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1. INTRODUCTION

For s > 1 let ((s) = Z n~°. In 1979, in order to prove that ((3) and ((2) are
irrational, Apéry in [3] 1ntroduced the Apéry numbers {4,,} and {A],} given by

kzn:_o( ) (n+k> and A:kz_o(z)z(n—;k)

In 2009 Zagier in [36] studied the Apéry-like numbers {u, } given by
up=1, uy=b and (n+ 1)*upy1 = (an(n+1) +b)u, — cnu,_1 (n>1),

where a,b,c € Z, ¢ # 0 and u,, € Z for n =1,2,3,... Let

L (e ()

According to [36], {A],} and {G,,} are Apéry-like sequences with (a,b,c) = (11,3, —1)
and (32,12, 256), respectively. See the sequences #9 and #19 in [36], and A005258
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and A143583 in [10]. The formula
2K\ (2n — 2k
_ 47L—k,
3 (0 ()

was implicitly given in [2] and also stated by Wang in [34].
In [30], {G,(x)}, the one-parameter generalization of G,,, was defined by

Golz) = Z (Z) (1) (2') (_1k‘ “") (n=0,1,2,..),

k=0

where (i) is the generalized binomial coefficient given by

G)Zl and @)Zx@—nngx—k+n o)

Let Z" be the set of positive integers. For a prime p let Z, be the set of rational
numbers whose denominator is not divisible by p. In [30], the author’s brother Sun
showed that for any prime p > 3 and z € Z,, with « # —% (mod p),

1+2(x — (z)p)/p

d 2
T+ on (mod p*),

z_: Gn(2)? = (=1)@)rp
n=0

where (x), € {0,1,...,p— 1} is given by x = (), (mod p). In [6], Guo showed that

n—1
Z(2k +1)Gr(x)*> =0 (mod n?) forn e Z+.
k=0

When n is a prime, this result is due to Sun [30].
For m € Z%, let py,...,ps be all the distinct odd prime divisors of m, and let

1 it m =1,
A(m) =X p1...psm?> if m>1is odd,

2

4dpy ...psm* if m is even.

Then clearly A(2) = 16, A(3) = 27, A\(4) = 64 and A\(6) = 432. For n € {0,1,2,...},
m € 7T and r € Z with ged(r,m) = 1, put

Glr,m) = )\(m)”Gn(%).

The paper is organized as follows. Section 2 is devoted to preliminary notations,
facts and lemmas. In Section 3, we state that

=3 (1) 0 (W20)
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and Gy, (r,m) is an Apéry-like sequence with a = 2\(m), b = A(m)(m? +rm+r?)/m?
and ¢ = A\(m)2. This provides infinitely many examples of Apéry-like sequences.
Suppose that p > 3 is a prime. We also deduce congruences for

”z‘f G;(If)’ = (2:) G;(;)

modulo p and G,_1)/2(x) modulo p?.  As consequences, we deduce some con-
gruences involving G,, G,(-1,3), G,(—1,4) and G,(—1,6). In Section 4, for

p—1
r € Z, with x #0, £1, —2 (mod p), we obtain the congruences for > G,(x)
p—1 n=0
and Y nG,(r) modulo p?. In Section 5, we prove some congruences for the sums

n=0
involving G,, modulo p?. In Section 6, we establish the congruences for G,(z)

and Gp_1(z) modulo p3. In Section 7, we pose a lot of challenging conjectures
on congruences involving G,, G,(-1,3), G,(—1,4) and G, (—1,6) modulo prime
powers.

As typical results in this paper for any prime p > 3 we have

p—1 _
nG, 15—16(—1)P-1/2
PRRFLE CT02 (mod ),
n=0

§ Gu(-1,3) _ [p? (mod p*)  if3|p—1,
27" | —8p? (mod p?) if3|p—2,

G, =12+64(-1)PY2p2E 5 (mod p?),

n=0

155 ,
Gp_1(—1,6) = (=1)P~1/2186624P 1 + Tp2E][,_3 (mod p?),
4722 — 2p (mod p?) if p=1 (mod 4) and so

Gp-1)2 = p=ax?+4y> for x,y € Z,
0 (mod p?) if p=3 (mod 4),
p—1 (Qn)G
n)Yn___\-1)/2 d 2
> Gy = DT meds?)
p—1 G2
> (8k* + 8k +3) — L = 3(—1)P"D/2p? 4 25p" E,,_5 (mod p°),

_ k
Z (—256)

where {E,} are the Euler numbers given by
" /2n
En1=0, Eoy=1, FEy=— Z Eop—or (n>1).
k=1
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2. PRELIMINARIES

In addition to the notation in Section 1, throughout this paper we also use the
following notations. Let [z] be the greatest integer not exceeding x. For a € 7

and a given odd prime p let () be the Legendre symbol and ¢, (a) = (a?=t —1)/p.
For positive integers a, b and n, if n = ax? + by? for some integers x and y, we
briefly write that n = ax? + by?. For n,r € Zt define H, = 1 + % +...+ 1 and
Hff) =142""4+...+n"". For convenience, we also assume that Hy = Hérgl = 0.

The Bernoulli numbers {B,,} and the sequence {U,} are defined by

n—1

n
By =1, Z(k>3k:0 (n>2),
k=0
Usn1=0, Up=1, U= _22": 2n Usp—ar (n>1).
) ) k=1 2k

For the congruences involving B,,, E, and U,, see [11], [12], [14]. The Bernoulli
polynomials {B,,(x)} and Euler polynomials {E, (x)} are given by

By(z) = f: (Z) Brz" ™ and E,(z) = Qin En: (Z) 2z — 1)"* B,

k=0 k=0

For any nonnegative integer m and real number z, it is well known [4], (1.5) that

o Ol -(0)

£0)-(:0)

n==k

& o) - -0 ()

n=k

In 1952 Ljunggren proved (see [5]) that for any prime p > 3 and m,n € 7T,

(2.4) (7:5 ) = (ZZ) (mod p?).

4 Online first



For any odd prime p one can easily prove (see [12], Lemma 2.9) that for k =
1,2,....p—1,

(2.5) (-1)’6(79; 1> =1-pH,+ 2 (Hk H) (mod p?).

For k=0,1,2,... it is easily seen (see, for example, [15]-[18]) that

06 (1)- (_4; () -,
< 1)( ki) — 64’€Qk>’ <k(13) (]f) — (Zggik)
Since (7) = k) ("), we see that

where C,, = (n+ 1)~ (7?) is the nth Catalan number. Let p be an odd prime.
By [18], Theorem 2.4, for x, ug, U1, ..., Up—1 € Zp,

(2.8) pz_:l (i) <_1k_ x) ((_1)<r>puk — zk: (ﬁ) (—1)%) =0 (mod p?).

k=0 r=0

Suppose that p is a prime, p > 3. By [21], Lemma 2.2 (with k£ = 2), for z € Z,,
with 2 £ 0 (mod p),

(2.9)

© 1 -
= 5(—1)<*)”Ep,3(—:1c) (mod p).
From [21], Theorem 2.1, for « € Z,, and 2’ = (z — (z),)/p,

(2.10) pi (i) (1k x) = (1)@ 4 p20' (! + 1)Ep_3(—x) (mod p®).

k=0

By [21], pages 3300-3301,

1 1
(2.11) E,,_3<§> = 4E,_3 (mod p), Ep_3<6> = 20E,_3 (mod p),
1

(2.12) Ep_3<—

1
3) = 9U,_3 (mod p), Ep_g(z) = 16sp_3 (mod p),

where {s,} is given by

n—1
(2.13) so=1 and s, =1-3_ (Z) on=1=2kg  (n>1).
k=0
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From [19], Lemma 2.3 and Theorem 2.1, for z € Z,, « # 0 (mod p) and 2’ =
(@ = (2)p)/p,

p—1 (x\(—1—x
(2.14) M = —2H ), +2pr’ H).
k=1
B, ( l‘) — B2 —-1
2p(zal) P2 (p )modpQ.
p*(p—1) ( )
By [31],
p—1 (x\/(—1—zx p—1 (x\ /(—1—zx 2
1
(2.15) k ka ) _2<z (Ic)(klc )) (Inodp)

k=1

By [19], (2.5) and [11], Theorem 5.2,

sz(pfl)(%) - Bp"’(pfl) _ P (2

(216) p2(p — 1) = H(pfl)/Q + §H(p_1)/2
= —2¢,(2) + pgp(2)* (mod p?).
By [12], p. 287,
1

2(17 1 (5) 2(p*l) _ 3 3 2 2
2.17 =—2¢,(3)+ Zpg, (3 d
(2.17) 2 —1) 54 (3) + 1 pap(3)” (mod p°),
iy Zeenl) ZBreon g0 3 00 (nod )

' p*(p—1) P 277 ’
(2_19) B, 2(p—1 (é) p2(p*1)
p2(p—1)

= ~24,(2) ~ 50p(3) + p(0(2)* + 50,37 (mod 7).

Lemma 2.1. Let p be an odd prime and m € Z,, with m # 0,1 (mod p). Suppose
that ug, u1,...,up—1 € Z, and v, = > (Z)uk (n > 0). Then

p—1 v p—1 w
k _ k
k=0 k=0
Also,
p—1 p—1 ( 1
_ 2 3
v = i uk—pz k+1 x (mod p°).

k=0 k=0 k=
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Proof. Itis clear that

Ploe 1 Gk g kG R R
k - k—s
sy > (=X () v
k=0 m k=0 m s=0 $ s=0k=s m k s
_pz_:l m%(ls) 1 pz_:lug p_l_g(15)< 1>T
- S _ o \k—s S .
s=0 m k=s k § ( m) s=0 r=0 r m
_ pil Us =’ (p —1- s) ( 1 )’“ B iy Us (1 1 )pflfs
- ms r m/) s m
s=0 r=0 s=0
p—1 w
= < (mod p)
s=0 ( o 1)

For m = 1, from the above and (2.1) we see that

ka —Zuspfjs( e 5 (0 )

r=0 s=0
— p (p-1 S,
8238“( ) >ug_up 3 D pH s (mod )
This yields the remaining part. O

Lemma 2.2 ([29], Theorem 2.2). Let p be an odd prime, ug,u1,...,up—1 € Z,,

and v, = Y. (3)(—=1)*uy for n > 0. For m € Z,, with m # 0, 4 (mod p),
k=0

-1

p_: (2:) % = (W) pZ (%f) (Llfi’“m)k (mod p).

k=0

Lemma 2.3. Let k,m € Z+ and r € Z. Then (T/km) (717,:/7”)/\(771)]“ e’.

Proof. Suppose that p is a prime. For n € ZT let ordyn be the unique
nonnegative integer a such that p® | n but p®*! { n. It is well known that

oyt = 2]+ [B]+ [£] 4.
Thus,
ordyk! < §+£+;+”':% and so ord,k!? < %
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If p f m, then clearly r/m € Z, and so (T/km) (_l_ér/"L))\(m)k € Z,. Now assume that
p | m. Since

()

=r(r—m>~~(r—(k—1)m>(—r—m)...<_r_km>(i§1m>)’“.L

and ok

() =0

WV

> ordpk!2 ifp>2

p—1
2k
2k = ] > ordpk:!2 ifp=2,

we also have (T/km) (717,Cr/m)/\(m)k € Z, when p | m. Hence,

()

for any prime p, which yields (T/km) (_1_,:/ ™A(m)* € Z as claimed. O

Lemma 2.4 ([24], Theorem 4.1). Let p be an odd prime, b,z € Z,, bz # 0 (mod p)
and (b), < min{(z)p,p — 1 — (z),}. Assume that 2’ = (x — (z),)/p and V' =
(b— (b)y)/p # —1 (mod p). Then

SN Y e a W N A ) At NN
Z (k)< k )k—i—b TR+ 1)((7;},,) (p—1—<w>p) (mod p*).

k=0 (B)p b)p

3. BASIC PROPERTIES OF G, ()

Recall that for n =0,1,2,...,

Gule) =3 (Z) (—1) (2) (‘1k_ ”“’) and Gl m) = Am)" G (1),

k=0

where m € 7+, r € Z and ged(r,m) = 1. Applying the binomial inversion formula,
S (M) v = () (1),
k n n
k=0
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Theorem 3.1. Let m € Z*, r € 7 and ged(r,m) = 1. Then G, (r,m) is an
Apéry-like sequence with a = 2X\(m), b = A\(m)(m? + rm + r2)/m? and ¢ = A\(m)?.

Proof. By Lemma 2.3 forn=20,1,2,...,
(n ok (r/m\ [(—l—r/m n
Gn(r,m)_I;)(k)( 1) ( L >< L ))\(m) €z

Clearly, Go(r,m) = 1 and

Gi(r,m) = A(m) (1 — L(fl — L)) = )\T(nn;) (m? +rm + r?).

m m

Using Zeilberger’s algorithm or sumtools in Maple (see [9]),
(31) (n4+1)2Gpi(z) = 2nn+1) + 22 + 2+ 1)Gp(x) — n’Gr_i(x) (n = 1).
Thus,

(n+1)2Gpi1(r,m)
= (04 1A )" G (1)

2

= (200 + 1)+ S5+ D 1)) G () =02 Am) " G ()

= (2)\(m)n(n +1)+ )\T(nn? (m? +rm + TQ))GTL(T, m) — A(m)*n?G,_1(r,m).

This completes the proof. O

Theorem 3.2. Forn=0,1,2,... we have
"2\ —1—=x
Gn(x) = D .
(@) Z_j(k>< ()

Proof. Set G| (z) = é:o( ) (-~ k(nl__kl) Then Gj(z) =1 = Go(z) and

Gi(x) = 22 + 2+ 1 = G1(x). Using Zeilberger’s algorithm or sumtools in Maple
(see [9]),

(n+1)°Glia(2) = @n(n + 1) +2° + 2+ DG () —=n°Gli (@) (n>1).
Thus, G}, () = G, (x) for n =0,1,2,... by (3.1). O

Online first 9



Remark 3.1. From the definition of G, (r,m), (2.6) and (2.7) we know that for
n=01,2,...,

Gn(1,2) = 16" —2§n: (Z) 2k+1)<2:)0k 167F
Ga(~1.2) = ; (Z) () =
Gn(—1,3) = kz} (:) (1) (2:) (3:) N
Go(—1,4) = kz:; (Z) (1) (2:) <;UZ> 64n "
Gn(—1,6) = znj (Z> 1)F (3:) (g:) J—

k=0

These are Apéry-like sequences with (a,b, c) = (32,28, 256), (32,12, 256), (54,21,729),
(128,52, 4096) and (864, 372,186624), respectively. We note that G, (—1,3) is the
sequence #25 in [36], and G,,(—1,4) and G,,(—1, 6) were first introduced in [33]. See
also [2].

Theorem 3.3. Let p be an odd prime and m,x € Z,. Then

D ,m)

= (mod p) form # 0,1 (mod p)

2y

for m # 0,4 (mod p).

]
L
=
0
]

>
Il

o
>

and

mod p)

O
(4 —m)k

gl
o =

m(m —4)
(=5—)

M
[en} —

Proof. Putting up = (—1)*(})(7'") and vy = Gy(z) in Lemma 2.1 yields
the first congruence. Putting up = () (71];1) and vy = Gi(z) in Lemma 2.2
yields the second congruence. O

Theorem 3.4. Let p be an odd prime. Then

p—1 p—1 p—1
G G G
n = (— (pfl)/4 7’”‘ = (— (pfl)/4 7’”’
Z (—16)" - ( 1) Z | ( 1) Z 32n

n=0 n=0 n=0
22 (mod p) if4d|p—1andsop=ax?+4y? with4 |z — 1,
0 (mod p) ifp=3 (mod 4).
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Proof. Takingz = —% andm = —1,1 5,2 in Theorem 3.3 and then applying [13],
Theorems 2.2, 2.9 and Corollary 2.3 yields the result. O

Theorem 3.5. Let p > 3 be a prime. Then

p—l Gn(_1,3) B {23& (mod p) ifp=a2+3y>=1 (mod 3) and 3 | x — 1,

z:) 0 (mod p) if p =2 (mod 3),

Gl S Gy

n:o 243n

—L (modp) if3|p—1,4p=L?+27TM? and3|L —1,
0 (mod p) if p =2 (mod 3).

n=0

Proof. Putting x = —% in Theorem 3.3 yields

p—1 Gk( 1, 3 p—1 (2k) (Sk)
(27m) Z (27(1i ~ m))k

(mod p).

Now, taking m = —1, £, 9 and then applying [18], Theorem 3.4 and [16], Theorem 3.2
yields the result. U

Theorem 3.6. Let p > 3 be a prime. Then

(j);Gn(—M) - (6):2:06?4%;&4)

p
. X
2z (mod p) ifp = a2+ Ty2 = 1,2,4 (mod 7) and (?) —1,

()

0 (mod p) ifp=3,56 (mod 7),
L Gp(—1,4) _ (§> ”i Gn(—1,4)
o = \p) 2 [aiap

x (mod p) ifp=2a?+4y*>=1 (mod 4) and 4 |z — 1,

( )

1,4)

0 (mod p) ifp=3 (mod 4),

p—1 (

n\— — /4]
Z 16™ o p ' Z 256”

n=

{2

(=)

2z (mod p) 1fp:x +3y221 (mod 3) and 3 |z — 1,
0 (mod p)  ifp=2 (mod 3),

P (—1)IP/8+P=1/220 (mod p) if p = 2% +2y*> = 1,3 (mod 8)
Z W = and 4 |z — 1,
=0 0 (mod p) ifp=5,7 (mod 8).
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Proof. From Theorem 3.3 (with 2 = —1),

p—1 p—1 4k
Gk ( )
64 — (mod p).

k:O

OM

Now taking n = 1,4096,—8,—512,16,256,—64 and then applying [15], Theo-
U

rems 2.2-2.4, 4.1 and 4.3 yields the result.

Theorem 3.7. Let p be an odd prime, © € Z,, and x # 0 (mod p). Then

< ) (mod p) if (x), Is even,
Gip-1)a(@) = 5l v
if (x), is odd.

(modp
Moreover,
(p—1)/2 P
. YOO e e o ed o
-n2(@) = Y o (mod p?) - for (x), =0 (mod 2).

k=0

In particular, for p > 3,

G [ 472 —2p (mod p?) ifp=2a*+4y* =1 (mod 4),
(=n/2 = (mod p?) if p=3 (mod 4),

27(7’ D/2 (422 — 2p) (mod p?)

Gp—1)/2(— if p =1 (mod 3) and so p = 22 + 3y?,
0 (mod p) ifp=2 (mod 3),
8~1. 422 — 2p (mod p?)

Gp-1)/2(— ifp=1,3 (mod 8) and so p = 22 + 2y?,

0 (mod p) ifp=5,7 (mod 8),

432~ 1)/2<§> -42? — 2p (mod p?)
Gp-1)/2(=1,6) = if4|p—1 and so p = 2% + 4y?,
0 (mod p) ifp=3 (mod 4).

Proof. By [13], Lemma 2.4, for k =1,2,...,(p —1)/2,

(%(p—l))<_1)k5(2’5)(1—p§: 1, >:(}Z)(1_p(H2k_;Hk)) (mod p?).
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Thus,

owain= 5 () ()

p—1 (zk)
A z\[(z+k 1 9
— Ho, — —H, d p?).
p3 e () () (1t = ) (o )
Using the WZ method or the summation package Sigma one can prove that
- (zk) n\ (n+k 2—(-1n"
3.2 E Hy, — =—————H;) =0.
32 é(—@k(k)( o) (= )

When n is even, this identity follows from [32], (4.5) and (4.6). Thus,

{ mod p) if (x), is even,
=< @ 2k

=) (N (R
S e () () tmod it e s o
Hence, for (z), = 0 (mod 2) we have

(P=1)/2 (2k\ (2\ (—1—2

k=0

mod p?).

By the identity due to Bell (see [4], (6.35)),

- : "Y' L i i even
o SO G{E)e

if n is odd.
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In view of the above,

0
( (T)p ) L (mod p) if (x), is even,
0 ?mod D) if (x), is odd.

By [8] and [26],

M

p_! 2’“) (3k) {4952 —2p (mod p?) if p=1 (mod 3) and so p = 2% + 3y2,

Pt © 108 0 (mod p?) if p=2 (mod 3),
p—! (Zkk)Q(;lZ) _ {4x2 —2p (mod p?) if p=1,3 (mod 8) and p = 22 + 232,
P 256F | 0 (mod p?) if p=5,7 (mod 8),
pz_‘i Qkk)l(;gk(%) _ { (g) (42 = 2p) (mod p?) ?f 4|p—Tandp=a?+4y?
P 0 (mod p?) if p=3 (mod 4).
Now, from the above congruences for G(,_1)/2(z) (with z = —%,—1 —1) and (2.6)

we deduce the congruences for G(,_1y/2(—1,3), G(p—1)/2(—1,4) and G(,_1)/2(—1,6).
It is well known (see [1]) that

pz_i (Qkk)3 _ 422 — 2p (mod p?) if p=1 (mod 4) and so p = 2?2 + 4y?,
k=0 645 |0 (mod p?) if p=3 (mod 4).

y [32], Theorem 5.1, for p = 3 (mod 4),

) e

(r-1/2 , 1 2(2k) p—1 (2k)3
= Z (k:2> 4%]‘]}652 6k4k Hy =0 (mod p).

k=0

Now, putting x = —% in the previous congruences for G(,_1) 2 () modulo p? and then
applying the above yields the congruence for G(,_1)/2 modulo p?. This completes
the proof. O
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p—1 p—1
4. CONGRUENCES FOR Y. G,(z) AND . nG,(z) MODULO p?
n=0 n=0

Theorem 4.1. Let p be an odd prime, z € Z,, + # 0,—1 (mod p) and z’

(x — (z)p)/p. Then

ZG B Qm(x +1)+1—(=1)@0»

pu P (mod p?).

Hence, for p > 3,

Z_: W(=1,3) [ p* (mod p?) if p=1 (mod 3),
27” | —8p? (mod p?) if p=2 (mod 3),
=0
2 3 7 -
pil Gal(—1,4) _ D 2(gmod %) if p=1,3 (mod 8),
b S —?pQ (mod p3) ifp=5,7 (mod 8),
2 3 7 -
;S Go(—1,6) _ P 6(7m0d p?) ifp=1 (mod 4),
s 24 B —Epz (mod p3) ifp =3 (mod 4).

Proof. Using (2.2),

S-S () ) 5 ()

-2 ) C)era ()

Since z # p, p—1 (mod p) we see that (pfl) (_1:3”) = (;’”2;) (p_;:gwh’) =0 (mod p?).

p—1
From the above and (2.5),

§Gk(fﬂ) = pi (i) (_1k_ x) k%l _p2p§ (2) <_1k_ x) kij—kl (mod p7).

k=0 k=0

From Lemma 2.4 (with b = 1),

(4.1) Z( >( 1_x>k:<1k1 Epﬁgfﬁ) (mod p*).
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Using the symbolic summation package Sigma in Mathematica, Liu and Ni in [7]
found the identity

T O

k=0 k k+1 (x),((z), +1)
= (_xl():r 1_ (mod p)
Therefore,
Zz:;l)Gk(x) =p’ l;gfjll)) _p? (xl():r 1; 1 (mod p°).
Taking = = —%, —%, —% yields the remaining results. 0

Remark 4.1. Let p be an odd prime. Taking x = —% in Theorem 4.1 gives
p71 G
(4.3) > = (4(=1)P V2 = 3)p? (mod p¥),

which was conjectured by the author earlier and later proved by Liu and Ni in [7].

Theorem 4.2. Let p be an odd prime, x € Z,, © # 0,£1,—2 (mod p) and
z’ = (z — (z)p)/p. Then

2@ (@ + (1 —a(z+1)) —a(z +1)
p-1 (z — Da(z+1)(z +2)
ZnGn(m) p2x/(w/+1)<1_m(x+1))_(x—l)(x—l—Q)
(z — Da(z+1)(z +2)

(mod p?) if 2] (x)p,

(mod p?) if 21 (z),.
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Hence, for p > 3,

p—1 G, —%p2 (mod p?) ifp=1 (mod 4),

'r;) 16"~ %pQ (mod p3) if p=3 (mod 4),
s o7 (mod p) ifp=1 (mod 3),
n=0 21 - ;—gp (mod p3)  if p=2 (mod 3) and p # 5,
S ~ b (mod p?) ifp=1,3 (mod 8),
R - %pQ (mod p?) ifp=5,7 (mod 8) and p # 5,7,
pzl 1) oo (mod p) ifp =1 (mod 4),

= sz %pZ (mod p3) ifp=3 (mod 4) and p # 7,11

:Z:"Gﬂﬂ—p_ln,é(’é)“lf(i) ()

1 (p +p  p ) p—1
k+2 k+1 k)
Fork=p—2orp—1, we have( = ””P) 0 (mod p). Thus,

)
T\ (L= o7 €7, fork=01 ~1
k k k+1 k + D T = U, ,...,p .

Since (pgl)(fl)k =1 - pH}, (mod p?) by (2.5), we see that

S = £ () () (g - )

n=0 k=0

1

SO0 E O )
B OO RO e
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By Lemma 2.4 (with b = 2),

p—1 1 (ol
x\[(-1—-z\ 1 pr' (' + 1) 5
(44) I;O(k)< k >k+2 = TGt D@r ) medr)
By the proof of Theorem 4.1,
p—1
z\ [(-1—-2\ H, _(-1)@»r -1
Z(k)( k >k+1 wwr1y (medp).

k=0

Using the WZ method or the symbolic summation package Sigma in Mathematica,
one can prove that for n > 2,

1 . .
o BT
B _m if n is odd.
Hence,
()
) _ () (3 ety = LZ_E (D () v
1 1 . .

@y D@y 72~ @-Data modp) if {0y is even,

_ 1 _ 1
(@)p((z)p+1)  z(z+1)

If (), is even, combining the above with (4.1) gives

(mod p) if (x), is odd.

p—1

S nGole) = - (P* +ppr’ (' +1) 2 (2’ +1) »? 1
—~ " (x —Dz(x+1)(z +2) z(x+1) (x—=1)(z+2)
2@+ —z(xz+1) —z(@+1
_ @ D et D) el l)
(z—=Dz(z+ 1)(z+2)
If (x), is odd, from the above and (4.1) we deduce that
p—1 2 1l (ol 2 2
1 1 2
S nGa(z) = — (p* +p)pa'(a’ +1) _pzx(éH )__»
o (. —Da(z+1)(x + 2) z(xz+1) wzxz+1) zxz+1)
2@+ —2(z+1)—(x—1)(z+2
_ D —aa )~ =D+
(x —Dz(z+1)(x+2)
Now taking x = —%, —%,—i,—% in the above congruences yields the remaining
results. O
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5. CONGRUENCES FOR SUMS INVOLVING G,

Lemma 5.1 ([28], Lemma 2.2]). Forn =0,1,2,...,

()= () GG oo

Theorem 5.1. Let p be an odd prime, m € Z,, and m # 0 (mod p). Then

pz_i (2,25n _ (p;z_llﬂ <2kk)2(;12> (mT;264)k _ <PZ—:1 (2{31(;2)>2 ot )

n=0 k=0
and
1536 219 .
b1 o T m(m 64) (mod p?) if p| m— 64,
Z mn = m— 198 (p—1)/2 k(2k)2(4k)
n= k 2k 2 .
k=0

Proof. Notethatp|( )f0r2p<k<p By Lemma 5.1 for cg, ¢1, ..., cp—1 € Zp,

ol e G, ol () o n—k
(5.1) Z(”ZnnG 3 2nzg )Z<nkk>c’1(_?§)

n=0

Thus, applying [15], Theorem 4.1,

pz—:l (2:)07; _ (p—1)/2 )2 4k) ( B %)k _ <z§ (Qkkr)n(EZ) >2 (mOd p2).

n=0 k=0

r=0

3 (Joenwr a3 (oo (21
E(14+ ) + kx(1+2)F = (1 +22) - k(1 + 2)* 1,
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taking ¢, = n in (5.1) we deduce that

p—1 n(2”)Gn (p—1)/2

> “‘%z@ (-2

n=0 k=0 r=0
(p—1)/2

_ CHGH (1 B4y

B (1) -

(1 li8><() () (1)71() ( ij)) (mod p?) if p|m — 64,
= m— 128 (p—1)/2 k(%) (4k) .

Py ,;) W—_ng(modﬁ) if ptm — 64.

This yields the remaining part. ]

Theorem 5.2. Let p be an odd prime. Then

p—! (2")Gn {43:2 —2p (mod p?) ifp=1,3 (mod 8) and so p = 2?2 + 232,

s 0 (mod p?) if p=>5,7 (mod 8),
p—1 (Qn)G
_AnJ7m _ q)(p—1)/2 2y
T; 647 (n + 1) (=1) (mod p*)

Proof. Taking m = 128 in Theorem 5.1 and then applying [15], Theo-
rem 4.3, (1.6) and Lemma 2.2 yields the first congruence. It is well known [4], (1.47)
that

(5.2) > (k)(—w L L s Z{0,-1,...,—k}.

=\ rrw()

For %p < k < p we see that

R O e e

Now, taking m = 64 and ¢, = (n + 1)~! in (5.1) and then applying the above
and [20], Theorem 2.2 gives

p—1 n (p—1)/2
()G CHGH (-1)"
S X Gy ()i

k=0

) P& kY (<
oo e X (>k++1

k=(p+1)/2
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(p—1)/2 (2k\2 4k p—1 2k\ 2 rdk

() G 1 (2) G k(D

kZ:o 645 (k+1)(3E +k (;)/2 64* (p—l—k) p

(p=1)/2 2K\ (4K 2k\ (4k
(%) Gr) (%) Gr)

kZ:O 64k(2k+1)+ Z) 61 (2 £ 1)

= (—=1)®=Y/2 (mod p?).

This completes the proof. O

Theorem 5.3. Let p > 3 be a prime. Then

422 — 2p (mod p?)
= n = ifp = a2+ 42 = d 4
> 79n 5761 tp=z"+2y (mod 4),

=0 =0 0 (mod p?) if p=3 (mod 4),
2 2

b1 (2”)G o1 (2")G 4x* — 2p (mod p?)

n n = n n = if p = 12 3y2 = d3
ZO 437 ZO (—192)" #fp=a”+3y" =1 (mod 3),
"= "= 0 (mod p?) if p=2 (mod 3),

2
p—1 (2n)G p—1 (Qn)G 4z% (mod p)
n n
n = —nl___ = if p=a? 2=1,2,4 d
T > —1032)" ifp=a*+Ty ,2,4 (mod 7),

"= "= 0 (mod p?) ifp=3,56 (mod 7).

Proof.  This is immediate from Theorem 5.1, [15], Theorem 5.1 and [35],
Corollaries 5.1 and 5.2. O

6. CONGRUENCES FOR G,_1(z) AND G,(z) MODULO p*

Theorem 6.1. Let p > 3 be a prime. Then
bo1(—1,3) = (=1)PI729P 1 L 7p%U, 5 (mod p?),

G
_ (p—1)/2 p—1, 195 9 3
Gp-1(—1,6) = (-1) 1866247~ + o5 P E,_3 (mod p°),
Gp_1(—1,4) = (=1)P/4140967 1 + 13ps,_3 (mod p?),

where {s,} is given by (2.13).
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Proof. Supposethatz € Z, and 2’ = (x—(z),)/p. Since (_1k_°”) = (-

appealing to (2.5),

It is well known (see [4], (1.45)) that Y (*)(=1)"r—' = —H,. Thus,
r=1

r

to (2.8) and (2.14),

p—1 p—1
z\[/—-1—2x z\/—-1—2x\1
0 () () m=X ()
— k k Pt k k k
= —2H<z>p + 2p$/H<(§;p
sz(p—l)(_x) — Bp2(p-1)

=2 pi(p—1)

Osburn and Schneider proved (see [32]) that

(6.1) Z(Z) ("3 v = 2y o1

k=1

By [7],

(6.2) zn: (Z) (” Z k) (C1FHE = 412 42 1) S (_klf.

=t k=1
Thus, -
S
. ” (499 (40 9) e
— 4(=1)@» (H? o+ j:j (—le)k> (mod p).
22

appealing

(mod p?).
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From (2.9), (2.10) and the above,

(6.3) Gyt (@) = (~)@> 4 P2/ (&' + 1)Eps(—a)

—op(—1)(@ Bp2<p—1>(2*f'f) — By p-1)
P(p—1)
B2, (—x) — B2p_1)\2
2p2(—1)$)e p2(p—1) p2(p—1)
Fay (( p*(p—1) )

(—1)<I>pEp,3(—x)) (mod p®).

L1
2
For m = 3,4, 6 we see that (—1)(=1/™» = (—1)P/™I Takingz = -1, -1, —1in (6.3)
and then applying (2.17)—(2.19) and (2.11)—(2.12) we deduce that

Gp-1(=1,3) = 27p_1Gp—1 <_%)
= o7p—1(_1)/3 (1 - 2p(—§q,,(3) n gpqp(3)2) + 2p2(—gqp(3))2)

1 2
2 —_—— e — .
tp ( 53 +1) oU,_s
= (—1)P/B27P= (1 + pg,(3))® + Tp*U,_3

= (—1)lP/3729P=1 L 7p?U, 5 (mod p*),
1
Gp-1(=1,4) = 64”71Gp—1(_7)

i
. 3
= 64771 (1) (1 = 2p( — 3,(2) + 5pap(2)?) + 20%(34,(2))°)
1 3
2 —_— s — .
tp ( 13 +1) 165,_3

= (—1)P/64P71(1 4 pg, (2))5 + 13p%s,_3
= (—1)lP/4140967 1 4 13p%s,_3 (mod p?),
Gp—1(—1,6) = 432°7*G,_1(—1/6)

= 4300~ 1(— 1)/l (1 - 2p< —2g,(2) — gqp(:%) +p(qp(2)2 + %%(3)2))

3 2 15
+20° (202 + 50,3)) ) +;02(f6 2+ 1) - 20E, 4
_ (p—1)/2 g 20p—1 4 3, 159 4
= ()P 327 (14 pgy(2)) (14 pay(3)) + o BBy s
1

= (—1)P~D/2186624P 1 + ?;FEH (mod p?).

This proves the theorem. O
Remark 6.1. Taking z = —1 in (6.3) and then applying (2.16) yields

(6.4) G, 1= (—1)P"Y/2256P71 1 3p2E, 5 (mod p®) for any prime p > 3.
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This was conjectured by the author earlier and later solved by Liu and Ni, see [7].
Theorem 6.2. Let p > 3 be a prime. Then

G, =12+64(-1)PY2p2E 5 (mod p?),
Gp(—1,3) = 21 + 243(-1)P/3p2U, 5 (mod p?),
Gp(—1,4) = 52 + 1024(-1)P/4p?s, 3 (mod p?),
Gp(—1,6) = 372 + 8640(—1)P~V/2p2E, 5 (mod p?).

Proof. Suppose that © € Z, and z # 0 (mod p). Since (pgl)(—l)k =
1 — pHy (mod p?),

E O )

Using the WZ method or the summation package Sigma in Mathematica, one can
prove the identity

(635) E”: (Z) <nzk> (_;)ka _ 22": (—le)’“_

k=1

Thus, appealing to (2.9),

1

(] ek ([ BT
(
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Now, combining the above with (2.14) and (2.15) gives

(6.6) Gp(x)zl—( )( L=\, o Bre-n(2) ~ Bre-y

p*(p—1)
Bp2p—1) (=) = Bp(p-1 2 (), 3
+ 2% =) ) + P2 (1) E,_g(—z) (mod p*).
Takingz = —2, -1, —1 —Lin (6.6) and then applying (2.17)(2.19), (2.11)—(2.12
2 3 4 6

and (2.4) yields

G, = 16°G, (—%) = 16" <1 - (pé)z +2p(=2¢,(2) + pgy(2)%)

220, + )08, (7))

2 2
167 (1 - (;) 167F — 4pq,(2) + 10p3q,(2)? + p*(—1)P~1/2. 4E,,_3>

—4+16(1 +pgp(2))*(1 - 4pqp(2) +10p%gy(2)?)
+16P - 4(—1)P~/2)p ’E,_
=124 64(-1)P"V/2p2E, 4 (modp ),

=2, (-3) =2 (1= () (1) + 20(3an0) + Span0?)
2 (@) + 0B () )

=27 (1= () ()21 — 350, (3) + 620,37 + 91520,

= _ (2> (3> +27(1 + pgp(3))* (1 — 3pgp(3) + 6p°,(3)?)

Gp(—1,3

~

1/\1
+277 . 9(—=1)P¥p2u, 4
=21+ 243(—1)[p/3]p2Up_3 (mod p?),

an=ora, (-5 =or(1- () ()

+
2P 30,2 + 1P, o)

_ 2p\ (4p » /4], 2
= (p) <2p) + 647 - 16(—1)P/%ps,_g
+64(1 + pgyp(2))°(1 — 6pgy(2) + 21p°¢,(2)?)

- G) (;) +1024(—1)lP/4p2s o

+ 64(1 + 6pg,(2) + 15p2qp(2)2)(1 — 6pg,(2) + 21p%q,(2)?)
= 52 4 1024(—1)P/4p2s, 5 (mod p?)

2p(—34,(2) + gpqp(2)2)
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and

G,(—1,6) = 432°G,, (—é) = 4397 (1 = <_p<1‘>> (_pg>

+20( ~202) — 50,6) + (62 + j0,3?))
27 ( = 20,2) - 30,) + #CDPE, (7))
4327 (1 - (?) <§Z ) 43277 — p(4g,(2) + 3q,(3))

PP (10,(2)” + 64,(3)° + 12qp<2>qp<3>>)
+432P . 20(—1) P~ V22 B, 4

- @ @ +432(1+ pgy(2)) (1 + pap(3))° (1~ p(dgp(2) + 34,(3)

+°(10g,(2) + 6¢,(3)” + 124,(2)q,(3))) + 432 - 20(—=1) P~ 1/2p°E, 4
=372 + 8640(—1)P"Y/2p2E, 3 (mod p?).

This completes the proof. O

Theorem 6.3. Let p > 3 be a prime, x € Z, and « # 0 (mod p). Then

p—1

> @k(k+ 1) + 2(x + 1) + 1)(=1)* Gi(x)?

k=0
= (- G) (7))
p p
o fr\[(—1—=x
+2p®(—1)» (p ( ) >H<x>p (mod p*).
Moreover,
p—1 GQ
Z(8k2 + 8k + 3)( 56)F =3(—1)P=V/2p2 L 25p*E, 3 (mod p°),
k=0
Gi(-1.3)°
> (18K + 18k +7) 7 97)k = 7(—1)P/3p% 1 130p*U,_3 (mod p°),
k=0
p—1 2
Gr(—1,4
Z(32k2 + 32k + 1:’))(k_(4:096)?C = 13(71)[10/4]1)2 + 425p45p_3 (mod p%),
k=0
p—1 2
Gr(—1,6 11285
(72k* + 72k + 31)(1;6624)) =31(-1)PD/2p2 4 T8 5 p*E,_3 (mod p°).

=
[}
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Proof. By (3.1) and [23], Theorem 3.3 (with r = 2, ux, = Gg(x), b(k) =
2k(k+1)+2?+z+1landc=1),forne 77,
n—1
(6.7) Z(?k(k + D)+ 22+ 2+ D) (D" 1FCr(x)? = n2Gh(2) G (z).

k=0

Hence, appealing to (6.3), (6.6) and (2.14),

p—1
> @k(k+1) + 2% + 2+ 1)(-1) G (x)”
k=0
= p’Gp-1(2)Gy(2)
z\[—-1—=x
=p* (=) (1~ 229H<z>p)(1 - ( > ( ) + 2PH<x>p>
p p
1
== (=) )
p p
—-1—-z
1 2p3(—1 <z>p<x)< >Hl mod p?).
p°(—1) ) ) (a), (mod p%)
Taking n = p, x = —%, —%, —i,—é in (6.7) and then applying Theorems 6.1-6.2
and (6.4) yields the remaining results. O

7. CONJECTURES ON CONGRUENCES INVOLVING G, G,(—1,3),
Gn(—1,4) AND G,(—1,6)

Calculations by Maple suggest the following challenging conjectures.
Conjecture 7.1. Let p be a prime, p > 3. Then

Gap = Go +3072(=1)P~V/2p2E, 5 (mod p?),
Gop_1 = (-1)P~V/216* P~ D@ 1+ 164p2E,_3 (mod p?),
Gsp = Gz 4 94464(—1)P~D/2p2E 5 (mod p?),
Gap(—1,3) = Go(—1,3) +20412(-1)P/31p2U, 5 (mod p?),
Gap_1(—1,3) = (~1)PPl274 =D G, (—1,3) 4 660p*U,_3 (mod p?),
82580

Gap_1(—1,6) = (—1)P7D/24324r= DG (—1,6) + szEp_g (mod p?).
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Conjecture 7.2. Let p be a prime, p > 3.
(i) If p=1 (mod 4) and so p = x> + y? with 4 | x — 1, then

p—1 G p—1 G
n_ o —(_1)p—1)/4 T ( 1)/4 =9y _ 1
ZO (_16>n - ( 1) g Z | r Z 32n - 2$ (IHOd p )

n=0 n=0

p—1 - p—1 P

nG (—1)p=1)/4 nG _ nG p

= = (=) ANT T = 2 d p?).
$ e < C S e S5 2 (o

p—1 — p—1
G 2 G _ Gy D
6 — 30 e Z g = 2N o = ey (mod 7Y)
n=0 n=0 n=0 ((P—3)/ )

4a? — 2p — % (mod p®) ifp=2?+2y*=1,3 (mod 8),
p—1 (2n 1 1 -2
Z () Gn =J =p? ([4111’]> (mod p?) if p=>5 (mod 8),
128" 37 \[5p]
) 3, (1kn\
—= 2(‘1* > (mod p®) if p=7 (mod 8).
2 [57]

Conjecture 7.4. Let p be an odd prime. Then

. (zkk)Gk (p—1)/2, 2 3
Gik2p—1) = 2T (mod ).
0

p—
k=

Conjecture 7.5. Let p > 3 be a prime. Then

4 o 8 2 . 2 2 _
(g, Tt T o7P (mod p”) if p=2a”+4y” =1 (mod 4),
D) o )
h=0 - §R1( p) — 27P p (mod p?) ifp=3 (mod 4),
8 2, 32 : 2 2 _
p—1 Z;f)Gk — 37 + 57P (mod p?) ifp=2*+4y* =1 (mod 4),
2Eee-D) o 4 |
- - §R1(P) 7P (mod p?) ifp =3 (mod 4),

B 2
where R1(p) = (2p+2 — 21’_1)(873@ :
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Conjecture 7.6. Let p be an odd prime. Then

ot 2 (4x? — 2p) (mod p?) ifp =22+ 2% =13 (mod )
v Lo )8
128%(2k — 1) — 1
k=0 ( ) 7§R2 (p) (mod p?) if p=5,7 (mod 8),
where

Ry(p) = (5 —4(~1)P~1/%)

x (14 @+ 200 D2p — 4277 = 1) = DHjy ) (5@1_ D) .

Conjecture 7.7. Let p > 3 be a prime. Then

©— ()G _ ng (mod p?) ifp=2®+3y* =1 (mod 3),
k=0 4882k — 1) ngg(p) — %p (mod p?) ifp =2 (mod 3),
p 1& _ *%$2+§P (mod p?) ifp =224 3y%>=1 (mod 3),
k=0 (=192)%(2k — 1) —gRg(p) + %p (mod p?) ifp =2 (mod 3),
where

2

e e (el

Conjecture 7.8. Let p be a prime, p # 2,3,7. Then
4

2

3
63*(2k — 1) L4 ") 38
prs 32 k 08 d ifp=3,5,6 (mod 7
63§k+1 T3a3P (o p?) ifp=3,56 (mod7)
and
1408 , 2368
220 2 200 d
63 ¥ T33P (mod 7°)
p—1 (%)G .
)Yk — ifp=2%+7y?=1,2,4 (mod 7),
—4032)F(2k — 1) ,
im (A =D Zl ()’ + 202 od p?) ifp =3,5,6 (mod 7)
32k * 1323P b P=29 '
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Conjecture 7.9. Let p be an odd prime. Then

p(—1)P=1/4 (233 - 2%) (mod p?)

p—1 G2
n
Z)(Qn +1) (—256)" ifp=a2?+y*=1 (mod 4) and 4 | z — 1,

0 (mod p?®) if p=3 (mod 4).

Conjecture 7.10. Let p > 3 be a prime. Then

§ Gn(_la?))
n=0 (727)”4
2x—2£(m0dp2) ifp=2?+3y>=1 (mod 3) and 3 | x — 1,
x
= —1
3 %(pl)) 2 .
—2p (mod p”) ifp=2 (mod 3),
2 (é(p5) ( )
2 Ga(-1,3)
n=0 3"
_L+%(modp2) if3|p—1,4p=L*+27TM? and 3| L — 1,
=) 4 p-2.3
_= | 2 ifp=
Sp( 3 ) (mod p?) ifp =2 (mod 3),
2 Ga(-1,3)
—= 243
_L+% (mod p?) if3|p—1,4p=L2+27TM? and 3| L — 1,
0 (mod p?) if p =2 (mod 3)
and
p—1
nGn(—1,3) p 2
—_— = — d
nZ:o (—27)" v 2x (mod p)

forp:x2+3y251 (m0d3) W1th3|517—1,

p—1
5 nGu(-1.3) _ _2p

2
s T (mod p*)

for 3| p—1 with4p = L* + 27TM? and 3 | L — 1,

p—1
n _1a
S 290018 _ 6 (mod p?) forp=1 (mod 3).
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Conjecture 7.11. Let p be a prime, p > 3. Then

3y 2! () — LG (-1,
() a2 @ T oLy

2z — L (mod p?) ifp=a*+7y*> =1,2,4 (mod 7) with (;) =

2z
10p .
([3p/7]) (mod p?) if p=3 (mod 7),
_ [p/7]
- op 2 Py
_m (mod p*) ifp=5 (mod 7),
[p/7]
5p .
W (mod p?) if p=6 (mod 7),
7
6 p’le([pl/ix) 3\ K2 Ga(—1,4)
et In\T o — (3 9(—1)p-1/2( 2 In\m o7
9 — 22 (mod p?) ifp=22+4y?> =1 (mod 4) with4 |z — 1,
x
= ~1
5p (%(p—?’)) 2y
— mod p if p=3 (mod 4),
2 \Lp_g)) (mod#) (mod 4)
p—1 p—1
Gn(~1,4) —3\\ /-2 Gn(~1,4)
> =135 (5) X T
256_% (mod p?) ifp=22+3y?>=1 (mod 3) with 3 |z — 1,
= -1
7 %(p - 1)) 2 .
—ip mod p®) if p=2 (mod 3),
2 (é(p—5) ( ( :

(—1)[p/8l+(p=1)/2 (23; - %) (mod p?)

ifp=a?+2y*>=1,3 (mod 8) with4 | x — 1,
1 -1

4 z2(p—1) o e
_2_(_1)@_1)/2?( (L] ) (mod p*) ifp=5,7 (mod 8).

Conjecture 7.12. Let p > 3 be a prime.
(i) If p=1,2,4 (mod 7) and so p = 2% + Ty? with x = 1,2,4 (mod 7), then

(_?3> :g:nGn(l,‘l) _ 20(6) gw 7§(x7 %) (mod p?).

p

Online first

31



(ii) Ifp=1 (mod 4) and so p = x? + 4y? with x = 1 (mod 4), then

(S T = () S B =3 (- ) twoa

(iii) If p =1 (mod 3) and so p = 2% + 3y* with = 1 (mod 3), then

AnGa(—1,4) -2\ nGn(-1,4) 7 P
> 160 _7<7) HZ:; 256m _§<x - %) (mod p).

n=0 p

(iv) If p=1,3 (mod 8) and so p = 2% + 2y? with x = 1 (mod 4), then

p—1
_ nG,(—1,4 p
(_1)[p/8]+(p 1)/2 E :(i(64)n) = x4+ o (mod p2),
n=0

Conjecture 7.13. Let p > 3 be a prime, m € {—3267,—1350,—108, 44,100,
135,300, 1836, 8748, 110700, 27000108} and p 1 m(108 — m). Then

p—1 2% G(—1,3)_ m(m—108) p—1 <2k)2(3k) )
Z(k) e :< );(1§8—72)k (mod p7).

k=0 p

Conjecture 7.14. Let p > 3 be a prime. Then

2(1%*2)%(67;3) E2<7715)p (mod p?) for p # 11,

§<81k + 13,)(2?6;’;)(50 = 13(%) (mod p?) forp#5,
:ZZ 3k +1) %)G’“é = (?6)27 (mod p?)

:<32k " 21)% =21(L)p (mod ) forp £ 11,
E(’H‘?’)W = (?2)17 (mod p?) for p # 5,

0

Z3k2w_2( 15) (mod p?) for p#5,
)

S
[
=l

135k

(=)

k=
p—1

2k
G
232k+1 %E (g p (mod p?) for p # 5,
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p—1 2k
Gr(-1,3 _
> (96K + 11)(’€)18’“3(6k 3) _ 11( 51>p (mod p?) for p # 17,

k=0
Z;:(l60k + 17)% = 17(§)p (mod p?),
2_2(614% n 527)% = 527(%);9 (mod p?) for p # 5,41,
5(150000% + 87659)(2:)706;00(1018:)) = 87659(?) p (mod p?) for p # 53,89.

k=0

Conjecture 7.15. Let p > 3 be a prime,

m € { — 24591257600, —2508800, —614400, —20480, —2048, —392,
175,400, 1280, 4225, 12544, 83200, 6635776, 199148800}

and p { m(256 — m). Then

() Gy (= 250 )”‘1 Qk)2(4k> (mod p?)
k) mF (256 — P
k=0 k:O
Conjecture 7.16. Let p > 3 be a prime. Then
p—1 2k
G
Z(sm + 23)(2;:52)) = 23(=1)P"V/2p (mod p?) forp#7,
k=0
p—1 (2k)G (_1 4) —6
\p)IR D) _ (70 2
;(6k+ 1) ESE ( ’ )p (mod p),
p—1 2k
G -10
Z(lGZk +17) i () 2gi80) ) = 17( ) )p (mod p?) for p # 5,
k=0
iy (25 Gr(~1,4) —2
k) Tk - —“ 2
Z 4802k + 361) (—614400)F — 361( » )p (mod p*) forp#5,

k

0

'U
—

2k
Gk(_174) —22
((11)2508800)k EH( P )P (mod p*) forp #5,7,

(]}

(1626 + 11)
k=0

(Qkk) Gk(_lﬂ 4)
(—24591257600)F

p—1
Z (192119202k + 8029841)
58 )
= 8029841(7)1) (mod p?) for p #5,7,13,29
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=
Q.

Z—:(Slk n 88)% 88(_?7)]0 (mod p?) for p # 5,7,

§(3k 1)W _ ,(?)p (mod %) for p £ 5,

Zz_:::(wk " UW = (_?5)1’ (mod p®) for p # 5,

ZZ_:(&k + S)W = 8(%)1? (mod p?) for p 5,13,

2(19% + 19)W _ 19(_?1);9 (mod p?) forp £ 7,

ZZ_:(D%k + 113)W _ 113(‘713);9 (mod p?) for p # 13,
2(10368% + 6599)W = 6599(%) p (mod p?) forp # 17,23,

o

—37
(3111696k + 162833) & = 162833(7) p (mod p?) for p # 5,29, 37.

199148800’C

o

Conjecture 7.17. Let p > 3 be a prime,

m € { — 16579647, —285768, —52272, —6272, 5103, 34496, 886464, 12289728,
884737728,147197953728,262537412640769728}

and pt m(1728 — m). Then

”i (2:) Gk(n:kl,G) _ ( — 1728) )pl 17283’“_) (30) (mod 7).

k=0 k:O

Conjecture 7.18. Let p > 3 be a prime. Then

p—1 26\ & 1,6 .

(125K + 24)(16()—6]62(72)’“) = 24(?2)17 (mod p?) forp #7,
k=0
p—1 2k G _

(125k + 13)(()552(72)) = 13(?3)19 (mod p?) for p # 11,
k=0
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1

=
|

2k
Gr(—1,6 1
(1331k + 109)M = 109(?);) (mod p?) forp #7,

(—285768)*
k=0
p—1 2k
(614125k + 36968)((3657(9647)2 36968(?7)17 (mod p?) for p # 7,19
k=0
and
= (**)Gr(~1,6) —7
_ Q) k) TRATHP) g Tl 2
222(125]6 8) Z103F = 8( ’ )p (mod p®) for p £ 7,
p! CCHGr(-1,6) ~11
— 2
2(512/{—1—39) 31406F _39( ’ )p (mod p*) forp# 7,11,
p—1 (Zk)Gk( ) ~19
12 = %) f 1
2(5 ko 8T) 37( ; )p (mod p?) for p # 19,
= (" Gr(~1,6) -3
—_ = —_— 2
’;(6400% +3017) - E o = 3917( ; ) p (mod p?) for p # 11,23,
ity (*)Gx(~1,6) —43
Z(512000k + 24853)7k = 24853 (mod p?) for p # 7,43,
Pt 884737728 ( D )
p—1 2k
3 ()Gr(=1,6)
l;)(440 k + 3312613) 171079537 25E
= 3312613(_767);9 (mod p?) for p #7,31,67,
p—1 2k
3 (k )Gk(*lv 6)
’;(53360 i+ BT8T946075413) ool e o

~163
= 3787946075413(7)1) (mod p?) for p # 7,11,19,127, 163.

Remark 7.1. Let p be a prime, p > 3. For the values of m in Conjecture 7.13,
Conjecture 7.15 and Conjecture 7.17, the congruences for

p—1 2k 3k p—1 2k k pfl 3k\ (6k

OIS (Y ), ) A CHEEH )

(108 — m)F (256 —m 1728 m)
0 k:O k= 0

modulo p? were conjectured by Sun in [25], [27] and the author in [13], and partially
solved by the author in [15]-[17].
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Conjecture 7.19. Let p be an odd prime and m,r € Z*. Then

Gmpr = Gppr—1 (mod ),
Gmpr(—1,3) = Gpr-1(—1,3) (mod p?"),
Gmpr(—1,4) = Gppr-1(—1,4) (mod ),
Gmpr(—1,6) = Gppppr-1(—1,6) (mod p*").

Conjecture 7.20. Suppose that p is an odd prime, m € {1,3,5,...} and r €
{2,3,4,...}. Then

Gmpr—1)/2 = pQG(mpr—2_1)/2 (mod p* 1) for p =3 (mod 4),
Gmpr—1y/2(—1,3) = pQG(mpr_z,l)/g(—LS) (mod p* ') for p =2 (mod 3),
Gmpr—1)/2(—1,4) = p*Gmpr—2-1y/2(—1,4) (mod p*>" ') for p=5,7 (mod 8),
G mpr—1)/2(—1,6) = pQG(mpwz,l)/Q(—lﬁ) (mod p?"~1')  for p=3 (mod 4).

Conjecture 7.21. Suppose that p is an odd prime, m € {1,3,5,...} and r €
{2,3,4,...}. Then

G(mprfl)/Q = (4%2 - 2p)G(mpr71,1)/2 —pQG(mprzfl)/g (mod pr)
for p= 2%+ 4y* = 1 (mod 4),
Glmpr—1)/2(—1,3) = (=1)P"V/2(4z? — 2p)G (ppr—1_1)/2(—1,3)
- sz(mpT_Q—l)/Q(_]-v 3) (mOd pr)
for p = 2° + 3y*> = 1 (mod 3),
G(mprl)/Q(_LZl) = (43:2 - 2p)G(mp““*171)/2(_1a4)
— pZG(mp7'72_1)/2(_1,4) (mod p")
for p = 2° 4+ 2y* = 1,3 (mod 8),
G(mp"—l)/Q(_176) = (4%2 - 2p)G(mpT_1—1)/2(_176)
- pQG(mpT*271)/2(717 6) (mOd pr)
for p = z? + 4y* = 1 (mod 4).

Conjecture 7.22. Suppose n € ZT. If x € (—1,0), then Gy, (x)? < Gpi1(z) x
Gpn_1(x). If v € [-1,0], then G,,(2)?> > Gpi1(2)Gpn_1().
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