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Abstract. Let Z be the set of integers, and let (m, n) be the greatest common divisor

of integers m and n. Let p be a prime of the form 4k+1 and p = c2 +d2 with c, d ∈ Z,

d = 2rd0 and c ≡ d0 ≡ 1 (mod 4). In the paper we determine (
b+
√

b2+4α

2
)

p−1
4 (mod p)

for p = x2 + (b2 + 4α)y2 (b, x, y ∈ Z, 2 - b), and (2a +
√

4a2 + 1)
p−1
4 (mod p) for

p = x2 + (4a2 + 1)y2 (a, x, y ∈ Z) on condition that (c, x + d) = 1 or (d0, x + c) = 1.

As applications we obtain the congruence for U(p−1)/4 (mod p) and the criterion

for p | U(p−1)/8 (if p ≡ 1 (mod 8)), where {Un} is the Lucas sequence given by

U0 = 0, U1 = 1 and Un+1 = bUn + Un−1 (n ≥ 1), and b 6≡ 2 (mod 4). Hence we

partially solve some conjectures that we posed in 2009.
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1. Introduction.
Let Z be the set of integers and i =

√−1. For any odd prime p and a ∈ Z let
(a

p ) be the Legendre symbol. For a, b, c, d ∈ Z with 2 - c and 2 | d, one can define

the quartic Jacobi symbol
(

a+bi
c+di

)
4

as in [S4]. From [IR] we know that
(

a+bi
c+di

)
4

=(
a−bi
c−di

)
4

=
(

a+bi
c+di

)−1

4
, where x̄ means the complex conjugate of x. For the properties

of the quartic Jacobi symbol, see [IR], [BEW], [S2] and [S4]. In particular, for
a, b ∈ Z with 2 - a and 2 | b,

(1.1)
( i

a + bi

)
4

= (−1)
a2−1

8 i(1−(−1)
b
2 )/2 and

( −1
a + bi

)
4

= (−1)
b
2 .

Let D > 1 be a squarefree integer, and εD = (m + n
√

D)/2 be the fundamental
unit of the quadratic field Q(

√
D) (where Q is the set of rational numbers). Suppose

that p ≡ 1 (mod 4) is a prime such that (D
p ) = 1. As m+n

√
D

2 · m−n
√

D
2 = m2−Dn2

4 =
±1, we may introduce the Legendre symbol ( εD

p ). When the norm N(εD) = (m2 −
Dn2)/4 equals −1, many mathematicians tried to characterize those primes p for
which εD is a quadratic residue modulo p (that is, ( εD

p ) = 1), see [Lem]. This
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general problem was finally solved by the author in [S2, S3]. The next natural
problem is to determine whether εD is a quartic residue modulo p when ( εD

p ) = 1.
When the norm N(εD) = (m2 − Dn2)/4 equals 1, the problem was solved by the
author in [S2]. Now we assume that N(εD) = (m2 − Dn2)/4 = −1. Using the
cyclotomic numbers of order 4, in 1974 E. Lehmer [L] proved that for a prime
p = 8k + 1 = x2 + 2y2 with x, y ∈ Z, ε2 = 1 +

√
2 is a quartic residue of p if and

only if 4 | y and p−1
8 ≡ y

4 (mod 2). See also [S4, Corollary 3.1]. If p 6= 17 is a prime
of the form 8k + 1 and so p = C2 + 2D2 for some C, D ∈ Z, in [S5, Corollary 3.1]
the author showed that ε17 = 4 +

√
17 is a quartic residue modulo p if and only if

p = x2 + 17y2(x, y ∈ Z) and (−1)y = ( 2C−3D
17 ).

Let p ≡ 1 (mod 4) be a prime, b ∈ Z, 2 - b, p 6= b2 + 4 and p = c2 + d2 =
x2 + (b2 + 4)y2 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4), d = 2rd0 and
d0 ≡ 1 (mod 4). If 4 | xy, in [S4, Conjecture 9.5] the author conjectured that

(1.2) ε
p−1
4

b2+4 =
(b +

√
b2 + 4
2

) p−1
4 ≡

{
(−1)[

b
4 ]+ x

4 c
d (mod p) if 4 | x,

(−1)
d
4 + y

4 (mod p) if 4 | y,

where [·] is the greatest integer function. For m,n ∈ Z let (m,n) be the greatest
common divisor of m and n. For m ∈ Z with m = 2αm0(2 - m0) we write 2α ‖ m.
In the paper we use the results in [S4,S6] to prove (1.2) under the condition that

(c, x+d) = 1 or (d0, x+c) = 1. More generally, we determine
(

b+
√

b2+4α

2

) p−1
4 (mod p)

for p = c2 + d2 = x2 + (b2 + 4α)y2 (2 - b), see Theorem 2.2. We also determine
(2a+

√
4a2 + 1)

p−1
4 (mod p) for p = c2 +d2 = x2 +(4a2 +1)y2 (a ∈ Z), see Corollary

4.1.
For b, c ∈ Z the Lucas sequences {Un(b, c)} and {Vn(b, c)} are defined by

(1.3)
U0(b, c) = 0, U1(b, c) = 1,

Un+1(b, c) = bUn(b, c)− cUn−1(b, c) (n ≥ 1)

and

(1.4)
V0(b, c) = 2, V1(b, c) = b,

Vn+1(b, c) = bVn(b, c)− cVn−1(b, c) (n ≥ 1).

Let p ≡ 1 (mod 4) be a prime, b ∈ Z, 2 - b and p = c2 +d2 = x2 +(b2 +4)y2 6= b2 +4
for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4), d = 2rd0, y = 2ty0 and d0 ≡ y0 ≡
1 (mod 4). In [S4, Conjecture 9.4] the author conjectured that for 4 - xy,

U p−1
4

(b,−1) ≡
{

(−1)[
b
4 ]+ d

4 + x−2
4

2y
x (mod p) if 2 ‖ x,

(−1)
x−1
2

2dy
cx (mod p) if 2 ‖ y,

and that for 4 | xy,

V p−1
4

(b,−1) ≡
{
−2(−1)[

b
4 ]+ x

4 d
c (mod p) if 4 | x,

2(−1)
d+y
4 (mod p) if 4 | y.
2



In the present paper we prove the above conjecture under the condition that (c, x +
d) = 1 or (d0, x + c) = 1. We also establish similar results for U p−1

4
(b,−1) (mod p)

and V p−1
4

(b,−1) (mod p) in the case b ≡ 0 (mod 4). As a consequence, we obtain a
criterion for p | U p−1

8
(b,−1) , where b ∈ Z, b 6≡ 2 (mod 4) and p is a prime of the

form 8k + 1, see Theorems 3.2, 3.4 and 4.2.

2. Congruences for
(

b+
√

b2+4α

2

) p−1
4 (mod p).

Lemma 2.1 ([S4, Corollary 6.1]). Let p ≡ 1 (mod 4) be a prime and p = c2 +d2

with c, d ∈ Z and c ≡ 1 (mod 4). Let b ∈ Z, 2 - b and p = x2 + (b2 + 4)y2 with
x, y ∈ Z, x = 2sx0, y = 2ty0 and x0 ≡ y0 ≡ 1 (mod 4). Then

(b− cx
dy

2

) p−1
4

≡





∓(−1)
b−1
2 (b2 + 4)

p−5
8 x

y (mod p) if 2 ‖ y and
( (2c+bd)/x

b+2i

)
4

= ±1,

∓(−1)
b−1
2 (b2 + 4)

p−5
8 dx

cy (mod p) if 2 ‖ y and
( (2c+bd)/x

b+2i

)
4

= ±i,

∓(−1)
b−1
2 (b2 + 4)

p−1
8 d

c (mod p) if 4 | y and
( (2c+bd)/x

b+2i

)
4

= ±1,

±(−1)
b−1
2 (b2 + 4)

p−1
8 (mod p) if 4 | y and

( (2c+bd)/x
b+2i

)
4

= ±i,

∓(−1)
b2−1

8 (b2 + 4)
p−1
8 (mod p) if 2 ‖ x and

( (2c+bd)/x
b+2i

)
4

= ±1,

∓(−1)
b2−1

8 (b2 + 4)
p−1
8 d

c (mod p) if 2 ‖ x and
( (2c+bd)/x

b+2i

)
4

= ±i,

±(−1)
b2−1

8 (b2 + 4)
p−5
8 dx

cy (mod p) if 4 | x and
( (2c+bd)/x

b+2i

)
4

= ±1,

∓(−1)
b2−1

8 (b2 + 4)
p−5
8 x

y (mod p) if 4 | x and
( (2c+bd)/x

b+2i

)
4

= ±i.

Lemma 2.2 ([S6, Theorem 4.5]). Let p ≡ 1 (mod 4) be a prime, p = c2 + d2 =
x2 + (a2 + b2)y2 6= a2 + b2, a, b, c, d, x, y ∈ Z, a 6= 0, 2 | a, (a, b) = 1, c ≡ 1 (mod 4),
d = 2rd0, y = 2ty0 and d0 ≡ y0 ≡ 1 (mod 4). Assume (c, x+d) = 1 or (d0, x+c) = 1.
Suppose

( (ac+bd)/x
b+ai

)
4

= im.
(i) If p ≡ 1 (mod 8), then

(a2 + b2)
p−1
8 ≡





(−1)
d
4 + x

4 ( c
d )m (mod p) if 4 | a and 2 | x,

(−1)
d
4 + y

4 ( c
d )m (mod p) if 4 | a and 2 - x,

(−1)
b+1
2 + d

4 + x−2
4 ( c

d )m−1 (mod p) if 2 ‖ a and 2 | x,

(−1)
b−1
2 + d

4 + y
4 + x−1

2 ( c
d )m−1 (mod p) if 2 ‖ a and 2 - x.

(ii) If p ≡ 5 (mod 8), then

(a2 + b2)
p−5
8 ≡





(−1)
x−2
4 ( c

d )m−1 y
x (mod p) if 4 | a and 2 | x,

(−1)
x+1
2 ( c

d )m−1 y
x (mod p) if 4 | a and 2 - x,

(−1)
x
4 + b+1

2 ( c
d )m y

x (mod p) if 2 ‖ a and 2 | x,

(−1)
b−1
2 ( c

d )m y
x (mod p) if 2 ‖ a and 2 - x.
3



Theorem 2.1. Let p ≡ 1 (mod 4) be a prime, b ∈ Z, 2 - b, p 6= b2 + 4 and
p = c2+d2 = x2+(b2+4)y2 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4), d = 2rd0,
x = 2sx0(2 - x0), y = 2ty0 and d0 ≡ y0 ≡ 1 (mod 4). Assume (c, x + d) = 1 or
(d0, x + c) = 1.

(i) If 4 - xy, then

(b + (−1)
x0−1

2 cx
dy

2

) p−1
4 ≡ −

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4

≡
{

(−1)[
b
4 ]+ d

4 c
d (mod p) if 2 ‖ x,

1 (mod p) if 2 ‖ y.

(ii) If 4 | xy, then

(b + cx
dy

2

) p−1
4 ≡

(b− cx
dy

2

) p−1
4 ≡

{
(−1)[

b
4 ]+ x

4 c
d (mod p) if 4 | x,

(−1)
d
4 + y

4 (mod p) if 4 | y.

Proof. Since ( −1
b+2i )4 = −1 by (1.1), replacing x with (−1)(x0−1)/2x in Lemma 2.1

we get
(2.1)

(b− (−1)
x0−1

2 cx/(dy)
2

) p−1
4

≡





∓(−1)
b−1
2 (b2 + 4)

p−5
8 x

y (mod p) if 2 ‖ y and
( (2c+bd)/x

b+2i

)
4

= ±1,

∓(−1)
b−1
2 (b2 + 4)

p−5
8 dx

cy (mod p) if 2 ‖ y and
( (2c+bd)/x

b+2i

)
4

= ±i,

∓(−1)
b−1
2 +

x0−1
2 (b2 + 4)

p−1
8 d

c (mod p) if 4 | y and
( (2c+bd)/x

b+2i

)
4

= ±1,

±(−1)
b−1
2 +

x0−1
2 (b2 + 4)

p−1
8 (mod p) if 4 | y and

( (2c+bd)/x
b+2i

)
4

= ±i,

∓(−1)
b2−1

8 +
x0−1

2 (b2 + 4)
p−1
8 (mod p) if 2 ‖ x and

( (2c+bd)/x
b+2i

)
4

= ±1,

∓(−1)
b2−1

8 +
x0−1

2 (b2 + 4)
p−1
8 d

c (mod p) if 2 ‖ x and
( (2c+bd)/x

b+2i

)
4

= ±i,

±(−1)
b2−1

8 (b2 + 4)
p−5
8 dx

cy (mod p) if 4 | x and
( (2c+bd)/x

b+2i

)
4

= ±1,

∓(−1)
b2−1

8 (b2 + 4)
p−5
8 x

y (mod p) if 4 | x and
( (2c+bd)/x

b+2i

)
4

= ±i.

Taking a = 2 in Lemma 2.2 we obtain

(b2 + 4)[
p
8 ] ≡





(−1)
b+1
2 + d

4 +
x0−1

2 ( c
d )m−1 (mod p) if 2 ‖ x,

(−1)
b−1
2 ( c

d )m y
x (mod p) if 2 ‖ y,

(−1)
x
4 + b+1

2 ( c
d )m y

x (mod p) if 4 | x,

(−1)
b−1
2 + d

4 + y
4 +

x0−1
2 ( c

d )m−1 (mod p) if 4 | y.
4



This together with (2.1) yields

(2.2)
(b− (−1)

x0−1
2 cx

dy

2

) p−1
4 ≡





−(−1)[
b
4 ]+ d

4 c
d (mod p) if 2 ‖ x,

−1 (mod p) if 2 ‖ y,

(−1)[
b
4 ]+ x

4 c
d (mod p) if 4 | x,

(−1)
d
4 + y

4 (mod p) if 4 | y.

Since
b+(−1)

x0−1
2 cx

dy

2 · b−(−1)
x0−1

2 cx
dy

2 ≡ b2−(b2+4)
4 = −1 (mod p), we see that

(2.3)
(b + (−1)

x0−1
2 cx

dy

2

) p−1
4 ≡ (−1)

p−1
4

(b− (−1)
x0−1

2 cx
dy

2

)− p−1
4

(mod p).

Now combining (2.2) with (2.3) we deduce the result.

Corollary 2.1. Let p ≡ 1 (mod 4) be a prime, b ∈ Z, 2 - b, p 6= b2 + 4 and
p = c2 + d2 = x2 + (b2 + 4)y2 with c, d, x, y ∈ Z and 4 | xy. Suppose c ≡ 1 (mod 4),
d = 2rd0 and d0 ≡ 1 (mod 4). Assume (c, x + d) = 1 or (d0, x + c) = 1. Then

(b +
√

b2 + 4
2

) p−1
4 ≡

{
(−1)[

b
4 ]+ x

4 c
d (mod p) if 4 | x,

(−1)
d
4 + y

4 (mod p) if 4 | y.

Theorem 2.2. Let p ≡ 1 (mod 4) be a prime, α ∈ {2, 3, 4, . . . }, b ∈ Z, 2 - b,
p 6= b2 + 4α and p = c2 + d2 = x2 + (b2 + 4α)y2 for some c, d, x, y ∈ Z. Suppose
c ≡ 1 (mod 4), d = 2rd0, x = 2sx0(2 - x0), y = 2ty0 and d0 ≡ y0 ≡ 1 (mod 4).
Assume (c, x + d) = 1 or (d0, x + c) = 1.

(i) If p ≡ 1 (mod 8), then

(b− cx
dy

2

) p−1
4 ≡

(b + cx
dy

2

) p−1
4 ≡

{
(−1)

b2−1
8 +2α−2+ d+x

4 α (mod p) if 4 | x,

(−1)
d+y
4 α (mod p) if 4 | y.

(ii) If p ≡ 5 (mod 8), then

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4 ≡ (−1)α

(b + (−1)
x0−1

2 cx
dy

2

) p−1
4

≡
{

(−1)
(b+2)2−9

8 + b+1
2 α+2α−2

(mod p) if 2 ‖ x,

(−1)
b−1
2 (α+1) (mod p) if 2 ‖ y.

Proof. It is clear that

(2.4)

(b + cx
dy

2

) p−1
4

(b− cx
dy

2

) p−1
4

≡
(b2 − (b2 + 4α)

4

) p−1
4

= (−1)
p−1
4 2

p−1
2 (α−1) ≡ (−1)

p−1
4 α (mod p).

5



By [IR, p.64] we have

(2.5) 2
p−1
4 ≡

(d

c

) cd
2 ≡

(d

c

) d
2 ≡

{
(−1)

d
4 (mod p) if p ≡ 1 (mod 8),

d
c (mod p) if p ≡ 5 (mod 8).

Suppose that ( (2αc+bd)/x
b+2αi )4 = im. As ( −1

b+2αi )4 = 1 we have ( (2αc+bd)/(−x)
b+2αi )4 = im.

By [S4, Theorem 6.1], (2.5) and Lemma 2.2 we have the following conclusions: If
p ≡ 1 (mod 8) and 4 | x, then

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4

≡ (−1)
b2−1

8 +(α+1)
2α−(−1)

x0−1
2 x

4 +(α−1) d
4

(d

c

)m

(22α + b2)
p−1
8

≡ (−1)
b2−1

8 +(α+1)
2α−(−1)

x0−1
2 x

4 +(α−1) d
4

(d

c

)m

· (−1)
d
4 + x

4

( c

d

)m

= (−1)
b2−1

8 +2α−2(α+1)+ d
4 α+ x

4 α = (−1)
b2−1

8 +2α−2+ d+x
4 α (mod p).

If p ≡ 1 (mod 8) and 4 | y, then

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4 ≡ (−1)(α+1) y

4 +(α−1) d
4

(d

c

)m

(22α + b2)
p−1
8

≡ (−1)(α+1) y
4 +(α−1) d

4

(d

c

)m

· (−1)
d
4 + y

4

( c

d

)m

= (−1)
d+y
4 α (mod p).

If p ≡ 5 (mod 8) and 2 ‖ y, then

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4

≡ (−1)
b+1
2

(d

c

)m−bα+α−1

(−1)
x0−1

2
x

y
(22α + b2)

p−5
8

≡ (−1)
b+1
2

(d

c

)m−bα+α−1

(−1)
x0−1

2
x

y
· (−1)

x0−1
2

( c

d

)m+1 y

x

≡ (−1)
b−1
2 (α+1) (mod p).

If p ≡ 5 (mod 8) and 2 ‖ x, then

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4

≡ (−1)
(b+2)2−9

8 +2α−2
(d

c

)m+(−1)
b−1
2 α+α−1

(−1)
x0−1

2
x

y
(22α + b2)

p−5
8

≡ (−1)
(b+2)2−9

8 +2α−2
(d

c

)m+(−1)
b−1
2 α+α−1

(−1)
x0−1

2
x

y
· (−1)

x−2
4

( c

d

)m−1 y

x

≡ (−1)
(b+2)2−9

8 + b+1
2 α+2α−2

(mod p).
6



Now putting all the above together we derive the result.

Remark 2.1 In [S4, Theorem 5.1(iv)], (−1)
p−4a0−b2

8 should be (−1)
p−4a0−b2

8 +2r−2
.

In [S4, Theorem 6.1(ii)], (−1)
(a0+2)2−(b+2)2

8 should be (−1)
(a0+2)2−(b+2)2

8 +2r−2
. In the

case 2 - y, 4 | a and 8 | p − 5 on page 518 of [S4], (−1)
p−4a0−b2

8 +
a2
0−1
8 should be

(−1)
p−4a0−b2

8 +
a2
0−1
8 +2r−2

.
Taking α = 2 in Theorem 2.2 we deduce the following result.

Corollary 2.2. Let p ≡ 1 (mod 4) be a prime, b ∈ Z, 2 - b, p 6= b2 + 16 and
p = c2 + d2 = x2 + (b2 + 16)y2 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4) and
d = 2rd0 with d0 ≡ 1 (mod 4). Assume (c, x + d) = 1 or (d0, x + c) = 1. Then

(b +
√

b2 + 16
2

) p−1
4 ≡





(−1)y (mod p) if b ≡ 1 (mod 8),

(−1)
p−1
4 (mod p) if b ≡ 3 (mod 8),

1 (mod p) if b ≡ 5 (mod 8),

(−1)
p−1
4 +y (mod p) if b ≡ 7 (mod 8).

Remark 2.2 We conjecture that the condition (c, x + d) = 1 or (d0, x + c) = 1 in
Theorems 2.1-2.2 and Corollaries 2.1-2.2 can be canceled. See [S4, Conjecture 9.5].

3. Congruences for U p−1
4

(b,−4α−1) and V p−1
4

(b,−4α−1) (mod p).
Let {Un(b, c)} and {Vn(b, c)} be the Lucas sequences given by (1.3) and (1.4). Set

d = b2 − 4c. It is well known that for any positive integer n,

(3.1) Un(b, c) =

{
1√
d

{(
b+
√

d
2

)n − (
b−
√

d
2

)n}
if d 6= 0,

n( b
2 )n−1 if d = 0

and

(3.2) Vn(b, c) =
(b +

√
d

2

)n

+
(b−

√
d

2

)n

.

From [S1, Lemma 6.1(b)] we know that if p > 3 is a prime such that p - bcd, then

(3.3) p | Un(b, c) ⇐⇒ V2n(b, c) ≡ 2cn (mod p).

Theorem 3.1. Let p ≡ 1 (mod 4) be a prime, b ∈ Z, 2 - b and p = c2 + d2 =
x2 + (b2 + 4)y2 6= b2 + 4 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4), d = 2rd0,
y = 2ty0 and d0 ≡ y0 ≡ 1 (mod 4). Assume (c, x + d) = 1 or (d0, x + c) = 1.

(i) If 4 - xy, then V p−1
4

(b,−1) ≡ 0 (mod p) and

U p−1
4

(b,−1) ≡
{

(−1)[
b
4 ]+ d

4 + x−2
4

2y
x (mod p) if 2 ‖ x,

(−1)
x−1
2

2dy
cx (mod p) if 2 ‖ y.
7



(ii) If 4 | xy, then U p−1
4

(b,−1) ≡ 0 (mod p) and

V p−1
4

(b,−1) ≡
{

2(−1)[
b
4 ]+ x

4 c
d (mod p) if 4 | x,

2(−1)
d+y
4 (mod p) if 4 | y.

Proof. Suppose x = 2sx0 with 2 - x0. Since ( cx
dy )2 ≡ b2 + 4 (mod p), using (3.1)

and (3.2) we see that

U p−1
4

(b,−1) ≡ (−1)
x0−1

2
dy

cx

{(b + (−1)
x0−1

2 cx
dy

2

) p−1
4 −

(b− (−1)
x0−1

2 cx
dy

2

) p−1
4

}
(mod p)

and

V p−1
4

(b,−1) ≡
(b + cx

dy

2

) p−1
4

+
(b− cx

dy

2

) p−1
4

(mod p).

Now applying Theorem 2.1 we deduce the result.

Remark 3.1 When p is a prime of the form 8k + 1 and p = c2 + d2 = x2 + (b2 +
4)y2 with b ∈ {1, 3} and 4 | y, the conjecture V p−1

4
(b,−1) ≡ 2(−1)

d+y
4 (mod p) is

equivalent to a conjecture of E. Lehmer. See [L, Conjecture 4].

Theorem 3.2. Let p ≡ 1 (mod 8) be a prime, b ∈ Z, 2 - b and p = c2 + d2 =
x2 +(b2 +4)y2 6= b2 +4 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4) and d = 2rd0

with d0 ≡ 1 (mod 4). Assume (c, x+d) = 1 or (d0, x+ c) = 1. Then p | U p−1
8

(b,−1)

if and only if y ≡ p−1
2 + d (mod 8).

Proof. This is immediate from (3.3) and Theorem 3.1.

Using (3.1), (3.2) and Theorem 2.2 one can similarly prove the following result.

Theorem 3.3. Let p ≡ 1 (mod 4) be a prime, b, α ∈ Z, α ≥ 2, 2 - b, p 6= b2 + 4α

and p = c2 + d2 = x2 + (b2 + 4α)y2 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4),
d = 2rd0, y = 2ty0 and d0 ≡ y0 ≡ 1 (mod 4). Assume (c, x+d) = 1 or (d0, x+c) = 1.

(i) If p ≡ 1 (mod 8), then U p−1
4

(b,−4α−1) ≡ 0 (mod p) and

V p−1
4

(b,−4α−1) ≡
{

2(−1)
b2−1

8 +2α−2+ d+x
4 α (mod p) if 4 | x,

2(−1)
d+y
4 α (mod p) if 4 | y.

(ii) If p ≡ 5 (mod 8), then

U p−1
4

(b,−4α−1) ≡





0 (mod p) if 2 | α,

2(−1)
(b+2)2−1

8 + b+1
2 + x−2

4
dy
cx (mod p) if 2 - α and 2 ‖ x,

2(−1)
x+1
2

dy
cx (mod p) if 2 - α and 2 ‖ y

8



and

V p−1
4

(b,−4α−1) ≡





0 (mod p) if 2 - α,

2(−1)
(b+2)2−9

8 +2α−2
(mod p) if 2 | α and 2 ‖ x,

2(−1)
b−1
2 (mod p) if 2 | α and 2 ‖ y.

From (2.5), (3.3) and Theorem 3.3 we derive the following result.

Theorem 3.4. Let p ≡ 1 (mod 8) be a prime, b, α ∈ Z, α ≥ 2, 2 - b, p 6= b2 + 4α

and p = c2 + d2 = x2 + (b2 + 4α)y2 for some c, d, x, y ∈ Z. Suppose c ≡ 1 (mod 4)
and d = 2rd0 with d0 ≡ 1 (mod 4). Assume (c, x + d) = 1 or (d0, x + c) = 1. Then

p | U p−1
8

(b,−4α−1) ⇐⇒ p− 1
8

+
d

4
≡

{
b2−1

8 + 2α−2 + x
4α (mod 2) if 4 | x,

y
4α (mod 2) if 4 | y.

4. Congruences for U p−1
4

(4a,−1) and V p−1
4

(4a,−1) (mod p).

Theorem 4.1. Let a ∈ Z, a 6= 0 and let p ≡ 1 (mod 4) be a prime such that
p = c2 + d2 = x2 + (4a2 + 1)y2 with c, d, x, y ∈ Z, c ≡ 1 (mod 4) and p 6= 4a2 + 1.
Suppose d = 2rd0, y = 2ty0 and d0 ≡ y0 ≡ 1 (mod 4). Assume that (c, x + d) = 1
or (d0, x + c) = 1.

(i) If p ≡ 1 (mod 8), then

U p−1
4

(4a,−1) ≡
{

(−1)
a+1
2 + d

4 + x−2
4

y
x (mod p) if 2 - ay,

0 (mod p) if 2 | ay

and

V p−1
4

(4a,−1) ≡





2(−1)
d
4 + a

2 y+ xy
4 (mod p) if 2 | a,

2(−1)
d
4 + y

4 (mod p) if 2 - a and 2 | y,
0 (mod p) if 2 - ay.

(ii) If p ≡ 5 (mod 8), then

U p−1
4

(4a,−1) ≡





(−1)
a
2 + x−2

4
dy
cx (mod p) if 2 | a and 2 - y,

(−1)
x+1
2

dy
cx (mod p) if 2 | a and 2 | y,

(−1)
x−1
2

dy
cx (mod p) if 2 - a and 2 | y,

0 (mod p) if 2 - ay

and

V p−1
4

(4a,−1) ≡
{ 0 (mod p) if 2 | ay,

2(−1)
a−1
2 + x

4 d
c (mod p) if 2 - ay.

Proof. Clearly (4a2 + 1, x) | p and so (4a2 + 1, x) = 1. As (d − 2ac)(d + 2ac) =
d2− 4a2c2 ≡ x2− c2− 4a2c2 ≡ x2 (mod 4a2 + 1), we see that (d− 2ac, 4a2 + 1) = 1.
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Suppose ( (d−2ac)/x
1−2ai )4 = im and x = 2sx0 (2 - x0). Since ( −1

1−2ai )4 = (−1)a by (1.1),
replacing x with (−1)(x0−1)/2x in [S4, Theorem 7.3] we see that for p ≡ 1 (mod 8),

U p−1
4

(4a,−1) ≡
{

(−1)
a+1
2

y
x (d

c )m+1(4a2 + 1)
p−1
8 (mod p) if 2 - ay,

0 (mod p) if 2 | ay

and

V p−1
4

(4a,−1) ≡





2(−1)
a
2 y(d

c )m(4a2 + 1)
p−1
8 (mod p) if 2 | a,

2(−1)
x+1
2 (d

c )m+1(4a2 + 1)
p−1
8 (mod p) if 2 - a and 2 | y,

0 (mod p) if 2 - ay,

and that for p ≡ 5 (mod 8),

U p−1
4

(4a,−1) ≡





(−1)
a
2 y(d

c )m(4a2 + 1)
p−5
8 (mod p) if 2 | a,

(−1)
x−1
2 (d

c )m+1(4a2 + 1)
p−5
8 (mod p) if 2 - a and 2 | y,

0 (mod p) if 2 - ay

and

V p−1
4

(4a,−1) ≡
{

0 (mod p) if 2 | ay,

2(−1)
a+1
2 x

y (d
c )m+1(4a2 + 1)

p−5
8 (mod p) if 2 - ay.

Replacing a, b with −2a, 1 in Lemma 2.2 we see that for p ≡ 1 (mod 8),

(4a2 + 1)
p−1
8 ≡





(−1)
d
4 + xy

4 ( c
d )m (mod p) if 2 | a,

(−1)
d
4 + x+2

4 ( c
d )m−1 (mod p) if 2 - ay,

(−1)
d
4 + x−1

2 + y
4 ( c

d )m−1 (mod p) if 2 - a and 2 | y,

while for p ≡ 5 (mod 8),

(4a2 + 1)
p−5
8 ≡





(−1)
x−2
4 ( c

d )m−1 y
x (mod p) if 2 | a and 2 - y,

(−1)
x+1
2 ( c

d )m−1 y
x (mod p) if 2 | a and 2 | y,

(−1)
x
4 +1( c

d )m y
x (mod p) if 2 - ay,

( c
d )m y

x (mod p) if 2 - a and 2 | y.

Now putting all the above together we deduce the result.

Corollary 4.1. Let a ∈ Z, a 6= 0 and let p ≡ 1 (mod 4) be a prime such that
p = c2 + d2 = x2 + (4a2 + 1)y2 with c, d, x, y ∈ Z, c ≡ 1 (mod 4) and p 6= 4a2 + 1.
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Suppose d = 2rd0 with d0 ≡ 1 (mod 4). Assume that (c, x+d) = 1 or (d0, x+c) = 1.
If 4 | xy, then

(2a +
√

4a2 + 1)
p−1
4 ≡





(−1)
d
4 + a

2 y+ xy
4 (mod p) if 2 | a,

(−1)
d
4 + y

4 (mod p) if 2 - a and 4 | y,
(−1)

a−1
2 + x

4 d
c (mod p) if 2 - a and 4 | x.

Proof. Suppose 4 | xy. By Theorem 4.1, p | U p−1
4

(4a,−1). Hence, using (3.1)
and (3.2) we see that

(2a +
√

4a2 + 1)
p−1
4 =

√
4a2 + 1U p−1

4
(4a,−1) +

1
2
V p−1

4
(4a,−1)

≡ 1
2
V p−1

4
(4a,−1) (mod p).

Now the result follows from Theorem 4.1 immediately.

From Theorem 4.1 and (3.3) we deduce the following result.

Theorem 4.2. Let a ∈ Z, a 6= 0 and let p ≡ 1 (mod 8) be a prime such that
p = c2 + d2 = x2 + (4a2 + 1)y2 with c, d, x, y ∈ Z, c ≡ 1 (mod 4) and p 6= 4a2 + 1.
Suppose d = 2rd0 with d0 ≡ 1 (mod 4). Assume that (c, x+d) = 1 or (d0, x+c) = 1.
Then

p | U p−1
8

(4a,−1) ⇐⇒ 4 | xy and
p− 1

8
≡

{ d
4 + a

2y + xy
4 (mod 2) if 2 | a,

d
4 + y

4 (mod 2) if 2 - a.

Remark 4.1 We conjecture that the condition (c, x + d) = 1 or (d0, x + c) =
1 in Theorems 3.1-3.4, 4.1-4.2 and Corollary 4.1 can be canceled. See also [S4,
Conjectures 9.4, 9.10, 9.11, 9.14 and 9.19].
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