)/2
b(_4)<b>p((p<b ;/ )
Since p | ( ) for £ < k < p, from the above and (4.3),
(r-1/2 (21,2 -1 )? 20— (D))
pz (2 ) — pz: ( p—<b>pp )
pod 16F(k +b) — 16%( k +0) 167D (p — (b), + b)
p(s+1/2)2 1 " 4p
- /22 16r—® 1 —1)/2)2
b2 (8+1)((p< >i/ ) 6 r(s+1) 16<b>pb2((p<b>i/ )
- (23/2 2= b<_—<1l;iz 5 (mod 7).
2w, ) (M)

This proves (4.4).
Now consider (4.5)-(4.7). Note that for (b),

)
(o) (0= (@) ™)

< <a>p

(b)
b)p
_ _1<b>p<<>) <> < >(modp)

O o) oty — (81
Set a = —% or —% according as p = 1 (mod 3) or p = mod 3). Then
(a)p=[2] and t=(a—(a),)/p=—1. Recall that (/%) (72/3 ):(Qk’f) (3F)27F.

From Theorem 4.1 and the above we obtain (4.5).

Next consider (4.6). Set @ = —% or —3 according as p = 1 (mod 4) or

p =3 (mod 4). Then (a), = [2] and t = (a — (a),)/p = —3. Recalling that
(_2/4) (_1/4) = (2,5) (gi) 647%, (4.6) follows from Theorem 4.1.
Finally, consider (4.7). Set a = —+ or —2 according as p = 1 (mod 6
6 6
or p = 5 (mod 6). Then (a), = [E] and ¢t = (a — (a),)/p = —¢. Since
(_}6/6) (_‘;’g/ﬁ) = (3:) (gz)432’k, applying Theorem 4.1 yields (4.7). The proof
is now complete. m
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THEOREM 4.3. Let p be a prime with p > 3. Then

o o 2
(4.8) = — 75 (mod p) for3|p—1,
— 27 3k +2) 2( (%7_1))//3)
p—1 (zk:) (Sk) 142
— P 2
(4.9) kk k/__ = 5 273 (mod p°) for3|p—2,
= 27 (3k+1) 2( ((;:2))//3)
p—1 (2k) (4k) - 2p_1 +1
(4.10) e = (—1) T — e (mod p?) for4[p—1,
T T
p—1 (Qk) (4k) op—1
k) \ok) o\t +2p+1 2 _
(4.11) AR (M + 1) (—1)™ 6((p_3)/2) (mod p?)  for4|p—3,
k=0 (p—3)/4

— ey Lyt 2]

(4.12) o = (—1) 7 ———= (mod p°)  for6|p—1,
£~ 432%(6k + 5) 15(%_1%6)
p—1 3k (6k -2
1472
(4.13> (k)(?;k) E(— )pTH +2+ 3 (mod p2)
432k (6k + 1) 5(7-3173)
k=0 (p—5)/6
for 6|p—>5 andp > 5.
Proof. For a = —% and p = 1 (mod 3) we see that (a), = %1 and
t =2tk - —é. By (2.1), Hag-1 = Hp1 (mod p). Thus, taking a = — 1
3 3
in Corollary 4.1 and then applying (1.2) gives (4.8). For a = —2 and
p = 2 (mod 3) we see that (a), = 5= 2t = % = —% and Hyay, —Hay, =

Hz(p 2) _Hp 2 = Hp+1 Hp 2 = (p+1)/3 = 3 (mod p). Thus, taking a = —%
in Corollary 4 1 and then applylng (1.2) and the above gives (4.9).

For a=—1% and p=1 (mod 4) we see that <a>p:T and t:#:—
By (2.2) and (2.4), HZ(a)p — H(a)p = Hprl — Hprl = _2qp(2) + 3qp( )
= gp(2) (mod p). Now takinga = —1 in Corollary 4.1 and then applying (1.2)
and the above yields (4.10). For a = —32 and p = 3 (mod 4) we see that
<a>p = % and t = 7a—§7a)p = _Z' By ( . ) and ( . ), H2<a>p H{a)p =
Hpos — ﬁ — Hp=s = 2= 20,(2) + 3gp(2) = 2+ ¢p(2) (mod p). Now
taking a = —% in Corollary 4.1 and then applying (1.2) and the above
yields (4.11).

For a = —¢ and p = 1 (mod 6) we have (a), = = and t = =42 = — 1.
Applying (2.2) and (2.4) gives Hy(qy, —H(q), = Hp—1 =
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Now taking a = —% in Corollary 4.1 and then applying (1.2) and the above
yields (4.12). For a = —2and p = 5 (mod 6) we have (a), = p65 and
=" — 1 By(22) and (2.4), Ho, X —Hia), = Ho2 — gy —Hos
= % +2¢p(2) (mod p). Now taking a = —2 in Corollary 4 1 and then apply-
ing (1.2) and the above yields (4.13). The proof is now complete. m

Based on calculations by Maple, we pose two conjectures.
CONJECTURE 4.1. Let p be a prime with p =1 (mod 4). Then

[ (=1)¥ (mod p?)  ifp=22+9y*> =1 (mod 12),
(-3)

T (mod p) ifp=>5 (mod 12).
CONJECTURE 4.2. Let p be a prime with p > 5. Then

Z_: (%) Ge)

A =
£ 432 (4k + 1)

S CHGH _ [1(modp?)  ifp=1 (mod3),
=0 64F(3k +1) —3 (mod p?) if p=2 (mod 3),
S CHEH [ (mod p?) pr 1 (mod 3),
Pt 64%(3k + 2) —% (mod p?) p =2 (mod 3).

5. Congruences involving D,, and W,,. In this section, we use con-
gruences from Sections 2—4 to prove Z. W. Sun’s conjectures on congruences
involving D,, and W,,.

THEOREM b5.1. Let p be a prime with p > 3. Then

0 (mod p?) if p=2 (mod 3).

gy = an 422 —2p (mod p?) if3|p—1 and so p = 2%+ 3y?,
Z@=Z =

Proof. From [CZ] or [S5],

(5.1) Dy = (~1)" Z": (2:)2 <3:> <n ;jk) (16—

It is well known that
m
n m+1
2 = .
52 > ()=
n=r
Using (5.1)—(5.2) and exchanging the summation order, we get

1

Dy S 20\P3K\ 1 (p+2k
nzomn_k:O k k) (=16)k\3k+1)"
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Note that p | (Zkk) for £ < k < p. We then have

p—1 (p—1)/2 2
D N2 3K\ 1 [p+2k )
5.3 o=y d p?).
(5:3) 16 T & <k> (k)(—lG)k <3k+1> (mod p)

As Hy(p,_1y/3 = H(p—1)/3 (mod p) for p = 1 (mod 3) by (2.1), for 1 <k < p/2,

() 62)

p  @-1)---pP-k)p+k+1)--(p+2k)

T3kl k1(2K)!
P (=13 (k) (k+1)---2k 1 1
3k + 1 kI(2k)! TP T
= Dy 2 (H— ) = (1) L (mod )
T3k PP e T R = 31 ear
Hence,
p—1 (p—1)/2 2
D, 2k 1 p 2
5.4 Zn —_. d p?).
(54) 2 16n ,;0 <k> T6F 3k 41 med )

Since (1;:11) (er%l) =1 (mod p?) for p =1 (mod 3), from [S7, p. 137],

=N p
p—1 (r—1)/2 2
D, 2k 1 p 2
5.5 — = —_— d .
o 2w X <k) 16 3k (Mot

Recall that p]| (2,5) for £ < k < p. Combining (5.4)~(5.5), Theorem 2.2
and (4.4) (with p =2 (mod 3) and b = 1/3) yields the result. =

REMARK 5.1. In [ST7], the author showed that for any prime p=>5 (mod 6),
Zﬁ;é % =0 (mod p?).

THEOREM 5.2. Let p be a prime with p > 3. Then

s —L+ % (mod p?)
Z(—:’Snz if 3|p—1 and so 4p = L* + 2TM? with 3| L — 1,
_%(E!):s (mod p2) if p=2 (mod 3).
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Proof. By (1.5), (5.2) and the fact that (p;l) = (—1)™ (mod p),

p—1 [p/3]

> o~ 2 (1) () e ()
= (=3 = \k)\k ) (=27)F\3k +1
[10/3]
= Z 27(k 8 '3ki1 (mod p°).
For £ <k < p we have (3k) (3?3)! =0 (mod p) and so
( )( ) =0 (mod p?) fork;é2p3_1
For p = 2 (mod 3) —1)/3 we see that
() () . (2p —1)!

27k 3k+4+1 (%!)3.3%—1.2

3
_ D p(p—2, 2
_6(2”3_1!)3 6( 3 > (mod p*)

-2 2p—1 —1)! _
p3 ! p3 I = (ppq) E—(—l)pT2:1 (mod p).
((p—2)/3)
Thus, appealing to Theorem 3.4 and (4.9), we deduce that

since

S0
27k 3k 41

k=0
p—l
p 1 (mod p?) if3|p—1,
_ J k=0
) -1 (2k)(5k:) _91\3
\k) P P (P2 dp?) if3|p—2
27%  3k+1 6 < 3 > (mod p%) if 3|p
k=0
_L—|—%(modp2) if3|p—1andso4p:L2—|—27M2With?)\L—l,
=) =2’ p( 1 LY (p=2)
2(2(1’*2)/3) 6 3 ) 2 3 3 3
(p—2)/3

if 3|p—2.
Now, combining the above proves the theorem. m
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Abstract (will appear on the journal’s web site only)

Let p > 3 be a prime, and let a,b be two rational p-adic integers. We
present general congruences for Y 7_ - o (2) (_1k_a)k—+b (mod p?). Let {D,} be

the Domb numbers given by Dy, = 37 (7 ) (%f) (QZ:ik) We also prove that

Z Z | 42?2 —2p (mod p?) if 3|p—1 and so p = 22 + 332,
167 ~ 10 (mod p?) if p=2 (mod 3),

Wthh was conJectured by Z. W. Sun.
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