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Abstract

Suppose that p is an odd prime and d is a positive integer. Let x and y be
integers given by p = 22 + dy? or 4p = x? 4+ dy®. In this paper we determine x
(mod p) for many values of d. For example,

(p=1)/6 ,p—1\ ,p-1
= 3 6 ) (_4)k _ 2 2
2 = Z < 5 >( L >( 4)% (mod )for p=ax*+ 15y*,

k=0

(p—1)/6 p—1 p—1 1
_ 2 2
r=— kgzo <Z:)(/i>(—16)k (mod p) for d4p ="+ 51y~

where z is chosen so that x = 1 (mod 3). We also pose some conjectures on
supercongruences modulo p? concerning binary quadratic forms.

MSC2010: Primary 11A07, Secondary 33C45, 11E25, 05A10
Keywords: Congruence; Legendre polynomial; binary quadratic form

1. Introduction
Let {P,(z)} be the Legendre polynomials given by
Py(z) =1, Pi(z) =2, (n+1)Pyt1(z) = 2n+ 1)zP,(z) — nP,—1(z) (n > 1).

It is well known that (see [4, (3.132)-(3.133)])

(1.1)  Py(z) = zin [RZ/Q] (Z) (—1)k (2" - 2k>x"2k ! @ (% — 1),

n ol dgn
k=0

where [a] is the greatest integer not exceeding a. From (1.1) we see that

22m \ m

(1.2) Py(—x) = (-1)"Py(z), Pons1(0) =0 and Py,(0)= (=1)™ (2m>.

We also have the following formula due to Murphy ([4, (3.135)]):

(1.3) Pu(z) = kz: (Z) <"Zk) (w ; 1)k _ kz’;o (2:) <n2—;k> (x ; 1>k.




We remark that (Z) (":k) = (zkk:) (";;Ck)

Let Z be the set of integers. For a prime p let Z, be the set of rational numbers
whose denominator is coprime to p. For positive integers a, b and n, if n = ax?+ by?
for some x,y € Z, we briefly say that n = az? + by?. Let p be a prime of the form
4k +1 and so p = 2% +4? with 2 = 1 (mod 4). In 1825, Gauss found the congruence

4

2r = (Zi) (mod p).

Similar congruences for x (mod p) with p = 22 +dy?(d € {2,3,5,7,11}) were found
by Jacobi, Eisenstein and Cauchy, see [3]. For d = 3,7,11,19,43,67,163 we know
that for any prime p with (_Td) =1, there are unique positive integers z and y such
that 4p = 22 + dy?, where (%) is the Legendre symbol. In [5, 7-11], the = was given
by an appropriate character sum. For example,

_ 3., u e Py _ 2 2
pzl (:c3—96'11:c+112~112> B (];)(—11)u 1f(ﬁ) =1 and 4p = v” + 1107,
p e P
0 ! (11)

Let p be an odd prime and let m > 1 be a positive integer such that p { m. In
the paper we show that
(551 m— i P
2 2] [( 2T’3)P] By P[%}(\/i) (mod p) if 2 | [m],
(1.4) > A )= .
Py (VA)/VE (mod p) if 24 [ 2]

P
m

k=0

and give general congruences for Py (v/t) (mod p), where (a), denotes the least
nonnegative residue of a modulo p. Building on the work in [13, 14], using (1.4)
and considering the sums

S () (B £ (0

k=0 k=0

E T = O\ i D
V) () 2 ()
k=0 k=0

we establish many congruences for z (mod p), where x € Z is given by p = 22 + dy?
or 4p = z? + dy?. Here are four typical results:

(P=1)/6 /p—1\ sp—1
= 3 6 \(_4q\k _ .2 2
2r = Z <k‘)<k>( 4)% (mod p) for p=az"+ 15y~

k=0
(p-1/6 ,p—1\ ,p-1 1
_ E _ .2 2

k=0

(- 1)/8 rp—1\ /3(-1) 1
[

x L L 99W(mo p) for p=x*+ 58y~.

k=
[p/8]
)
k=0



We also pose many conjectures on congruences modulo p?. For example, we conjec-
ture that

[p/8] 3
910 EAVAEANE 2 2
— — f =2 29y~
Y= 9801 2 (k ) 99 (mod p) for p=22"+29

2. Congruences for F» ](\/%), P2<a>p(ﬂ) and

Py, (#5) (mod p)

Let Péa’ﬁ ) () be the Jacobi polynomial defined by
1~ /n+a\/n+4 _
(CM“B) [ k _ n—=k
(2.1) PP (x) o E ( i ) (n B k:> (x+1)%(xz—1)""

k=0

It is known that (see [1, p.315])
(2.2)

o (0,0) o (07_%) 2 _ _ (07%) 2 _
P,(z) = P, (x), Pa(x) =Py (227 — 1) and Popyi1(x) = Py 2 (227 — 1).

Let (a)o = 1 and (a)y = a(a+1)---(a+k —1) for £ = 1,2,.... Then clearly
(a)r = (-1)*K!(5%). From [2, p.170] we know that

PO () = <”+a> i (—n)e(n+a+ B+ 1) (1 —:U)k

noJi= (@4 1) - k! 2
(rra) g OO ey
() e )
Thus,
(2.3) P7g07ﬂ) (z) = ’;::0 <Z> <_n _k,B — 1) (1 ; x)k'

Lemma 2.1. Let n be a nonnegative integer. Then

3) = (%) =% by [4, (3.137)] we have

[n/2] !
n nN =2\ (L1 _ )"
v <2k>< k )(ﬂ 1) '

v
8
S—
I
S
3
=z
~
N
N
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£
N———
TR
EON
N———
VRS
8
Ny
S0
(Y]
(-
N——
=
I



From (2.2) and (2.3) we see that

Pute = Pty =52 (1) () ()

k=0

and

This proves the lemma.

Theorem 2.1. Let p be an odd prime and let m be a positive integer such that
m > 1 and pfm. Then

(
=S (E)(7) 6
722,

P (VB/VE (mod ) if 21 [2].

I
——
v
s
e
=)
@}
o,
S

Proof. Suppose p = 2mk + r with k € Z and r € {0,1,...,2m — 1}. Then 21,

r#m, [Z]=[L] and so 2 | [2] if and only if » < m. Hence
P (m—1)p
[Qm}—i_[ 2m }

k- [ 2 m =0y

2m 2m

=l [ < P [T
P itz|d,
- p;?) it 24 (2],

P
m

Thus, if 2 | [£], using Lemma 2.1 and the above we get

Pigg (VD) = P (V) = [Zm] () (2



and the above we get

2.1

P using Lemma
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This proves the lemma.
Lemma 2.3. Let p be an odd prime and m € {0,1,...,p—1}. Then

Pp+m(x) = :L'me(:L') (mOd p)'

Proof. If a;,b; € {0,1,...,p — 1}, the famous Lucas’ theorem asserts that
(1o () () (0
bo+bip+---+bup?)  \bo by bn, '
Thus, for 0 < r < m < p we have
2
(><m+r> (mod p) itr<p—m,
1 T
3p 3\ /0 2\ fm+r .
= = d fr=p—m.
(22 = Q) () o= Q) ("7 7) bty st
— 2
S\ (mrrop =0 mr (mod p) ifr>p—m.
1 r 1 r

Hence, using (1.3) we see that

Pyl p+m<p+m)<p+rz+k>(ac;1)
_ <p-|];m> <p+7];z+k>(x;1)k

ey
(1) (1)
eI e

i <k><ml:k> (x;1>k+§: <T> .2<mr+7“> (-’L';l)p-i—r

k=0

eSO

o
1l

<2p+m+r
p+r

HOM

=

ol

_|_

Thus the lemma is proved.



Theorem 2.2. Let p be an odd prime and a,t € Z, with t # 0 (mod p). Then

k
= (L)t S <—1k— a) <—§k— “) (1-2)" (mod p).

Proof. For 3 € Z;, we have

L)

- a)p \ [lahy + Bt — 1\ (@

- k=0 (a)p — k> <<a>p k> <T)
(a)p

N (2t)1<“>1’ 2 <<C;c>p> <§Ziz J_r }f) (2t — 1) + D)F((2t — 1) — 1){@w—Fk
k=0

ey P<(3>’f) (2t — 1) (mod p).

)
Thus, by (2.2) and the fact that (—1 —a), =p — 1 — (a), we get
1

.
a a—3 t—1 _ 1 0’_%) B 1
— <k>< k >< ¢ ) = sy Dy, - 21 = t<a>pP2<a>p(\/%) (mod p)

Pl —%—a (t—l)k‘
k k t
k
1-a 0,1 —l—a
(-1 >pP<( 1’@ (2t —1) =t~ Py L (VD/VE

= <a>PP2( (\/Z)/\/i (mod p).
Using (2.3) and (2. ) we see that

5 (A Y

and

I
o~ (e



and

= P02 (2= 1) = Pypor— (a1 (VD)/VE (mod p).

To complete the proof, using Lemmas 2.2 and 2.3 we note that

Pay1—(ay,)+1(VE)/VE
o (VDD |
2 >\[( HWVEP _ (;)p2<a>p(\/£) (mod p) if {a), < g,
_ ) PV _ Poa, (V) _ Paw, (VD)
Vi - Vi T (Vi
= (23 Pafa, (V) (mod p) it (@), > 2.

Theorem 2.3. Let p be an odd prime and a,t € Z, witht # 0,1 (mod p). Then

p—1 2 p—1 /a)\2
a k _ 4a () _ a t+1
(1) =t S E = - nyem, ()




Using (2.1) we see that for x # 1,

Py, () = P29 (2)

(a)p

Il
/N
8
| |
—
N———
s
=
s
-}
+
S~
=~ &8
i}
N—
(Y]
/N
SRS
||+
—| =
N———
Eal

z— 1\ (@ o= fa\2/z +1\k
= ( 2 ) 2 (k> (x—l) (mod p).
Set x = % Then t = i—ﬂ and 251 = L Now substituting = with ﬁ—% in the
above congruence we obtain

p—1 2
Nk — (1)l t+1
Z <k> t"=(t—-1) P<a>p<t — 1) (mod p).

k=0
Clearly (=1 —a), = p—1—(a)p. Thus, using Lemma 2.2 and the above we see that
p

2
—1—a tk
k

1

k=0
_ —1—a 1+ 1 —1—{(a 1+ 1
= (=) P, (7o) = -0 R, ()
la t+1 _9la u a
= (t-1) <>pp<a>p(m) = (t — 1)~ <k> t* (mod p).
k=0

To complete the proof, using (2.3) we note that

P () =2 (V) O o
_ Z <<k>> (—1 . <a>p> -
=56 Yt
3. Congruences for >/} (‘k%)Qm’f and 37 (_k‘ll)ka

(mod p)

Theorem 3.1. Let p > 3 be a prime. Then

p—1 1\ 2 1 p—1 1 21
T3) gf= “3) =
Z(k) ! _3[§}Z<k> oF
k=0 k=0
{L(modp) ifp=1 (mod 3), 4p = L> + 27TM? and 3 | L — 2,

0 (mod p) ifp=2 (mod 3).

9



Proof. By Theorem 2.3 and Lemma 2.2,

k=0
p—1 1\ 2

_ N (73) o = g-h) 10
_k:()(k) =8 (-3 <8)

855 Pyr (D) = Por (0) (mod p)  ifp=1 (mod 3),
_ 3 4 3 4

s%2 p,, (Z) _ QPE(Z) (mod p) if p=2 (mod 3).

3 3

From [14, Theorem 3.2] we know that

. (5> B {L (mod p) if p=1 (mod 3),
(5] ~ L0 (modp) if p=2 (mod 3).

Since

e 9" =37"% (modp) ifp=1 (mod 3),
3 = _

== =3k (mod p) if p =2 (mod 3),
combining all the above we deduce the result.

Conjecture 3.1. Let p be a prime such that p = 1 (mod 3), 4p = L? +
27TM?(L,M € Z) and L =2 (mod 3). Then

p—1 1 2
Z< 3> 9kEL7£(mOdp2).
=\ k L

Theorem 3.2. Let p > 3 be a prime. Then
=1 , 1\ 2
(e
k=0
_ (—1)%12:6 (mod p) ifp=2+y*=1 (mod 4) and 4|z — 1,
- {O (mod p) if p=3 (mod 4)

and

(—1)%233 (mod p) ifp=a®+y*=1 (mod 8) and 4 | x — 1,
(*1)%223/ (mod p) ifp=a*+y*=5 (mod 8) and 21{z,
0 (mod p) if p=3 (mod 4).

10



Proof. By Lemma 2.2 and Theorem 2.3,

- 7 3 7
9T Pyt (=) = (5)Ppa (—3) (mod p)  if p=1 (mod 4),
_ 1 9 p 1 9
9”1 Pypa (*g) = 93”4’113@(*5) (mod p) if p=3 (mod 4).
4 4

From [13, Theorem 2.2] we know that

—1%2256 mod p ifp:x2—|—y251 mod 4) and 4 | x — 1,
= 3
0 (mod p) if p =3 (mod 4).

av
&
/N
|
Ol
N—
I

When p = 1 (mod 4), we have (—8)_<_i>p = (—8)_1)11 = (—2)%1 (mod p). It is
well known that ([3]) for p =1 (mod 4),

< S

o2 _ (=1)% (mod p) if p=1 (mod 8),
- (—1)%2 (mod p) if p=5 (mod 8).

] |

Now combining all the above we deduce the result.

Conjecture 3.2. Let p be a prime of the form 4k +1 and so p = 2% + y* with
4 |x—1. Then

p—

p—1 1 2 L
> () =0T e ) tmod s

and

bS]

SRR (—1)% (22 — %) (mod p?)  ifp=1 (mod 8),

o (—8)* (—1)%(231 — 2%) (mod p?) if p="5 (mod 8).

Theorem 3.3. Let p > 3 be a prime. Then

3 M E

= k=0
(—1)" T +72724 (mod p) if p= A% +3B%=1 (mod 12),

= (—1)pT+IGB (mod p) ifp=A*+3B*>=7 (mod 12) and 4| B — 1,
0 (mod p) if p=2 (mod 3)

11



Proof. By Lemma 2.2 and Theorem 2.3,

p—1 1\ 2
> (_4) '
k

k=0

_1y 1 1 1 5 i o

L 1 Pty 2

=43 ( 4) 7 =30 P, (5) = 9Py, (3)
Ly ©Pps () (mod p) ifp=1 (mod )

(—3)TP3p4 1 (— g) = (—3)_%Pp4;3(—g) (mod p) if p =3 (mod 4).

From [13, Theorem 2.3] we know that

P ( 5)_{2A(modp) if p=A®+3B*=1 (mod 3) and 3| A — 1,
k1 3/ |0 (modp) if p=2 (mod 3).
Hence the result is true for p = 2 (mod 3).

Now assume p = A% +3B% =1 (mod 3) and A=1 (mod 3). If p =
by [12, p.1317] we have 3"T = (-1)"%

(—1)% (mod p). Hence

bl /1N 2 p 1 p-! 1 1 p=1, A1
Z ( k;4> = 1 < 4> i =(—-1)"7 772 24 (mod p).
k=0

k=0

R
—
=
o
(o
—_
\)
~—

(mod p) and 4= = 4" T = (2)

If p=7 (mod 1
Since 4{~1)» = 4

3) and B=1 (+mod 4), by [12, p.1317] we have 35 = % (mod p).
Ty = 2( ) (mod p), by the above we get
p—1 p—1

1\ 2 1N 2 oA "
kzzo( k4> 4k;2(;)kz:0< k4> 4%;(_1) 7294 = (1) 6B (mod p).

Now combining all the above we deduce the result.

Conjecture 3.3. Let p =1 (mod 3) be a prime and so p = A% +3B2. Then

(—1)f 5 (24 — %) (mod p?) ifp=1 (mod 12),
- (—1)pTH+%(GB - %) (mod p?) if p=7 (mod 12).

and

b (o { (1) (24— 375) (mod p) if p=1 (mod 12),

(-1 ) (3B - %) (mod p?) if p=7 (mod 12).

12



Theorem 3.4. Let p # 2,3,7 be a prime. Then

S (e O

M

=0 =0
(—1)M R (mod p) ifp=a>+7Ty* =1 (mod 4),
= (—1)p+1+y2 42y (mod p) if p=a%+ Ty* =3 (mod 4),
0 (mod p) if p=3,5,6 (mod 7).

Proof. By Lemma 2.2 and Theorem 2.3,

p—1 1N\ 2
-4 4k
> (i)

k=0
p—1 1\ 2

PESS: —1) L el 65y _ _ay-D _6
- M(k) s =Py, (G5) = ey, (- )

(—63)"7" Py (—%) (mod p) ifp =1 (mod 4),
. 4
= _ 65 . 65 .

(—63) " lpspT,l(_@) = (—63)—%513%(—@) (mod p) if p=3 (mod 4).

By [13, Theorem 2.4],
p ( 65) 2:5(%))(%) (mod p) if p=2?+7y* =1,2,4 (mod 7),
ya
W63 0 (mod p) if p=3,5,6 (mod 7).

Hence the result is true for p = 3,5,6 (mod 7).
Now suppose p = 1,2,4 (mod 7) and so p = x? + 7y? with z,y € Z. If p =

T

1 (mod 4), by [12, p.1317] we have T = (—1)%@) (mod p) and so

65
63

= (—1)”41(;;) (07 (5) 20(2)(3) = (0T 2 (mod p).

If p =3 (mod 4), by [12, p.1317] we have T = (—l)yTH( )£ (mod p) and so

x
Tz

(~63)" P (-

(~63)"% Pas (—)

= (—1)’”3(2) : (—1)@’7“@)% : 2x<§) (%) = (1) "7 42y (mod p).

N

) (mod p) if p=1 (mod 4),
3p—1

2
641 58(;?) (mod p) if p=3 (mod 4).

Combining all the above we deduce the result.

13



Conjecture 3.4. Let p > 2 be a prime such that p = 1,2,4 (mod 7) and so
p=ax>+Ty>. Then

C)D7 (20 - ) (mod p?)  ifp=1 (mod 4),

2

p—1 2 -

<_4> 64F = b
k=0 (;)(—1)”51(4@ - ;’5) (mod p?) ifp=3 (mod 4)

k
and . D
p-1 (*if (-1 (2w o) (mod p*)  ifp=1 (mod 4),
k) — 3
- -1
=0 O | 0T - ) (mod p)ifp=3 (mod 4).

Conjecture 3.5. Let p be an odd prime. Then

zty+1

, ) (=1) =2 (22 — 2%) (mod p?) ifp=2>+2y* =1 (mod 8),
L _1
Z(_l)k< k:4> = (—1)%(434 - 2%) (mod p?) if p=a?+2y? =3 (mod 8),
0 (mod p) if p=>5,7 (mod 8).

Conjecture 3.6. Let p be an odd prime.
(i) If p=1 (mod 4) and so p = x> + y?> with 2t x, then

(1) +5 (22 — %) (mod p?) if12|p—1 and 3| =,

Bt (2y — 2%) (mod p?) if12|p—5 and x =y =1 (mod 3).

(ii) If p = 3 (mod 4), then

= (_k%)(_k%) 2 A A e k
_ 2 6 _
kZOTZO(modp) and k0<k><k>2 =0 (mod p).

)
= (_1)114;1+x§1 (2z — %) (mod p?) if12|p—1 and 3 |y,
)

Conjecture 3.7. Let p > 3 be a prime. Then
_1 1 1y ,_1
k ( kZ) _ (3)1323 ( k4)( kQ)
(=3)k 81k
)(2x — 2—) (mod p?) ifp=24+9?>=1 (mod 4) and 4|z —1,
x

0 (mod p) if p=3 (mod 4).

14



Conjecture 3.8. Let p # 2,5 be a prime. Then

1

kz_: s “)

(=8
((—1)( % = 1+y>/2(5)(2x - %) (mod p*) if p=a®+y* and 10 | y,
(—1)@+14v)/2 (9 %) (mod p?) ifp=a>+vy* and 10 | z — 5,
T b )
(—1)@+1Hv)/2(9y %) (mod p?) ifp=a?+4% 2tz
and z =y = 1,2 (mod 5),
0 (mod p) if p=3 (mod 4).

Conjecture 3.9. Let p > 2 be a prime. Then

g N\ A
E 4 212
k=0
p 2\ o2 2, —
2m—2—(modp) if p=a°+ 2y* with x =1 (mod 4),
= x
0 (mod p) if p=>5,7 (mod 8).

Conjecture 3.10. Let p > 7 be a prime. Then

SO ER-El

1 1
p—1 (2)(9)

{214—2];1 (mod p?) ifp=A?+3B*=1 (mod 3) with 3| A—1,

0 (mod p) if p=2 (mod 3).
Conjecture 3.11. Let p > 3 be a prime. Then

p*l -3 —l)

k=0

<5>< A—ﬂ> (mod 17?)

ifp=A?+3B%>=1 (mod 3) with5| AB and 3| A —1,
—(%)(A+BB— ) (mod p?)

p
A+3B

0 (mod p) if p=2 (mod 3).
Conjecture 3.12. Let p > 5 be a prime. Then

_ { (_}75) )(ZA — 2£) (mod p?) ifp=A?+3B*=1 (mod 3),
0 (mod p) if p=2 (mod 3).

15

ifp=A?+3B%=1 (mod 3) with A/B= —1,-2 (mod 5) and 3| A — 1,



k
Theorem 4.1. Let p be a prime with p = 1,4 (mo

[p/6]
k k
k=0
B {Q:U (mod p) if p=1,4 (mod 15) and so p = x> + 15y* with 3 | = — 1,
~ L0 (mod p) ifp=11,14 (mod 15).
Proof. Taking m = 3 and t = 5 in Theorem 2.1 we get

%§<@><@><@k_{ﬂgwgﬂmwp> ifp=1(mod 3),

k k Pp—2(V/5)/V/5 (mod p) if p=2 (mod 3).
3
From [14, Theorem 4.6] we know that

4. Congruences for S/ g} (%}) ([%])mk (mod p)
d

k=0

2z (mod if p=a?+15y>=1,4 (mod 15) and 3 | z — 1,

P[p}(\/g)z{ (mod p) ifp Y ( ) !
3 0 (mod p) if p=11,14 (mod 15).

Thus the result follows.

Conjecture 4.1. Let p > 5 be a prime. Then
1

(=0 £ (D

p

k=
z _ b 2 o2 2
(3)@x — o) (mod p7)  if p=a” + 157,
=\ —(5)102 = ) (mod p*) if p = 5a” + 3y,
0 (mod p) if p="7,11,13,29 (mod 30)
and so
x (p_5)/6 p—2 p—>5
2N = 3 6 \(_\k _ 2 2
2x(3)_ kzo <k )( L )( 4)" (mod p) for p=>5x*+ 3y*“.
Theorem 4.2. Let p be a prime such that p=1,7 (mod 8). Then
/6] ,p p—1 [p/6] /i p p
(5] [5] 7\ — BN (161 1
2 kz_o<2k><k>_kz_o<k k) ok

B {23: (mod p) ifp=1,7 (mod 24) and so p = x> + 6y> with 3 | x — 1,
0 (mod p) if p=17,23 (mod 24).

Proof. Taking m =3 and t = % in Theorem 2.1 we see that

S () (D)= 2 () ()

Pp—l(

3

\2) (mod p) if p=1 (mod 3),

V2Pys (=) (mod p) if p=2 (mod 3).

3

[\)
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From [14, Theorem 4.5] we have

. ( 1 ) 2x(§) (mod p) if p=a?+6y* =1,7 (mod 24),

il ——= | =

5Nz 0 (mod p) it p= 17,23 (mod 24)

Observe that 9= — ot ' = ot

above we deduce the result.
Conjecture 4.2. Let p > 3 be a prime. Then

(mod p) for p = 1,7 (mod 24). From the

k_o (_kB;]E_k6) = (;)2@21 kz_:o (_kB;]E_k6)

(3)(2z = ) (mod p?) ifp=a® +6y> = 1,7 (mod 24),

= (%)(Qm 4p ) (mod p?) if p=22*+ 3y* = 5,11 (mod 24),
x
0 (mod p) if p=13,17,19,23 (mod 24)

«(5)=-3

Theorem 4.3. Let p be an odd prime such that (177) = 1. Then
p/6]

() (1) b

{a: (mod p) if p=1 (mod 3) and so 4p = x* + 51y* with 3 | x — 2,
0 (mod p) ifp=2 (mod 3).

and so

(p—5)/6

< ) ( > 21k (mod p) for p=2z%+ 3>
k=0

Proof. Taking m = 3 and t = =& in Theorem 2.1 we see that
V7 o
_ k —
=\ k)\k)(-16) 4, V17

On the other hand, by [14, Theorem 4.8],

P <\/ﬁ) —(g)x (mod p) if p=1 (mod 3) and so 4p = z? + 513,
o (2L
s} 0 (mod p) if p =2 (mod 3).

Thus the theorem is proved.

Conjecture 4.3. Let p be a prime with p # 2,3,17. Then

-1 =1, -1 1-(B) p—1 =2\ /=2

5 GG iy 1y = 5= () ()

kzo (k—16)kk _( )(16) Z:: (k—16)kk
~(e=7) (mod p*) if dp =a® 451y,
1

4(3)(173: - ;) (mod p?) if d4p = 172% + 32,

0 (mod p) i (5) = —(:)

17



(p—5)/6

zy _ L =\ (55 1 2 2
x(3):—1 (k: >< L )(_16)k(modp) for 4p = 17z* + 3y~.

Using the theorems in [14, Section 4] and Theorem 2.1 one can similarly deduce
the following results.

Theorem 4.4. Let p be an odd prime such that (%) = 1. Then

k=0

(DD

_{x(modp) if p=1 (mod 3) and so 4p = x* + 123y* with 3 | x — 2,
~ L0 (mod p) ifp=2 (mod 3).

Conjecture 4.4. Let p be a prime with p # 2,3,41. Then

=B (GG
)G~ Z st

£ (—1024) p /) \1024 £ (—1024)

*(g)(»f*g) (mod p?) if dp = 2% + 12342,
= Ef _ b 2 ; _ 2 2
= 33(z)0le =) (mod p7) if dp = 4la” +3y",

Ny 2

0 (mod p) it &) =-(2)

and so
(p—5)/6

x(J:) —_— Z pEQ PE5 Lt (mod p) for 4p = 412* + 3y°
3/ 732 & \k )\ k) (=1020)F P P= v

Theorem 4.5. Let p be an odd prime such that (82) = 1. Then

S

3 (D) emowor

_{x(modp) if p=1 (mod 3) and so 4p = x> + 267y* with 3 | x — 2,
~ L0 (mod p) ifp=2 (mod 3).

Conjecture 4.5. Let p be a prime with p # 2,3,5,89. Then

_ iy ,-1 _ _2 _§
« GG _ (89)<250001)1 ”’i )
k:() 250000 ~ \ p /\250000 250000
~(e =) R
93 &
= p d p?) ifdp — 2 2
5(3)(892 = 2) (mod p?) if 4p = 892 + 37,
0 (mod p) () = —(5)

18



x(£>:_ﬁ 3 5 (5 L (nod p) for dp = 8922 + 342
3/ 77500 & \ k J\ k) (=250000)" ‘

p/6]
3 <[’§]> <[’é]> 1
_]0)k
=\ k k ) (—80)
B {x (mod p) ifp=1,4 (mod 15) and so 4p = 2 + 75y* with 3 | x — 2,
~ L0 (mod p) ifp=11,14 (mod 15).

Conjecture 4.6. Let p > 5 be a prime. Then
p—1 1 1
> () (V) o
— k kE ) (—80)
p—1 2 5
(?) S () (76 1
p/ =\ k k ) (—80)k

0
- P (mod p?) if p=1,19 (mod 30) and so 4p = x* + T5y* with 3| x — 2,
=9 bz — 5£ (mod p*) if p=7,13 (mod 30) and so 4p = 25x* + 3y* with 3 |z — 1,
x
0 (mod p) if p=2 (mod 3)

Theorem 4.7. Let p be a prime with p # 2,3,11. Then

6 [p/6] 2]\ /[Z]\ (274 h
G x (D)6
_(11256/9)(1961)33 (mod p) if(g) = (1]91) — 1 and s0 4p = 2% + 1132,
= 4y(_11 +](911>37/y) (mod p) Zf(ﬁ) = —(g) — 1 and s0 4p = 2% + 1192,
0 (mod p) if (£)=-1.

We remark that (%) in the proof of [14, Lemma 4.4] should be (%) Thus, (%) in
[14, Theorem 4.4] should be replaced with (772)

Conjecture 4.7. Let p # 3 be a prime such that ({5) = 1 and so 4p = 2?4+ 1142.
Then
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11\ —3 —2\ [=2\ /27\F

E(*E> ;(;)(;)(16)

O GE D moarty st
‘i@x_n+£”ﬂwxn—pwmwp% if 3| p—2

and so

y(—11+;ﬂ)x/y)

P

(p—5)/6

p=2\ /p=5
= le(g) Z < ]?; >< Z ><ig)k (mod p) for 4p=a®+11y* =2 (mod 3).
k=0

Theorem 4.8. Let p > 3 be a prime. Then
[p/6]

p D
> (1) (1) ()

L (mod p) ifp=1 (mod 3) and 4p = L* + 27TM? with 3 | L — 2,
{0 (mod p) if p=2 (mod 3).

Proof. From [14, Theorem 3.2] we know that

3

5 {L(modp) if p=1 (mod 3) and 4p = L? 4+ 27TM? with 3 | L — 2,
(3) =

4 0 (mod p) if p =2 (mod 3).

Thus taking m = 3 and t = %2 in Theorem 2.1 and then applying the above we
deduce the result.

Conjecture 4.8. Let p =1 (mod 3) be a prime and so 4p = L? + 27TM? with

3| L—2. Then

(91w [0 I ) T G T

k=0

Theorem 4.9. Let p be an odd prime. Then

[p/6]

k=0

51 (161 (27"
E:(i)(i)(z)
(_1)[21(2]90/d)2c (mod p) ifp=c?+2d*=1,19 (mod 24) and 4 | ¢ — 1,
_é(_l)[’gl(_Q;f/d)d (mod p) if p=c®+2d* = 11,17 (mod 24) and 4 | ¢ — 1,
0 (mod p) if p=>5,7 (mod 8).
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Proof. By [14, Theorem 4.3],

P[g}(5/\/—2)
—2— /=2
DB EEY 2 (mod p) ifp=c? 4+ 2d2 =1,3 (mod 8) and 4| ¢ — 1,
= p
0 (mod p) if p=>5,7 (mod 8)
Thus taking m = 3 and t = —% in Theorem 2.1 and then applying the above we

deduce the result.

Conjecture 4.9. Let p = 1,3 (mod 8) be a prime and so p = c¢* + 2d* with
4| c—1. Then

> () E)

1-(5) p-1

25\ —3 =2\ [=2\ /27\FK
E(‘?) §<k3><k6>(2)
(—1)18) (=2 ; C/d)(2c - 2%) (mod p?)  if p=1,19 (mod 24),
- (—1)[‘8’1(_2;/65)(1061 _ %) (mod p?) if p = 11,17 (mod 24).

5. Congruences for gff ? ([é]) (%1) /m* (mod p)

Theorem 5.1. Let p be an odd prime and t € Z,, with t # 0 (mod p). Then

£ (e
=S A6

k=0

P[%}(\/E) (mod p) if p=1,3 (mod 8),
- ( )\/EP[%(\/E) (mod p) if p=5,7 (mod 8).

iNng

t
p

Proof. Taking a = —% in Theorem 2.2 and applying Lemmas 2.2 and 2.3 we see
that
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k=0
( ij( t) (mod p) if p=1 (mod 8),
P3p4_1 (Vt) = PpT—s(\/i) (mod p) if p =3 (mod 8),
= Pt (VD) = (VB Pot (VE) = (;)ﬁppzl(ﬁ) (mod p) ifp=5 (mod 8),
Pras (VE) = (VB Papes (V) = (;)\/EPT(\/%) (mod p) if p=7 (mod 8).

Thus the theorem is proved.
Theorem 5.2. Let p be a prime such that p = +1 (mod 8). Then

L:f: ([g) ([11)91}6

= —3x(§) oh (mod p) if p=2®+6y* =7 (mod 24),
0 (mod p) if p=17,23 (mod 24).

Proof. From [13, Theorem 5.4] we know that

7)

P (5 P

- 2
{ (—1)”21(\[)(?;)23; (mod p) if p=a2+6y>=1,7 (mod 24),
0 (mod p) if p=17,23 (mod 24)

Taking m = 4 and t = % in Theorem 2.1 and then applying the above we deduce
that

k=0
2v2, x 2, T, p=t
Py(S57) = 20(35)(%5) = 20(3) 2T (mod p)
if p= 22+ 6y*> =1 (mod 24),
=¢ 3 22 3 V2 @ T, p=3
—Ppi(— ) =———=(—)(=)2x = -3z(5)-2 7
if p =2+ 6y°> =7 (mod 24),
0 (mod p) if p=17,23 (mod 24).

This proves the theorem.
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Conjecture 5.1. Let p be a prime such that p = 5,11 (mod 24) and so p =
222 + 3y?(x,y € Z). Then

> (1) (775 -

[p/8] <[Z]> <[38p]> 1 3:1:% (mod p) ifp=a®+b2=5 (mod 24),
k=0

9k 21:2 (mod p) if p=c*+2d* =11 (mod 24).
Lemma 5.1 ([13, Theorem 2.1]). Let p be an odd prime. Then

p—1
P[%](\/E) = - Z(n?’ +4n? +2(1 — \/{f)n)% (mod p).

n=0

Theorem 5.3. Let p = 1,9 (mod 20) be a prime and so p = x* + 5y? with
x,y € Z. Then

[pf <[§]> ([38]> 1 {2x (mod p) if p=1,9 (mod 40),

k k) (—4)k 4ay/b (mod p) if p=a®+ b* = 21,29 (mod 40).

k=0
Proof. From [6, Theorem 11] we know that
o nddn? (2—5)n
Z ( » > = —2z.

n=0

Thus, taking m = 4 and ¢t = % in Theorem 2.1 and Lemma 5.1 and applying the
above we obtain

(D)

k=0

5 .
P[g](\/;) = 2z (mod p) if p=1,9 (mod 40),

2 4
\/gp[fﬂ(\/i) = 5\/53[; = 4y% (mod p) if p=a® +b* = 21,29 (mod 40).

This is the result.

Theorem 5.4. Let p be a prime such that p = 1,9,11,19 (mod 40) and so
p = 22 + 10y? with x,y € Z. Then

2= (B) () ks (o)

k=0

Proof. From [6] and Deuring’s theorem we deduce that (see [13])

p1 n3+4n2+(2—§\/5)n
Z ( ) = —2x.
n=0 p
Thus, taking m =4 and t = 2—(1) in Theorem 2.1 and then applying Lemma 5.1 and
the above we deduce the result.
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Theorem 5.5. Suppose that p is a prime such that (%) = (%) =1 and so
p=a?+13y*(z,y € Z). Then

/81 ip 3p 2z (mod p) if p=1 (mod 8),
51 (5] 1
kz()(k)(k)(—?’m)k_{?f;y(modp) ifp=a®+b*=5 (mod 8).

Proof. From [6] and Deuring’s theorem we deduce that (see [13, p.1975])

”i <n3—|—4n2+2(1—158\/13)n) )
= —2x.

n=0 p

Now taking m =4 and t = % in Theorem 2.1 and then applying Lemma 5.1 and

the above we deduce that

I

k=0
V1
5183)5256 (mod p) if p=1 (mod 8),

= 18 5v/13 18 36 36 a
= P, = "7 = d

Py (
4

2 = = —
VI3 o 5y/—13v—1  57b
if p=a®+b> =5 (mod 8).

This completes the proof.
Remark 5.1 Let d € {5,10,13}, and f(d) = —4,81,—324 according as d =

5,10,13. Let p be a prime such that p = 22 + dy? = 1 (mod 8). After reading the
author’s conjectures on

~ RS (mod p?),

the author’s brother Z.W. Sun conjectured (independently of the author) that

2 (g

k=0

Theorem 5.6. Suppose that p is a prime such that (*?1) = (%) =1 and so
p=a2+37y%*(x,y € Z). Then

[p/8] 2]\ /2] 1 2z (mod p) if p=1 (mod 8),
Z<8)<8>_2k5 1764a o
—\k k ) (—882%) a5h Y (mod p) ifp=a”+b"=5 (mod 8).

Proof. From [6] and Deuring’s theorem we deduce that (see [13])

R nd 4 4n? 4201 - H5./37)n
Z ( ) = —2x.
n=0 p
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37-1452
8822

Now taking m = 4 and t =
and the above we deduce that

GG

in Theorem 2.1 and then applying Lemma 5.1

k=0
145+/
Pﬂ(ﬂ) = 2z (mod p) if p=1 (mod 8),
1 8382
= 882 145+/37 882 1764z 1764a
———== P ( ) = 2z = = y (mod p)
14537 T 882 145v/37 14562 /(ay)  145b

if p=a®+b>=5 (mod 8).

This completes the proof.
Conjecture 5.2. Suppose that p is a prime such that p = 1 (mod 8) and
(%) =1 and so p = 2> + 37y*(z,y € Z). Then

e L L

k=0

Theorem 5.7. Let p be a prime such that (%) = (_TH) =1 and so p = z% +22y?
with x,y € Z. Then

[p/8] 2] [%] 1 2z (mod p) if p=1 (mod 8),
,;(k)( k >9801k - %2%1’ (mod p) if p="7 (mod 8).

Proof. From [6] and Deuring’s theorem we deduce that (see [13])

p—1 3 2 70
Z <n +4n® +2(1 — g5 2)n) _ oy
p

n=0

Thus, taking m =4 and t = % in Theorem 2.1 and then applying Lemma 5.1 and
the above we deduce the result.

Conjecture 5.3. Let p be a prime such that (%) = (_711) = —1 and so p =
222 + 11y%(z,y € Z). Then

[p/8] 3 . 2 2 _
EN/I#] 1 _ [ 2ca/d (mod p) if p=c*+2d* =3 (mod 8),
2 <2>< 2) {99@3:/(351)) (mod p) if p=a*+b*=5 (mod 8).

9801~ —
k=0

Theorem 5.8. Let p be a prime such that (_72) = (%) =1 and so p = x> +58y>

with x,y € Z. Then
[pz/& B\ ([ 1

Proof. From [6] and Deuring’s theorem we see that (see [13])

”i (n3 +4n? +2(1 — 1820 29)n>
P

= —2x.

n=0
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Thus, taking m =4 and t = 29';54202 in Theorem 2.1 and then applying Lemma 5.1

and the above we deduce the result.
Conjecture 5.4. Let p be a prime such that (_72) = (

222 + 29y%(z,y € Z). Then

k=0

29 = 1 and so p =

P
2N 1
[Z])Qg‘l’f (mod p).

Theorem 5.9. Let p be a prime such thatp = 1,19 (mod 24) and so p = c*+2d>.

Then o o
2052(2)( : )w (mod p).

k=0
Proof. Clearly 3 | d. From [6, Table II] we know that the elliptic curve defined
by the equation y? = 23 + 422 + (2 — % 6)x has complex multiplication by the
order of discriminant —72. Thus, by Deuring’s theorem (see [13]),

p—1

<n3 +4n?+(2- 4 6)n)
p

= —2c.

n=0

Now, taking m = 4 and t = 2% i Theorem 2.1 and then applying Lemma 5.1 and
2401

the above we deduce the result.
Conjecture 5.5. let p be a prime such thatp = 1,3 (mod 8) and so p = x>+2y>.

Then )
p— 1 3
1N /3 1 p
8 8 =2r — — d p?).
kzzo<k)(k>2401k T 5y (modp?)

Theorem 5.10. Let p > 7 be a prime. Then

[p/8] 3
1Y (B21Y (256
> ())&
Qw(W)(i) (mod p)  ifp=a®+7y>=1,3 (mod 8),
= fy(W) (mod p) ifp= 22+ 7y2 = 5,7 (mod 8),
0 (mod p) if p=3,5,6 (mod 7).

Proof. From [13, Theorem 5.2] we know that

P 5v/ =T Qm(w)(i) (mod p) if p=a?+T7y* =1,2,4 (mod 7),
NEER

! ) 0 (mod p) if p=3,5,6 (mod 7).
Now taking m = 4 and t = —18%5 in Theorem 2.1 and then applying the above we

deduce the result.
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Theorem 5.11. Let p > 7 be a prime. Then

S

k=0
25)(D)a (mod p) i p=a®+ Ty =13 (mod 8),
— 12
= —?:(g)(g)x (mod p) ifp= 2+ 7y =5,7 (mod 8),
0 (mod p) if p=3,5,6 (mod 7).

Proof. From [13, Theorem 2.4] we know that

(5.1) P (@) _ (_1)[%]237(2)(;) (mod p) if p=2a*+T7y* =1,2,4 (mod 7),

Now taking m = 4 and t = % in Theorem 2.1 and then applying (5.1) we deduce
the result.

Theorem 5.12. Let p > 7 be a prime. Then
[p/8]
pz 21 (2] (2)’@
k kE ) \81
k=0
(§)2a (mod p) ifp=a®’+b*=1 (mod 8) and 4|a—1,
=71
= 78(%9)@ (mod p) ifp=a®>+b>=5 (mod 8) and 4 |a—1,
0 (mod p) if p=3 (mod 4).

Proof. From [13, Theorem 2.2] we know that

(5.2)

flav
£
/N
NeREEN|
N—
I

-~ (g)Qa (mod p) ifp=a®+b>=1 (mod4) and 4| a— 1,
0 (mod p) if p=3 (mod 4).

Now taking m = 4 and t = g—? in Theorem 2.1 and then applying (5.2) we deduce
the result.

Theorem 5.13. Let p > 5 be a prime. Then

[p/8]
3 2]\ (2] (_ E)’f
k)\ k 9
k=0

2A (mod p)  ifp=A?+3B?>=1,19 (mod 24) and 3| A —1,
—gA (mod p) ifp=A2+3B*=7,13 (mod 24) and 3| A —1,

0 (mod p) if p=2 (mod 3).

Proof. From [13, Theorem 2.3] we know that
(5.3)

(5) _ { (—1)[5124 (mod p) ifp=A2+3B2=1 (mod3)and 3| A—1,
] ~ 10 (mod p) if p =2 (mod 3).
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Now taking m = 4 and t = % in Theorem 2.1 and then applying (5.3) we deduce
the result.

Added remark: Lemmas 2.2 and 2.3 are special cases of the Ille-Schur congru-
ences (see [15]): for given prime p and positive integer m = mg +mip+--- +m,p"
with m; € {0,1,...,p— 1},

r

Po() = [ Prs (@) (mod p).
=0
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