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Notation: Z—the set of integers, N—the set

of positive integers, [x]— the greatest integer

not exceeding x, {x}—the fractional part of z,

(.-)—the (quadratic) Jacobi symbol, (>)3—the
cubic Jacobi symbol,(>)s—1the quartci Jacobi

symbol, Z,—the set of rational p—adic inte-

gers, ordpym—the nonnegative integer o such

that p® | m but p®*1 4 m, (a,b)—the greatest

common divisor of a and b.
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§ 1. Rational cubic reciprocity law

Let p > 3 be a prime and a € Z with p{a. If
p =2 (mod 3), then z3 =a (mod p) is always
solvable.

If p=1 (mod 3), Euler showed that there are
unique positive integers L and M such that
4p = L2 + 27M?2.

Euler’'s Conjectures (1748-1750):

For any prime p=1 (mod 3),

3 =2 (mod p) is solvable
— p=A°+427B? (A,Be7),
23 =3 (mod p) is solvale
< 4p = A° 4+ 243B% (A,B € 7).
For any prime p=1 (mod 4),
=2 (mod p) is solvable «<— p = AZ + 6432,
z* =5 (mod p) is solvable «— p = A2 + 100B2.
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Let p be a prime of the form 3k + 1 and so
4p = L? + 27M?. For a € Z with p{ a, since
(L/(3M))? = -3 (mod p) we see that

—1
23 = a (mod p) is solvable < a3 =1 (mod p),

and that

g Tl L2/<3M> i g/(sm

(mod p).

—1
Problem: Determine o 3 (mod p).

Jacobi(1827): Let p and g be distinct primes
of the form 3k + 1, 4p = L2 + 27M?, 4q =
L'2+27M'?. Then ¢ is a cubic residue modulo
p if and only if (LM’ — L'M)/(LM'+ L'M) is a
cubic residue modulo gq.



Z.H. sun([S2, 1998]): for i =0,1,2,

T = (_1 — Ié/(?)M))i (mod p)
GAJ\Z/’J—FQ’/%)% _ (—1 - L;/(SM/)>7; mod o)

_1
Jacobi: ¢ 3 (mod p) depends only on £ (mod q).

Let p be a prime of 4k+1 and 4p = L2427 M?2.
Then

23 =5 (mod p) is solvable < 5| L or 5| M,

23 =7 (mod p) is solvable < 7| L or 7| M,

z3 =11 (mod p) is solvable < 11| L, 11| M
or L=45-3M (mod 11),

23 =13 (mod p) is solvable < 13| L, 13| M,
or L=+4-3M (mod 13).



E. Lehmer (1959/1961): If L = M (mod 4),
then

i R g/(:%M) (mod p).

In 1975 K.S. Williams found a method to de-

termine the sign of M such that g 3 = —1= L2/(3M>

(mod p) when ¢ is a cubic non-residue of p.

For a prime g > 3 let Fy = Z/qZ be the ring of
residue classes modulo g and

C(q) = {oc}U{z ‘ x € Fy, x° - —3}.



For =,y € C(q), in [S2] the author introduced
the operation

xy — 3
T+ y

and proved that C(q) is a cyclic group of order
¢ — (3), where (2) is the Legendre symbol.

(rxo0o =o0c0*xx =)

TRy =

Example:(1) C'(5) = {0,+£1,+£2,00}.

1.-2-3 1
152 = — =0
142 3
1. (-2)-3 _ _
1x(=2) = 11 (-2) =5=0.

(2) C(7) = {0, +1, +3, o}

3*3:3-3—3: |
3+3
1. (-1)-3 _
1x(—1) = D

Combining [S2, Corollary 2.1] with [S2, Theo-
rem 3.2 and Corollary 3.3] we have:



Theorem 1.1 (Rational cubic reciprocity
law) Let p and g be distinct primes greater
than 3. Suppose p = 1 (mod 3) and hence
4p = L2 + 27M? for some L, M € Z. Then

q IS a cubic residue modulo p

L
<— —— is a cube in C
i (g)

L z3-9
< q| M or — = -

30 = 3.2 3 (mod ¢q) for some x € Z.

For given prime p > 3 let Cy(p) be the set of all
cubes in C(p). Suppose s € {1, 2 p;l} and

s2 = -3 (mod p). Computing Z . 2= 5 (mod p)
forz € {0,£1,+2,..., i%}—{is} we get Co(p).
Example: Cp(13) = {0, 00,£4}. Thus,

13 is a cubic residue of p

L
& 13| L, 13| M or _— =4 (mod 13).
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32. The cubic Jacobi symbol

Let Z be the set of integers, w = (—14++/-3)/2
and Zlw] = {a+bw |a,be Z}. For m =a+bw €
Zlw] the norm of =« is given by N7 = n7r =
a?—ab+b2, where 7 is the complex conjugate of
w. We recall that = is primary if r =2 (mod 3)
(that is, 3| a—2 and 3| b).

If m € Zlw], N@ > 1 and = = £2 (mod 3), we
may write m = +my--- 7, Where mq,...,m are
primary primes. For o € Z[w], we can define
the cubic Jacobi symbol

(2):= e (e

where (%)3 IS the cubic residue character of «
modulo m; defined by

(a> 0 it m | «a,
/)3 | W if oVm=1)/3 = i (mod ).
For our convenience we also define (9) =

1/3
(£1);=1.
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According to [IR, pp. 112-115, 135, 313] and
[S2] the cubic Jacobi symbol has the following
properties:

(2.1) If a, b€ Z and a+ bw =2 (mod 3), then

w atbt1 1 —w 2(at+1)
( ) —w 3 and ( ) = w 3 .
a—+bw/3 a—+bw/3

(2.2) (cubic reciprocity law (Eisenstein,1844;
Jacobi,1837)) If m, A € Z[w] and 7, A\ = £2 (mod 3),

.-,

(2.3) If a, ™ € Z[w] with 7 = +£2 (mod 3) and
(%)3 == 0, then

(2 = ()=

(2.4) If myn € Z, 31{m and m is coprime to n,
then (%)4 =1.
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(2.5) If m,a,8 € Z[w] and m# = £2 (mod 3),
then (), = (5),(2),

(2.6) If m1,7m, a0 € Z[w] and m;, = 2 (mod 3)
(:=1,2), then

(rir)a= ()alm)a

For a given prime p and k € Fp, we have

k+1+2w> _ .
p 3

ke Co(p) < (

3-9
— k=~o ’ (mod ¢) for some z € Z.
322 —3

—1
§3. The criterion for m 3 (mod p) in terms
of binary quadratic forms
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Theorem 3.1 ([S8, 2007]). Letp =1 (mod 3)
be a prime. Let m be a cubefree integer with
m Z 0,£1 (mod p) and m Z1 (mod 3). Let
mqo be the product of all distinct primes q sat-
isfying q | m and q > 3. Let k3 be given by

(1 ifm=8 (mod 9),

kz3=4¢3 ifm=25(mod 9),

|9 ifm=0 (mod 3).

and k = 3+(51>mk3mo. Suppose p = ar? +
bry + cy? with a,b,c,z,y € Z, b® — 4ac = —3k?
and (a,6m) = 1. If pta, then

(1 (mod p)

if ((m—l)b—l—k(m—l—l)(l—l—Qw)) —1,

a 3
~az+ (k+b)y/2
p—1 ky
if ((m—l)b—l—k(m—l—l)(l—l—Qw))
3

(mod p)

3
.
1l

= w,

w-.
a

if ((m—l)b—l—k(m—l—l)(1+2w))3 — 2
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If p|a, then

(1 (mod p)
£ ((m—l)b+k(m+1)(1+2w)> =1
3 7

p
b—k
b1 _ | o (MO9P)
if ((m—l)b—l—k(m—l—l)(l—l—Qw))
3

D
b4k
—— (mod
Y ( D)

e ((m=1)b+k(m+1)(1+4+2w)\ _ 2
1 ( D >3 = w-.

3
.
Il

:w,

Example: Let p be a prime of the form 3n+4 1.
Then

p—1
2 3

{ 1 (mod p) if p= a2+ 27y2,

(x — 2
x6 y(modp) ifp="Ta2+ 20y +4y2 £~ 7
Yy

15



and
(1 (mod p)

if p= a2+ 75y2, 322+ 25y2,
(x — 2y
p_1 10y

10°s° - 2 2
if p=7xc+ 62y + 12y« = 7,
19x 4 6y

10y
if p= 1922 4 22y + 4y2 £ 19.

(mod p)

\

(mod p)

84. Criteria for €c(lp_(%))/3 (mod p)

Let d > 1 be a squarefree integer, and let
eq be the fundamental unit of the quadratic
field Q(v/d). Then e; = (m +n+vd)/2 for some
m,n € Nand m?2—dn? = +4. Letp =1 (mod 3)
be a prime such that (g) = 1. If d € {2,3,5},
in 1973 E. Lehmer proved that ¢; is a cubic
residue modulo p if and only if p = 22 + 27dy?
for some x,y € Z. In [S2], the author gave the
criteria for ¢; to be a cubic residue of p in the
cases d = 6,15, 21.
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Theorem 4.1. Suppose m,n,d € 7Z and m? —
dn? = —4. Let p > 3 be a prime not dividing
d. Let

(1 ifd#2 (mod 4) and 9
2 ifd=2 (mod 4) and 9
<3 ifd#% 2 (mod 4) and 91 m,
|6 ifd=2 (mod 4) and 91 m.
Suppose p = azx?+bxy+cy? with a,b,c,z,y € Z,
b2 — 4ac = —3k?d and (a,6) = 1. Ifpfa, then

p(p

’

’

S 3 3

()

(@) (mod

if (bn—km(1+2w))3 —1,

a

S(=(&) = 22T Gy (mod p)

= < kdy
if (bn I{:TrLC(Ll—I—Qw))3 — w,
Qax + b
S5+ 2Ry (mod p)

\ if (bn kmc(bl+2w))3 — 2
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If p|a, then

(m + n\/a) D
'(zg) (mod p)
if (bn—km}(?1+2w)>4 —1
1 bvd
NS (5)+ =) (mod p)
if (bn—km}()1+2w))4 — w,
(=& =) (moa p)
i (bn—km(1+2w))4 ——

\

p
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Example 4.1 Let p be a prime such that p =
1,5,7,11 (mod 24). Then

(1+v2)55

1

7\

2

\

(1 (mod p) if p = 22 + 5442,
Tz 4+ 3
_lo e V2 (mod p)

12y
ifp=7a:2—|-6:1:y—|—9y2 *= 7,

(14+v2)"%

N\

~+
2

(—1 (mod p) if p =222+ 27y?,

5x+y\5 (mod p)
12y

if p= 5224 22y + 11y2 # 5.
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Example 4.2 Let p > 3 be a prime such that
(%) = (§). Then

4 +vID)'F
(1 (mod p) if p=a?+ zy+ 115y2

26x + 3y
——‘l' 102y V17(mod p)

if p = 1322 4 3zy + 9y2 # 13,

N\

+1
(4 +/17) 3
(—1 (mod p) if p=1122+ 5zy + 1132,

1 10x 4y
— — v 17(mod
>~ 102y (mod p)

\ if p= 522+ zy + 23y2 % 5.

\
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Theorem 4.2. Suppose m,n,d € 7, m? —

dn? = 4 and ords(m — 2) > ordan. Let p > 3

be a prime such that p{dn. Let 2% | (%?2_5))2.
Let |

(2 ifd=2,3 (mod 4),
kb =<2 if8|d—1, a>0and a=0,1 (mod 3),

|1 otherwise,

(3 IF 9 Sy

(1 /f9|(m_22n>

Suppose p = ax? + bxy + cy2 wWith a,b,c,x,y €
7, b2 — 4ac = —3k?d and (a,6(8 — 4m)/(m —
2.n)2) = 1.

k3 and k = koks.

7\
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If p{a, then

(p)
<m —|—2n\f>

(1 (mod p)
if (= Qn)ﬁé:;’i))(lﬁc‘))):s =1

1 2ax + b

(-1 Q7 V) (med
< e

1 if (L= QR)Z(maT)b(HQW))s -

axr

S+ kdy Vi) (moa p)

i (= Qn)+(’i§j2,i))(1+2w>)3 =
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If p|a, then

(p)

(el

\

(1 (mod p)

k(m—2)
if (= 2n>+<m X >(1+2w)>

1 xf

2( 1+ (3)H) (mod p)

k(m—2)
if ((m 2n>+<m % >(1+2”)>

-1 >ﬂ> (mod p)

>
k:(m 2)
i (= 2n>+<m—2,n>(1+2‘”))

p
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Example 4.3 If p is a prime such that p =
1 (mod 3) and (%) = 1, then

(8 +3vD)'s
(1 (mod p)

if p =22+ 189y2, 7x2 + 27y2,
—— — 7 (mod

> 42y ( P)

if p= 1922 4 22y + 10y2 # 19,

1 2bx+ 6y
— — 7 (mod
> 42y VT ( p)

if p = 2522 + 122y + 9y2.

7\
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§5. The criterion for p | U,_(p))3(P,Q)

The Lucas sequences U, (P, Q) and Vi, (P, Q) are
given by

Up+1(P,Q) = PUn(P,Q) — QUp_1(P,Q)(n > 1)

and

Vo(P,Q) =2, Vi(P,Q) = P,

Vn—l—l(Pa Q) = PVp(P,Q) — QVy—1(P,Q)(n > 1).

It is well known that

1 P++vD, ,P—+D_,
S -5

Un(P,Q) =« if D #0,

P
\n(E)”—1 if D=0

and

V(P Q) = (P +2\/5)n + <P —2\/3)”/,
where D = P2 — 4Q).
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For a,b,c € Z, az? + bxy + cy? is called a bi-
nary quadratic form with discriminant d =
b2—4ac. If gcd(a,b,c) = 1, we say that the form
ax? +bry 4+ cy? is primitive. Denote the equiv-
alence class containing the form ax?+4bxy -+ cy?
by [a,b,c]. Let H(d) be the form class group
consisting of classes of primitive, integral bi-
nary quadratic forms of discriminant d, and
h(d) = |H(d)|. If n € N is represented by one
form in the class [a, b, c], then n can be repre-
sented by any form in [a,b,c] and we say that
n is represented by [a,b, c].

Problem: Determine all primes p so that p |
Utp— ) /3(5 Q).

Let F;, = Un(1,—1) be the Fibonacci sequence.
For any prime p > 3 we have ([S2, 1998]):
_ .2 2 2 2
D | F(p_(%>)/3 <— p=x“+4 135y“ or 5z + 27y~,
_ .2 2 2 2
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Theorem 5.1 ([S8, 2007]). Let p > 3 be a
prime, and P,Q € 7 with p{ PQ(P? — 4Q). Let

P2-4Q =df? (d,f € Z), k = k(P/(P, f), f/(P, f),d)
and
M(P,Q, f)

= {[a,b,c] | [a,b,c] € H(—3k?d), (a,24Q/(P, f)?) = 1,

b
(D) (Pf>(1+2°">) _ 1.
3

a
() M(P,Q, f) is a subgroup of index 3 in H(—3k?d).

(i) p | U(p_(%))/3(P,Q) if and only if p is repre-
sented by a class in M(P,Q, f).

(i) p | Ug,—(2y)6(P.Q) if and only if (%) =1
and p is represented by a class in M(P,Q, f).
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Example 5.1 ([S8]): Let p > 3 be a prime.
Then

p|Up-1(3,—1) < p =2+ 351y2, 1322 + 27y~
3

p|Upt1(3,—1) <= p=11z° + 2zy + 32y°.
3

6. Cubic congruences and binary quadratic
forms

Let p > 3 be a prime and aq,ap,a3 € Z. Let
Np(x3 4+ a12? 4+ asxz +a3) denote the number of
solutions of the congruence z3 + a122 + asz +
a3 =0 (mod p). Set

(6.1)
P = —Qa% + 9ajay — 27a3, Q = (a% - 36‘2)37
P2 —4
27

It is known that D is the discriminant of z3 +
alacz + a>x + a3z and

(6.2)

Np(z>4-a12°+agz+az) = Np(2>-3Qz—PQ) (p1 Q).
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It is well known that (Dickson, 1906; Skolem,
1952; Sun, 2003)

(6.3)
(0 or3 if(%):l,
Np(z3+ajz’+asztaz) =< 3 if (%) =0,
1 if (%) = 1.

Theorem 6.1 ([S8, 2007]). Let p > 3 be a
prime and aq1,ap,a3 € Z. Let P and (Q be given
by (6.1). Suppose pt PQ(P? — 4Q) and P? —
4Q = df? (d, f € Z). Then the congruence z3+
a1x2+a>r4a3 = 0 (mod p) has three solutions
if and only if p is represented by some class in
M(P,Q, f), where M(P,Q, f) is a subgroup of
H(—=3k2d) given as in Theorem 5.1.

Example 6.1. For prime p > 5,

Np(z3—32—10) = 3 <= p = 22416242, 2°+81y°.
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Theorem 6.2 (Spearman and Williams, 2001)
Let ay,an,a3 € Z be such that f(z) = 23 +
a12? 4 aox + a3 is irreducible in Z[z]. Let D
be the discriminant of f(x), and let d be the
discriminant of the cubic field Q(t), where ¢ is
a root of f(x) = 0. Then there is a unique
subgroup J(ai,an,a3) of index 3 in H(d) such
that if p > 3 is a prime with (%) — 1, then the
congruence f(x) = 0 (mod p) has three solu-
tions if and only if p is represented by one of
the classes in J(aq1,a2,a3).

Let us compare Theorem 6.1 with Theorem
6.2. First Spearman and Williams proved The-
orem 6.2 using class field theory, and we prove
Theorem 6.1 using the theory of cubic residues.
Second, the subgroup M(P,Q, f) in Theorem
6.1 is constructed, but Spearman and Williams
only proved the existence of the subgroup J(aq,
a>,a3). Third, in some special cases, the dis-
criminant of corresponding quadratic forms in
Theorem 6.2 seems better than the discrimi-
nant in Theorem 6.1.
30



Dedekind(1899-1990): Let m be a cubefree
integer. Then there is a subgroup H of index
3 in H(—27m?2) with the property that m is a
cubic residue modulo a prime p =1 (mod 3) if
and only if p is represented by a class in H.

Theorems 6.1 and 6.2 can be viewed as gen-
eralizations of Dedekind’s result.

§7. Quartic residues and binary quadratic
forms
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Theorem 7.1 ([S6]) Suppose that m/ is the
product of all the distinct odd prime divisors of
m € Z, m = 2%mg(2 t mg) and m* = 4m’/(4, mg—
a—1). If p=1 (mod 4) is a prime such that
p 1 m, then m is a quartic residue (mod p) if
and only if p is represented by one class in the
set

G(m) = {[a, 2b, c] | gcd(a,2b,c) = 1,

(2b)2 — 4ac = —16m™2, a > 0,
a=1 (mod 4), (a,m)=1,
(m+1)b—2m*(m — 1)1\ )
( a >4 - }
Moreover, if m and —m are nonsquare integers,
then G(m) is a subgroup of index 4 in the form
class group H(—16m*?).

Example 7.1 For prime p = 1 (mod 4) with
p 7 5,
5 is a quartic residue of p <— p = 2 + 1OOy2,
— 5 is a quartic residue of p

— p=z°4 400y?, 162° + 162y + 29¢°.
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Let d > 1 be a squarefree integer, and ¢; =
(m + nv/d)/2 be the fundamental unit of the
quadratic field Q(v/d). Suppose that p =1 (mod 4)
is a prime such that (g) = 1, where (g) is the
Legendre symbol. One may ask a question:
how to characterize those odd primes p so that

g4 1S @ quadratic or quartic residue (mod p)~

When the norm N(e;) = (m?2 — dn?)/4 = —1,
many mathematicians tried to characterize those
primes p (p =1 (mod 4), (£) = 1) for which ¢y
is @ quadratic residue (modpp). In 1942 Aigner
and Reichardt proved that e = 1 4+ V2 is a
quadratic residue of a prime p = 1 (mod 8)
if and only if p = 22 4 32y2(z,y € Z). In
1969, Barrucand and Cohn rediscovered this
result. Later, Brandler (1973) showed that
for ¢ = 5,13,37 the unit g4 is a quadratic
residue of a prime p (p=1 (mod 4), (g) = 1)

if and only if p = 22 + 4qy?(z,y € Z). For
more special results along this line one may
consult [Lem, pp.168-170] (F. Lemmermeyer,
Reciprocity Laws: From Euler to Eisenstein
Springer, Berlin, 2000).
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Theorem 7.2 ([S6, 2005]) Suppose that p =
1 (mod 4) is a prime, d,m,n € Z, m?2 — dn? =
—4 and (g) = 1. Then (m + nVd)/2 is a
quadratic residue (mod p) if and only if p is
represented by one class in the set

S(m,n,d) ={[a, 2b,c] | [a,2b, c] € H(—4k%d),

a=1 (mod 4), (Z2=EmY) 4},

a 4
where
(1 if d=4 (mod 8),
k=<¢2 ifd=0 (mod 8) ord=1 (mod 2),
4 if d=2 (mod 4).

Moreover, if d # 1,4, then S(m,n,d) is a sub-
group of index 4 in H(—4k23d).

Example 7.2: Let p be a prime such that
(1]70) — 1. Then €10 = 3+ /10 is a quadratic
residue of p if and only if p is represented by
2 + 16Oy2 or 1322 + oxy + 13y2.
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In [S9, 2008], using elementary arguments Z.H.
Sun proved the following general result.

Theorem 7.3. Let p=1 (mod 4) be a prime
andp = c?+d? withc,d € Z and 2 {c. Suppose
a,b € Z with (a,b) =1 and pfa(a®+b2). Let

( bc—l—ad ]
d ac — bd
—1)2(————= if 2|0,
D) |
(betad)?—1 bc + ad
—1 8 if 2 1 ab.
(D) (1 2)/2) fa

() If(cﬁ%bz) — 1, then

((b+ ”az +b2)/2> =6 (mod p).
p

(i) If (“FY) = 1, then

<b—|— a2+b2>1’71 _ b Ja2 4+ b2
B a

5 (mod p).
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Example 7.3: Suppose that p=1 (mod 4) is
a prime and p = ¢2 + d? with 2 | d. Then

, 2d
(2% (mod p)
(1 +\@)%1 _, if p=1,9 (mod 20),
5 —),ct2dc 1-V5
( c )d 5 (mod p)
if p=13,17 (mod 20).

\

In 1974, using the cyclotomic numbers of or-
der 12, E. Lehmer proved that e3 =24 /3 is
a quartic residue of a prime p=1 (mod 12) if
and only if p = 22 4+ 192y2 for some integers z
and y. She also conjectured that e = 8437
is a quartic residue of p if and only if p = 22 +
448y? for some integers z and y. In 1977, P.A.
Leonard and K.S. Williams proved Lehmer’s
conjecture and gave some additional special
results. They barely obtained partial results in
thecasesd =3,7,11,19,43,67,163,6, 14,22, 38,
86,134. In [S6] we completely solved the prob-
lem by proving the following general result.
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Theorem 7.4 Suppose that p = 1 (mod 4)
is a prime, m,n,d € Z, m? —dn? = 4, ptn
and (g) = 1. Then (m + nVd)/2 is a quartic
residue (mod p) if and only if p is represented
by one class in the set

No(m,n,d) ={[a, 2b, c] ‘ b° — ac = —86(n, d)?d,
a=1 (mod 4), (a, b)—l
bn .
(e 5(n, d) 2y ), =1)
a 4 7
where §(n,d) € {1,2,4,8} is explicitly given by
[S6, Table 4]. Moreover, Ng(m,n,d) is a sub-
group of H(—46(n,d)?3d).

Example 7.4: Let p be an odd prime such
that (1275) — 1. Then e15 = 4++/15 is a quartic
residue of p if and only if p = 22 4+ 960y? or
2022 + 20xy + 53y2.
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2
Let p be an odd prime such that (%) = (‘LQ%) =
1. It is well known that p | U(p_(__l))/4(P,Q)
p

or p | V(p_(__l))/4(P, @). How to characterize
p
i ?
those odd primes p so that p | U(p—(%))/‘l(P’Q)'
Suppose that p = 1 (mod 4) (p # 5) is a
prime and that {F,} (F, = Un(1,—1)) is the

Fibonacci sequence. In 1992 Z.H. Sun and
Z.W. Sun showed that p | F,_1 if and only if

4

p = 22 4+ 80y? or 1622 + 5y2 with z,y € Z. Let
P, = Up(2,—1) be the Pell sequence. In 1974
E. Lehmer showed that p | P,—1 if and only if

7
p = x2 + 32y2 for some z,y € Z.
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Theorem 7.5 Let p be an odd prime, P,Q € Z,
p 1 Q(P?—4Q), and let Q' be the product of
all distinct odd prime divisors of Q. If Q =

2'Qo(21 Qo).
((8813) if 21t
4 if 2|t and 21 P,
2
6(P,Q) =9 if 24Q and 2| P
Q+1 P ’
(2,27-7— 1)
(2.7 if2]t, 2]Q, 2|P,

and k — 6(P7 Q)Q//(Pa Ql)i then p | U(p_(—_l))/4(P7Q)
p

if and only if p is represented by one class in

the set

G(P,Q) ={la,2b,c] | [a,2b,c] € H(~4k*(P? - 4Q)),
(a,2Q) = 1, (]*CPJr bz)4 =1}.

Moreover, if Q and Q(4Q — P?) are nonsquare
integers, then G(P,Q) is a subgroup of index
4 in H(—4k2(P? — 4Q)).
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§8. Cubic and quartic congruences modulo
a prime

For integers ai,ap,a3 let {sp,} be the third-
order recurring sequence defined by

so =3, s1 = —a1, s =aj — 2ao,
Sp+3 + a15p42 +ansp4+1 +azsp =0 (n > 0).

If 234a1724apz+az = (z—21)(x—x2) (z—23),
then sp = z7 + 25 + z3.

Theorem 8.1 ([S5, 2003]) Let p > 3 be a
prime, and ai,ap,a3 € Z. If p J( a% — 3ao, We
have

Np(a: —|—a1:U —I—agx—l—ag,)
(3 if 5,41 =af —2ap (Mod p),
=10 ifsyq Eaz(modp)
1 ifspy1 # ag,al 2a>(mod p).
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Moreover, if Np(x3—|—a1:c2—|-a2x—|—a3) = 1, then
the unique solution of the congruence 3 +
a12? 4+ arx 4+ a3 =0 (mod p) is given by
2a1ap — 9a3 —a1Sp41
—Qa% + 3ao + 38p_|_1
if Np(z3~+a12°+aox+a3) =0 and p)(a%—l%az,
then (2s,42 + ajaz — 3a3)? = D (mod p); if
Np(a:3 4+ a122 4+ avx +a3) = 3, p 1D and zg =
%((_7&3)81# —a1) # —a1 (mod p), then

(mod p);

T

d
3w% + 2a1xg + ao
are the three solutions of the congruence 3 +
a12? + arx + a3 = 0 (mod p), where d is an
integer such that d2 =D (mod p).

1
xr = x0, 5(—a1—$0:l: ) (mod p)

For integers aq,as,a3 let {u,} be the third-
order recurring sequence defined by

u_o=u_1 =0, ug=1,
Up43 + A1Up42 + AUy 1 + azup =0 (n > —2).
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Theorem 8.2 ([S5,2003]) Let p > 3 be a
prime and aq,ap,a3 € Zp Suppose P = —2a]2—|—
Qajan —27a3, Q = (a,l 3&2)3 and D = —(P
4Q)/27 and PQ # 0 (mod p). Then

Np(z> + a12? + apz + a3)

(3 if Dup » =0 (mod p),

=<0 if Dup_z = (a% — 3a5)? (mod p),
|1 if Du2_, # 0, (af — 3a2)?(mod p).

Theorem 8.3 ([S17,2016]) Let p > 3 be a
prime and a1, a,a3 € Zp. Suppose P = —2a3 +
9aqias — 27a3, Q = (a% — 3a5)3 and PQ(P%
4Q) # 0 (mod p). Then Np(z3 + a12? + asx +
az) = 1 if and only if

I

p /3] 3y <4Q—P2)k a

3(a? — 3as) ,EO ( k 270

is a solution of the congruence z3 + aiz? +

arx + a3z =0 (mod p). If P2 # Q,3Q (mod p),
then Np(z3 + a12? + aox + a3z) = 3 if and only

if TP (39 (AR = 0 (mod p).



Theorem 8.4 ([S5, 2003]) Let p > 3 be a
prime, a,b,c € Z, and let {S,} be given by

Sog =3, S = —2a, Sy = 2a°+ 8e,

Sn+3 = —2aS,42 + (4c — a2)Sn_|_1 + b2S, (n > 0).
If p1 a2 4+ 12¢, then

Np(ac4—|—aa:2 +br+c)=1
< Sp41 = a® — 4c (mod p).

If Np(z* + az? + bx 4+ ¢) = 1, then the unique
solution of the congruence % + ax? + bxr +c =
0 (mod p) is given by

2 2
a®—4c— 5714

2_ (mod p).

8
]

4b
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Theorem 8.5 Let p > 3 be a prime, a,b,c € Z,
D(a,b,c) = —(4a3 4 27b%)b2 + 16¢(a* + 9ab? —
8a’c + 16¢?) and p{bD(a,b,c). Then Np(z* +
ax? + bx + ¢) = 0 if and only if there exists an
integer y such that y3+2ay?2+ (a? —4c)y—b? =
0 (mod p) and (¥) = —1. When Np(z# + az? +
bx + ¢) > 0 we have

Np(:v4 + ax? + bz + c)
= Np(y> + 2ay? + (a® — 4c)y — b%) + 1.

(T. Skolem, 1952; Z.H. Sun, 2003)
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§9. Conjectures for U(p_(_?l))/él(P, @) (mod p)
and ¢[?/8] (mod p)

In 1980 and 1984 Hudson and Williams proved
the following result.

Theorem 9.1. Letp=1 (mod 24) be a prime
and hence p = ¢2 + d? = 22 4 3y? for some
c,d,x,y € Z. Suppose c=1 (mod 4).

(D) ([HW1]) Ife = +(—1)% (mod 3), then 3" =
+1 (mod p).

(i) ([H]) If d = +(—1)% (mod 3), then 3" =
i% (mod p).

Hudson and Williams proved Theorem 9.1(i)
by using the cyclotomic numbers of order 12,
and Hudson proved Theorem 9.1(ii) using the
Jacobi sums of order 24.

Now we pose some conjectures similar to T he-
orem 9.1.
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Conjecture 9.1. Let p = 1 (mod 4) and
g = 3 (mod 8) be primes such that p = ¢? +
d?2 = 22 4+ qy? with ¢, d,z,y € Z and q | cd.
Suppose ¢ = z = 1 (mod 4), y = 28yy and
yo =1 (mod 4).

(i) Ifp=1 (mod 8), then
p—1 {:t(—l)g (mod p) if x = £c¢ (mod gq),

q

p—1 {moc
~(—1)8 722 (mod p) ifz=+d (mod q).

c
(ii) If p=5 (mod 8), then

o (%2 (mod p) if ¢ = +¢ (mod q),
P> x
g8 =

=3 dy .
F(—-1)8 —= (mod p) ifx==+d (mod q).
Cx

Conjecture 9.2. Let p = 1 (mod 4) and
g = 7 (mod 16) be primes such that p =
2+ d2 = 22 4 qy? with ¢,d,z,y € Z and q | cd.
Suppose ¢ = z = 1 (mod 4), y = 28yy and
yo =1 (mod 4).
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(i) If p=1 (mod 8), then

Pl _ {( 1)4(m0dp) if q|d,
(— 1)4 (mod p) ifq]ec.

(ii) If p=5 (mod 8), then
y :
p—5 {x (mod p) if q|d,

qT — Y
—Z (mod p) ifq|c.
x

Conjecture 9.3. Let p=1 (mod 4) and q =
15 (mod 16) be primes such that p = c¢2+d? =
2 4+ qy? with ¢,d,x,y € Z and q | cd. Suppose
y = 2Pyg and z =yp =1 (mod 4).

-1
() Ifp =1 (mod 8), thenq 8 = (—1)4 (mod p).

p—b
(i) If p=5 (mod 8), then ¢ 8 =% (mod p).

In [S12] Z.H. Sun proved Conjectures 9.1-9.3
on condition that (¢,z+d) =1 or (d,z+¢c) =
25,
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Conjecture 9.4.

Let p = 3 (mod 8) be a

prime and k € 7Z with 2 1 k. Suppose p =
22 + (k2 4+ 1)y? for some z,y € Z. Then

V&(Qk‘, —1) = 9
4

p

E2An2-1 1
—(-1) & 2% (mod p)

if k=5,7 (mod 8),

Crr2-1 41
(-1)—" 8 2% (mod p)

if k=1,3 (mod 8).

In the case kK = 1 Conjecture 4.1 was proved by
the author in [S10,2009] and C.N. Beli (Acta
Arith. 137(2009), 99-131).
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Conjecture 9.5. Let p = 3 (mod 4) be a
prime and k € 7Z with 2 1+ k. Suppose 2p =
12 + (k2 + 4)y? for some z,y € Z.

(i) Ifk=1,3 (mod 8), then

Vg1 (k, —1)
4
( (p2 y)2 1
(-1) ' (2% P (mod p)
ifk=1,11 (mod 16),
=) (P5ty)2-1 p+1
—(—=1) & (-2) 4 (mod p)

if k=3,9 (mod 16).

(ii) If k=5,7 (mod 8), then

Vﬂ(k, —1) = <
)

(

o R
(-1)"—" 8 2% (mod p)

if k=5,15 (mod 16),

EAn2-1 1,
—(-1) & 2% (mod p)

if k=7,13 (mod 16).
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In the case £k = 1 Conjecture 9.5 was proved
by C.N. Beli in 2009.

Conjecture 9.6. Let p =1 (mod 4) be a
prime, b€ Z, 21b and p=c?+d? = 2%+ (b°+
4)y? # b2 + 4 for some ¢,d,x,y € Z. Suppose
c=1 (mod 4) and all the odd parts of d,x,vy
are numbers of the form 4k + 1.

(i) If 4 t xy, then
d?2
((-1)% (mod p)
Xr
if 2 || x and b= 1,3 (mod 8),
a2y
—(—1)4— (mod p)
X

A if 2 || x and b=5,7 (mod 8),
2d
“% (mod p)
CX

\ if2 | y.
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(ii) If 4 | xzy, then
r d+y
2(—=1)4 (mod p)
zd
—2(—=1)4— (mod p)
C
Vp—1(b,—1) =4 if 4|z and b=1,3 (mod 8).
4
zd
2(—1)4- (mod p)
C
if4|x and b=5,7 (mod 8).

\

Conjecture 9.6 has been checked for b < 60

and p < 20000. When p =1 (mod 8), b =

1,3 and 4 | y, the conjecture V,_1(b,—1) =
4

d+y : : :
2(—1)"4 (mod p) is equivalent to a conjecture
of E. Lehmer.

In [S13] Z.H. Sun proved Conjecture 9.6 on
condition that (c,x+d) =1 or (d,z + ¢) = 25.

Conjecture 9.7. Leta e Z, a # 0 and let p =
1 (mod 4) be a prime such that p = ¢? + d? =
22+ (4a2+1)y? withe,d,z,y € Z, c =1 (mod 4)
and p # 402 + 1. Suppose d = 2"dg, y = Qtyo
and dop=y=1 (mod 4).
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(i) If p=1 (mod 8), then
a-l—l r—2
(1) 2+ (mod p)

|f2)(ay,
L0 (mod p) if2]|ay

7\

Up—1(4a,—1)
Z

and
( 2(—1)%+%y+% (mod p)
if 2| a,
Vo-1(4a,—1) = { 2(—1)at4 (mod p)
if 21a and 2|y,
(0 (mod p) if 21ay.
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(ii) If p=5 (mod 8), then
y a | z—2d
(-2 7 (mod p)
CcCr

if 2| a and 21y,

+d
y(modp>

(1) =2

Up%l(4a,—1)5< |f2|aand2|y,
dy

CIT
if 2ta and 2|y,

L0 (mod p) if 21ay

(mod p)

and

(0 (mod p) if 2] ay,
Vyo1(da, —1) = { 2(—1)" 2+ (mod p)
) if 21 ayc.

\

In [S13] Z.H. Sun proved Conjecture 9.7 on
condition that (c,z+d) =1 or (d,x 4+ ¢) = 25.
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Conjecture 9.8 ([S10]). Let p=1 (mod 4)
be a prime, be Z, b=2 (mod 4), p#b2/4+1
and p = c? + d? = 22 4+ (1 4 b2/4)y? for some
c,d,x,y € Z. Supposec=1 (mod 4), x = 2%,
y = 2Pyg and zo = yg =1 (mod 4). Then

b—2 | d
(—1) 7 2% (mod p) if2 | v,
ES 0 (mod p) if 4|y
and
0 (mod p) if2 | vy,
Vp-1(b, —1) = { diy .
7 2(—1)474 (mod p) if4d]y.

In [S14] Z.H. Sun proved Conjecture 9.8 on
condition that (c,z4+d) =1 or (d,z + ¢c) = 25.
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§10. Evaluation of V,(z* + az? + bx)

For a positive integer m and given polyno-
mial f(x) with integral coefficients, denote the
number of incongruent residues of f(x)(xz € Z)
modulo m by V,,(f(x)). That is,

Vin(f(x)) ZHC ‘ ce{0,1,...,m— 1},
f(x) =c (mod m) is solvable}‘.

For any odd prime p we have V,(z?) = Z’Tl.
Let p > 3 be a prime and aj,a2,a3 € Z. In
1908 R.D. von Sterneck proved that if a3 #

3a> (mMmod p), then

2p + (%).

Vp(:c3 + a12° + arz + a3) = 3
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Theorem 10.1 ([S7]). Let p =2 (mod 3) be
an odd prime, b € Z and p{1b. Then

)

Vp(z* + bx) = [

Theorem 10.2 ([S7]). Let p =1 (mod 3)
be a prime, p = A2 4+ 3B2%(A,B € 7), A =
1 (mod 3), beZ and p1b.

(i) Ifp=1 (mod 12), then
-1 p—1
§(5p +9-6(—-1)12)
if 2b is a cubic residue (mod p),

4 -
SR é(Sp 4+ 3+6RB)

-1
| if(20)'3 =1(-1F4) (mod p).
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(ii) If p=7 (mod 12), then

é(5p + 7+ 6(—1)pl;27 —4A)

if 2b is a cubic residue (mod p),
S(5p+1+24)

| if 2b is a cubic nonresidue (mod p).

p

Vp(z*+bx) = |

Theorem 10.3 ([S7]). Let p be a prime
greater than 3.

() If p=1 (mod 12) and p = A2 4+ 3B? =

2 +d? with?2 |d ¢c+d=1 (mod 4) and

A=1 (mod 3), then

Vp(:c4 — 3z° 4 22)

%(5p+3—|—45(p)—214—20) if 3¢,
%(5p—|—3 + 46(p) —2A+2¢) if3]d,

where

(1 ifp=13 (mod 24),

o(p) =40 ifp=1(mod 24) and B=d (mod 8),

|2 ifp=1(mod 24) and B #d (mod 38).
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(i) If p =5 (mod 12) and p = ¢2 4 d? with
2|d, ¢c+d=1 (mod 4) and ¢ = d (mod 3),
then

1
Vp(a* — 32° + 22) = §(5p +3—2d).
(iii) If p=7 (mod 12) and p = A2 + 3B2 with
A=1 (mod 3), then

Vp(a:4 — 3z° 4 21) = é(Sp +1— QA).

(iv) If p=11 (mod 12), then

Vp(a:4 — 3z° 4 27)
°p + 1 1( —(3T+1)) if 24 | p— 11,

—(1
= K 3 +2 p

5
\é(p—l-l) if 24 | p — 23.

Theorem 10.4. Let p > 3 be a prime, and
a,b € 7 with ptb. Then

5 1 15
Vp(a® +aa® +ba) = | < S+
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