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ABSTRACT. Let Z be the set of integers, and let (m, n) be the greatest common divisor
of integers m and n. Let p be a prime of the form 4k+1 and p = ¢® +d? with ¢,d € Z,

d=2"dp and ¢ = dgp = 1 (mod 4). In the paper we determine (L Vb;%l) .
for p = 2 + (b2 + 4%)y? (b,x,y € Z, 2 1 b), and (2a + V4a? + 1);7771 (mod p) for
p =22 + (4a® + 1)y? (a,z,y € Z) on condition that (c,z +d) =1 or (do,z +c) = 1.
As applications we obtain the congruence for U, _1)/4 (mod p) and the criterion
for p | Up—1)/s (if p = 1 (mod 8)), where {Un} is the Lucas sequence given by
Up=0, U =1and Upy1 = bUp +Up—1 (n > 1), and b Z 2 (mod 4). Hence we
partially solve some conjectures that we posed in 2009.

(mod p)
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1. Introduction.
Let Z be the set of integers and ¢ = v/—1. For any odd prime p and a € Z let
() be the Legendre symbol. For a,b,c,d € Z with 2 { ¢ and 2 | d, one can define

the quartic Jacobi symbol (giﬁ) , as in [S4]. From [IR] we know that (21'32) A=

(g:gé) = (2122);1, where  means the complex conjugate of x. For the properties
of the quartic Jacobi symbol, see [IR], [BEW], [S2] and [S4]. In particular, for

a,b € Z with 24 a and 2 | b,

'l: a271 b _]_ b
_(_ (1-(-1)2)/2 =(—1)2
(1.1) (a—l—bi>4 (=1) =i and (a—l—bi>4 (=1)>.

Let D > 1 be a squarefree integer, and ep = (m + nv/D)/2 be the fundamental
unit of the quadratic field Q(v/D) (where Q is the set of rational numbers). Suppose

that p = 1 (mod 4) is a prime such that (%) =1. As m+72“/5 : m_g\/ﬁ = m2_4D”2 =

+1, we may introduce the Legendre symbol (<2). When the norm N(ep) = (m? —

Dn?)/4 equals —1, many mathematicians tried to characterize those primes p for
which ep is a quadratic residue modulo p (that is, (2) = 1), see [Lem]. This
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general problem was finally solved by the author in [S2, S3]. The next natural
problem is to determine whether p is a quartic residue modulo p when (E?D) = 1.

When the norm N(ep) = (m? — Dn?)/4 equals 1, the problem was solved by the
author in [S2]. Now we assume that N(ep) = (m? — Dn?)/4 = —1. Using the
cyclotomic numbers of order 4, in 1974 E. Lehmer [L] proved that for a prime
p=28k+1=2a%42y with z,y € Z, 2 = 1 + /2 is a quartic residue of p if and
only if 4 | y and 7%1 = ¥ (mod 2). See also [S4, Corollary 3.1]. If p # 17 is a prime
of the form 8k + 1 and so p = C% 4 2D? for some C, D € Z, in [S5, Corollary 3.1]
the author showed that 17 = 4 + V17 is a quartic residue modulo p if and only if
p=2a%+17y*(z,y € Z) and (—1)Y = (201#)

Let p = 1 (mod 4) be a prime, b € Z, 21 b, p # b>+4 and p = ? + d* =
22 + (b% + 4)y? for some c,d,z,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy and
dp =1 (mod 4). If 4 | zy, in [S4, Conjecture 9.5] the author conjectured that

p—1 (b-l-\/b2-|-4>p41 _ { (—1)[%H%§ (mod p) if 4]z,

(1.2) €5t 4 = )
o 2 (-0t (modp) it 4]y,

where [-] is the greatest integer function. For m,n € Z let (m,n) be the greatest
common divisor of m and n. For m € Z with m = 2%m(2 1 mg) we write 2¢ || m.
In the paper we use the results in [S4,S6] to prove (1.2) under the condition that

p=1
(c,z+d) = 1 or (d, x+c) = 1. More generally, we determine (22442 Vb;“a) * (mod p)
for p = c® +d? = 22 + (b* + 4%)y? (2 1 b), see Theorem 2.2. We also determine
(2a++v4a? + l)p%1 (mod p) for p = ¢ +d? = 22+ (4a® +1)y? (a € Z), see Corollary
4.1.

For b, ¢ € Z the Lucas sequences {U,(b,c)} and {V,,(b,¢)} are defined by

Uo(b, C) = 0, Ul(b, C) = 1,

(1.3) Upi1(b,¢) = bUn (b, ¢) — cUn_1(b, ) (n>1)
and
(1.4) Vo(b,e) =2, Vi(b,c) =b,

Vig1(b,c) = bV, (b, ¢) — cVp—1(b,c) (n > 1).

Let p =1 (mod 4) be a prime, b € Z, 2tband p = > +d? = 22 + (b*> +4)y* # b> +4
for some ¢,d,x,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2'yo and do = yo =
1 (mod 4). In [S4, Conjecture 9.4] the author conjectured that for 4 1 xy,

(D52 (mod p) if 2 ||

U;DT—I (b,—1) = { e 9qy

(=1)= 7 (mod p) if 2 |y,

and that for 4 | zy,
—2(=D)lEHEd (mod p) if 4],

2(—1)“F* (mod p) if 4 y.
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In the present paper we prove the above conjecture under the condition that (¢, z +
d) =1 or (dp,x + ¢) = 1. We also establish similar results for Upa (b, —1) (mod p)

and Vp_1 (b,—1) (mod p) in the case b =0 (mod 4). As a consequence, we obtain a
criterion for p | Uprl (b,—1) , where b € Z, b # 2 (mod 4) and p is a prime of the
form 8k + 1, see Theorems 3.2, 3.4 and 4.2.

—1
2. Congruences for (XHv244® W)% (mod p).

Lemma 2.1 ([S4, Corollary 6.1]). Let p =1 (mod 4) be a prime and p = ¢ +d?
with ¢,d € Z and ¢ = 1 (mod 4). Letb € Z, 21 b and p = 22 + (b* + 4)y? with
r,y €7, v =2%x0, y= 2%y and xo = yo = 1 (mod 4). Then

2
-1 p—>5 . C x
(F(-1)T B +4)"5°% (mod p)  if 2 || y and (DY = 41,
b—1 p—5 T . c+bd)/x .
F(-1)"T (P +4)"5 2 (mod p) if2 | y and (BFELL), = &,
F(-1)T @ +4)5 ¢ (mod p)  ifd|y and (BFLLE), = £1,
+(~1)"2 (1* +4)*5 (mod p) if 4|y and (P555), = +i,
= 2_ p— c x
:F(_l)b T (b2 + 4) = (mod p) if 2 || © and (—(2 ;f;li)/ )4 = =1,
2_ p— . c x .
F(=1) 5 (b2 + 4) 81% (mod p)  if 2| x and <(2 I;:bgz‘)/ ), =+,
b2 — p—5 . c x
+(~1) T (B + 4L (mod p) if 4] x and (ZHDIT) = 41,
2 p— c x .
\ :|:(_1)b sl (b2 + 4) 853 (mod p) ifd |z and (—(2 ;ngi)/ )4 = +i.

Lemma 2.2 ([S6, Theorem 4.5]). Let p =1 (mod 4) be a prime, p = ¢* + d* =
22+ (a®> +b2)y? # a®> + b2, a,b,¢c,d,x,y €Z,a#0,2|a, (a,b) =1, c=1 (mod 4),
d=2"dy, y = 2o and dy = yo =1 (mod 4). Assume (c,z+d) =1 or (dp, z+c) = 1.

Suppose (“G7) =i
(i) If p=1 (mod 8), then
(—1)E*5(5)™ (mod p) if4|aand? |z,
_ iJr% c\ym .
(a? +b2)PT—1 _ ( 1);1 (dd)mﬂ(mOd p) if4]|aand 21,
()= T (&)™ (mod p)  if2 | aand 2|z,
(—1)%+%+%+m51(§)m_1 (mod p) if2 || a and 21 x.

(=) T (£)™ 'Y (mod p) if4|a and?2 |z,
(4 1) = (—1)1316(?1)”1—1% (mod p) if4|a and2fz,
(-3t (5)™% (mod p) if2 ] a and 2|z,
(—1)1)%1(5)"13 (mod p) if 2 || a and 21 .



Theorem 2.1. Let p = 1 (mod 4) be a prime, b € Z, 2 1 b, p # b> + 4 and
p = c?+d? = 22+ (b2 +4)y? for some c,d,z,y € Z. Supposec =1 (mod 4), d = 2"d,,
x = 2%20(2 1 x0), y = 2%yo and dy = yo = 1 (mod 4). Assume (c,z +d) =1 or
(do,.ﬁL‘ + C) =1.

(i) If 4 1 xy, then

<b+(—1) ] ﬁ)‘ :_<b—(—1>m% d—§>_
5 - 2
_ { (_1)[§]+%§ (mod p) if2 || x,
1 (mod p) if2 |y

(i) If 4 | zy, then

(b—;%)T < _2_2):041_{(_1)[51]+ﬁ§ (mod p) if4 |z,

Proof. Since (ﬁh = —1 by (1.1), replacing « with (—1)®0=1/22 in Lemma 2.1
we get
(2.1)

(b— (-1 cx/(dy)>pf
2
(F(-1)"F (12 + 452 (mod p) if 2 || y and (S5E500), = 41,
b—1 P=5 d. . c+bd)/x .
:F(_l) 2 b2 —|—4) 8 Ccl—y (mod p) if 2 || Yy and (—(2 I;:—Q'L)/ )4 — j:%
F(-1) T (02 +4)5 4 (mod p)  if 4]y and (EGHE) = 11,
(1) (02 +4)" (mod p)  if 4|y and (CHD/T) = 4,
= 2_ xrg— p—1 C T
F(-1)" T (24 4)5 (mod p)  if2 || @ and (25HD/y — 4,
2_ xo— p—1 . (& X N
F(=1)F +7% 1(b2 +4)"5 ¢ (mod p) if2 | z and (—(2 jfgf/ ), = =i,
2_ p— . c T
(1) (0 + 4) 55 2 (mod p) if 4|2 and (25H0/2) = 41,
| )T 0 4)"5"2 (mod p) if 4 |z and (C5HD) = 4,
Taking a = 2 in Lemma 2.2 we obtain
r b+1 , 4 ®mp—1 .
(=)=t ()" (mod p) i 2w,
b=l evm 1
i =] DT " ot it2 ]y
(-3t ($)™L (mod p) if 4| x,
\ (_1)%+%+%+’”° ()™ (mod p) if4|y.
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This together with (2.1) yields

_(_1)[%]+%§ (mod p) if 2 || =,
1

zo—1 .
(2.2) (b— (1) %)T _ /- (Hblod p) if 2 |y,
2 (-DEHEE (mod p)  if4|z,
(=1)5T% (mod p) if4|y.
DT g (DT g i
Since 5 v 5 L= 1 = —1 (mod p), we see that
xg—1 zpg—1
b (-1) L b () g e
Yy — &2 dy 4
23 ; ) =0 ; ) " (modp)

Now combining (2.2) with (2.3) we deduce the result.

Corollary 2.1. Let p = 1 (mod 4) be a prime, b € Z, 2 1 b, p # b* +4 and
p=c?+d? = 2>+ (b* +4)y? with c¢,d,r,y € Z and 4 | xy. Suppose c =1 (mod 4),
d=2"dy and dy =1 (mod 4). Assume (¢,x+d) =1 or (dp,x+c) =1. Then

(_1)[§]+%§ (mod p) if4|x,

(b—l—\/m)pll _
2 LD (modp) 4]y
Theorem 2.2. Let p = 1 (mod 4) be a prime, o € {2,3,4,...}, b € Z, 2 1 b,
p#b>+4% and p = 2 + d? = 2% + (b* + 4%)y? for some c,d,x,y € Z. Suppose
¢ =1 (mod 4), d = 2"dy, v = 2°20(2 1 20), y = 2'yp and dy = yo = 1 (mod 4).
Assume (c,x +d) =1 or (dy,z +¢) = 1.

(i) If p=1 (mod 8), then

2_4 o 2
(o)™ o ()™ (—1)FH S (mod p) if 4] e,
2 2 (=1)“F* (mod p) if4ly.

(ii) If p =5 (mod 8), then

(b—(—1> g—ﬂ;)w =(—1>a(b+(_1) %yx
2 o 2
2 a—2
()RR (mod p) if 2 ||
(—1)"7 (@+1) (mod p) if2 | y.

Proof. It is clear that

(557547

b2 — (0% 4 4%)\ p=1 p=1 (o p=1,
(FEEEY T = o) = (1) (mod ).

(2.4)




By [IR, p.64] we have
s 2= (D)7 = (‘-l)g _ { - (ﬂ (mod p) if p=1 (mod 8),

c c ¢ (mod p) if p=5 (mod 8).
Suppose that (%—Q%W)Ll =M. As (b+2a )4 = 1 we have (%)4 ™.

By [S4, Theorem 6.1], (2.5) and Lemma 2.2 we have the following conclusions: If
=1 (mod 8) and 4 | z, then

-1
cxr  p—1

b_(_l)z% dy\
=)

xo—1

(—1) et Har) T2 o (‘_l>m(22a + 67
C

(—1) T H ) P e (‘—l>m (-1)itE <§)m

C

_ (—1) 5 e ) et fa (L) S e (104 ).

If p=1 (mod 8) and 4 | y, then

<b - (—12) T %)”Zl (_1)(044—1)%4—(05—1)% (%)m@m n bz)p%
(—1)(e+DE+Ha-Dg (C_i)m (1)hH (s)m

d+ty

(=1) = (mod p).

If p=>5 (mod 8) and 2 || y, then

xrn—1
(b— (—1) 02 Ccl—zi)pll
2
b1 d m—ba+a—1 xo 1T
=(-1)z (= -1 920 4 p2)"
(1% (%) ()5 @)

= (—1)%F <‘_l)m_ba+a_l(_1)””%‘lf (D) (g)mHQ

c Yy x
= (—l)b%l(wrl) (mod p).
If p=5 (mod 8) and 2 || x, then
2oL cp L,
b—(-1)"2 @)T
2

/N

b-1
E(_l) (b+28)2_9+2a72 (Czl)m—i—(—l) 2 ata—1 _1)300 15(220[_’_[)2)
b—1
(104+2)2-9 |, ga—2 /d\m+(=1)"2 ata-1 @g—1 a—2 rc\m 1y
e (AT e oy
( ) s c ( ) ’ Y ( )4 d x

(b+2)2—9
8

a2t

(=1

mod p).
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Now putting all the above together we derive the result.

—4ag—b?2 p—4ag—b2 | 5r—2
Remark 2.1 In [S4, Theorem 5.1(iv)], (—1)” = should be (—1)41#0174’2 .

(ag+2)%—(b+2)2 (ap+2)%—(0+2)2 | ,r—2
5 +2°7  In the
a(z)—l

In [S4, Theorem 6.1(ii)], (—1)— s should be (—1)
case 21y, 4| a and 8 | p— 5 on page 518 of [S4], (—1) *=% should be

(et et

p74a07b2
8

Taking v = 2 in Theorem 2.2 we deduce the following result.
Corollary 2.2. Let p = 1 (mod 4) be a prime, b € Z, 21 b, p # b*> + 16 and

p=c?+d* =22+ (b +16)y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4) and
d = 2"dy with dy =1 (mod 4). Assume (c,xz+d) =1 or (dy,z +c) =1. Then

(—1)¥ (mod p) if b=1 (mod 8),

<b4—¢57176>”r5 (—1)% (mod p)  ifb=3 (mod 8),
2 1 (mod p) if b="5 (mod 8),
(—=1)* T +Y (mod p) ifb=7 (mod 8).

Remark 2.2 We conjecture that the condition (¢,z +d) =1 or (dyp,z +¢) =1 in
Theorems 2.1-2.2 and Corollaries 2.1-2.2 can be canceled. See [S4, Conjecture 9.5].
3. Congruences for UpT—l(b, —42=1) and Vp%l(b, —42=1) (mod p).

Let {U,(b,c)} and {V,,(b, c)} be the Lucas sequences given by (1.3) and (1.4). Set
d = b? — 4c. Tt is well known that for any positive integer n,

(3.1) Uy (b, c) = { \/LE{(#E)” - (%ﬁ)n} if d # 0,
o n(g) ! ifd=0
and
b+ d\n b—dyn
(3.2) Viu(b,c) = ( 5 ) +< ' ) .

From [S1, Lemma 6.1(b)] we know that if p > 3 is a prime such that p { bed, then
(3.3) p | Upn(byc) <= Van(b,c) =2c" (mod p).

Theorem 3.1. Let p = 1 (mod 4) be a prime, b € Z, 21 b and p = ® + d? =
2% + (b* + 4)y? # b* + 4 for some ¢, d,x,y € Z. Suppose c =1 (mod 4), d = 2"d,
y =2y and dy = yo = 1 (mod 4). Assume (c,x +d) =1 or (do,z +c) = 1.

(i) If 41 zy, then Vi (b,—1) =0 (mod p) and

Vs —1y= | COI2 (mod p) 2o,

p—1 y = r—1

’ (=1)*7 % (mod p) 2y
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(ii) If 4 | xy, then UpT—l(b7 —1) =0 (mod p) and

2(—1)E+5 < (mod ifd |z,
szl(b,—nz{ ( )dﬂ g (mod p) f |
2(=1) % (mod p) if4]y.

Proof. Suppose = = 2°zy with 2 t 2. Since (2—2)2 = b? + 4 (mod p), using (3.1)
and (3.2) we see that

Up41(b,—1)z(—1)0002_1d—y{(b+(_1)x02_ %yf_(b_(_l) - %)T}(modp)

CT

and
p—1 b _cxr p-—-1

Vprl(b, -1) = <%>4 + ( dy>T (mod p).

Now applying Theorem 2.1 we deduce the result.

Remark 3.1 When p is a prime of the form 8k +1 and p = ¢2 + d? = 22 + (b* +
4)y? with b € {1,3} and 4 | y, the conjecture Vi (b,—1) = 2(—1)‘%1/ (mod p) is
equivalent to a conjecture of E. Lehmer. See [L, Conjecture 4].

Theorem 3.2. Let p = 1 (mod 8) be a prime, b € Z, 24 b and p = ¢ + d*> =
22+ (b2 +4)y? # b2 +4 for some c,d,x,y € Z. Suppose ¢ =1 (mod 4) and d = 2"dy
with dg =1 (mod 4). Assume (¢,x+d) =1 or (do,x+c¢) =1. Thenp | Upa (b,—1)
if and only if y = p%l + d (mod 8).

Proof. This is immediate from (3.3) and Theorem 3.1.

Using (3.1), (3.2) and Theorem 2.2 one can similarly prove the following result.

Theorem 3.3. Let p = 1 (mod 4) be a prime, b,a € Z, a > 2, 24 b, p # b* + 4°

and p = ¢ + d? = 2% + (b% + 4%)y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4),

d=2"dy, y = 2o and dy = yo = 1 (mod 4). Assume (c,z+d) =1 or (dy, z+c) = 1.
(i) If p=1 (mod 8), then Up_t (b, —4°~1) = 0 (mod p) and

2_ a— T
2(-1)" % 2 (mod p) if 4] x,

Vis (b, —4%71) = {

2(—1)“** (mod p) if4]y.
(ii) If p=5 (mod 8), then
0 (mod p) if 2] «a,
2)2 -1 1, 2-2
Uprl(b, —4°7 ) = ¢ 2(-1) B B f—z (mod p) if21a and?2 || z,

Ccx

2(—1)36—2H dy (mOéi P) if2taand 2 || y



and

0 (mod p) if 21,
2 a—2
Vi (b, =41 = 2(—1)%4r2 (mod p) if2 | and?2 || x,
2(—1)"z (mod p) if2) o and?2 || .

From (2.5), (3.3) and Theorem 3.3 we derive the following result.

Theorem 3.4. Let p =1 (mod 8) be a prime, bya € Z, a > 2, 21 b, p # b? + 4~
and p = 2 + d? = 2% + (b? + 4%)y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4)
and d = 2"dy with dy =1 (mod 4). Assume (c, x+d) =1 or (dy,xr+c)=1. Then

~1 d V-1l 9a=2 4 2 d2) if4
p | Upi (b, —4%71) = p—1 9 _ g T + fa (mod 2) if4d |z,
Yo (mod 2) if4|y.

4. Congruences for Uprl (4a,—1) and V,%l (4a,—1) (mod p).

Theorem 4.1. Let a € Z, a # 0 and let p = 1 (mod 4) be a prime such that
p=c?+d* =22+ (4a® + 1)y? with c,d,z,y € Z, c =1 (mod 4) and p # 4a® + 1.
Suppose d = 2"dy, y = 2'yg and dg = yo = 1 (mod 4). Assume that (c,x +d) =1
or (dg,x +¢) = 1.

(i) If p=1 (mod 8), then

e e R :
Up-1(da,—1) = { (=1) o (mod p) if2fay,
! 0 (mod p) if 2| ay
and .
2(—1)TT3YT % (mod p) if2]a,
Veoi(da, 1) = ¢ 2(-1 1)i+% (mod p) if 24 a and 2 | y,
0 (mod p) if 21 ay.

(ii) If p=5 (mod 8), then

(—1)s+ 7 f—x (mod p) if2]a and 21y,
(

. z+1 d_y .
Up-1(4a,—1) = 1)121  (mod p)  if2]aand?2|y,
T (=1)"> 2 (mod p) if2fa and 2 |y,
0 (mod p) if 2t ay
" 0 (mod p) f2 |
mo 7 ay,
Vo1 (4a, —1) { b y

Proof. Clearly (4a2 +1,2) | p and so (4a® 4+ 1,2) = 1. As (d — 2ac)(d + 2ac) =
d? —4a?c® = 22 — % — 4a202 = 22 (mod 4a? + 1), we see that (d — 2ac,4a® +1) = 1.
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Suppose (%)4 =i and x = 2°z¢ (21 x). Since (55)a = (—1)® by (1.1),

replacing  with (—1)(@0=1/25 in [S4, Theorem 7.3] we see that for p = 1 (mod 8),

Up-i (4a,—1) = { (—1) L %(g)m—kl(zla? + 1)]%l (mod p) if 21 ay,
T ’ -

0 (mod p) if 2 | ay
and
2(-1)8¥(2)"(4a> + 1)*5 (modp)  if2]a,
VpT—1(4a/7—1)E 2(—1 )ﬁ( )™+ (4a2 4—1)%1 (mod p) if24a and 2|y,
0 (mod p) if 2 1 ay,

and that for p =5 (mod 8),

(—1)8 <%> (4a® + 1) (modp)  if2]a,
d

Upa(da, =1) = ¢ (=1)"2 ()™ + (4a% +1)"5° (mod p) if 2fa and 2|y,
0 (mod p) if 2fay
and
Ve 1 0 (mod p) if 2 | ay,
p%l( a,-1) = 2(_1)%15(%)”&*1(4@24—1)%5 (mod p) if 21 ay.

Replacing a,b with —2a, 1 in Lemma 2.2 we see that for p = 1 (mod 8),

(—1)E+F($)™ (mod p) if 2| a,
a2+ 1) = (DI ()™ (mod p)  if 24 ay,
(~1)$t2+E(&)™1 (mod p) if 2fa and 2|y,

while for p =5 (mod 8),

8
|
N

/N N /N —~
| |
_ =
~— ~—
N
P e N

m=1Y (mod p) if2|aand 2¢ty,
m=1Y (mod p) if2]|aand 2|y,

mod p) if 21 ay,
if 24a and 2 | y.

8
+
A

alo alo
~—

~—

(4a2 + 1) =

|
—_
S~—
INE
+
=
alo
N~—
3
S

ala
3
SIS
=
o
o
)

Now putting all the above together we deduce the result.

Corollary 4.1. Let a € Z, a # 0 and let p = 1 (mod 4) be a prime such that
p=c?+d> =22+ (4a® + 1)y? with ¢,d,x,y € Z, c=1 (mod 4) and p # 4a® + 1.
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Suppose d = 2"dy with dg = 1 (mod 4). Assume that (c,xz+d) =1 or (dp,z+c) = 1.
If 4 | zy, then

2+ (mod p) 2],
1 (mod p) if21a and 4 |y,
id (modp) if2fa and 4| z.

-

(2a + V4a? + 1)177_1 =4q (-1

Proof. Suppose 4 | zy. By Theorem 4.1, p | Up%l (4a,—1). Hence, using (3.1)
and (3.2) we see that

. 1
9a 4+ /4a? + 1)*T = /4a? + 1Up-1 (4a, —1) + = Vo1 (4a, —1
1 2 1
1
= §sz1 (4a,—1) (mod p).

Now the result follows from Theorem 4.1 immediately.

From Theorem 4.1 and (3.3) we deduce the following result.

Theorem 4.2. Let a € Z, a # 0 and let p = 1 (mod 8) be a prime such that
p=c?+d* =22+ (4a® + 1)y? with c,d,z,y € Z, c =1 (mod 4) and p # 4a® + 1.
Suppose d = 2"dy with dy = 1 (mod 4). Assume that (c,x+d) =1 or (dy,x+c) = 1.
Then

d a ry ;
—1 S+ 2y+ = (mod 2) if2]|a,
p|Up_1(4a,—1)<:>4|a:yandp—z{3 2U T ) izl
8 8 g+ 4 (mod 2) if 21 a.

Remark 4.1 We conjecture that the condition (¢, +d) = 1 or (dp,z + ¢) =
1 in Theorems 3.1-3.4, 4.1-4.2 and Corollary 4.1 can be canceled. See also [S4,
Conjectures 9.4, 9.10, 9.11, 9.14 and 9.19].
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