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Abstract

Let {B,(x)} denote Bernoulli polynomials. In this paper we generalize Kummer’s congru-
ences by determining Bi(p—1)+5(x)/(k(p — 1) + b)(mod p"), where p is an odd prime, x is
a p-integral rational number and p — 1 t b. As applications we obtain explicit formulae for
S ) (mod p*, 30TV (1) (mod p?), (p — D!(mod p) and A (m, p)(mod p),
where k£ € {1,2,..., p— 1} and 4,(m, p) is the least positive solution of the congruence px =
r(modm). We also establish similar congruences for generalized Bernoulli numbers {B,,}.
© 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

The Bernoulli numbers {B,} and Bernoulli polynomials {B,(x)} are defined as

follows:
—1

Bo=1, Y (Z)Bk:O (n=12,3,4,...),
k=

0

=

By(x) = kz_; (Z) Bi"* (n1=0,1,2,...).
Let p be an odd prime, and b an even number with b Z 0(mod p — 1). In 1850
Kummer proved that [11]
Br(p—)+p By
— = d for k=0,1,2,... .
Kp—1)+b— p (medp) for
This is now referred to as Kummer’s congruences.
In this paper we show that

Brp— B, B
k(p—1)+b =k p—1+b —(k—l)(l—pb_l)?b

2
Kp—1)+b " p—1+b (mod p~) (1.1)
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and

Bi(p—1)+b _<k> By(p—1)+b k(k—2) By 11
Kp—1+b \2)2p-1)+b p—1+b

k—1
(55 p moap (12)

for k = 1,2,3,.... Furthermore, we completely determine Bi(p—1)+5(x)/(k(p — 1) +
b)(mod p") by proving that

Bi(p—1y4p(x) — p*P=D=1B (H(;m)
Kp—1)+b

n—1
k—1-— k
=X (052 ()
n—1-—r r
r=0
Br(P—1)+b(x) - P"(pileler(p—l)-&-b (X+<;x>p>
r(p—1)+b>

n—1
=> ak" (mod p") (k=0,1,2,..),
r=0
where p is an odd prime, b is a positive integer with & % 0(mod p — 1), x is a
p-integral rational number, (—x), is the least nonnegative residue of —x(mod p), and
ag,...,a,— are all integers.
Clearly, the above result is a vast generalization of Kummer’s congruences.
Let p be a prime greater than 3. In Section 5 we determine Zf:_ll(l /x¥) (mod p*)
for k=1,2,...,p— 1. In the cases k =1,2,..., p — 4 our result is

k 1 . .
&1 _ ( ; > %Pz (mod p°) if k is odd,
_k =
= k (5127[)—722:2 - 2/13;!)—711:2) p(mod p?) if k is even.
Taking £ =1 we find
1 1 1 1
l+ -+ -4+ .eor—— =__p2B FIPEN
This is stronger than the well-known congruence
I 1 1
1 - — EO d 2 )
+2+3+ +p—1 (mod p?)

In Section 5, we also determine Z)(Ci TU/ 2(1 /x*)(mod p?) for prime p > 5 and k =
1,2,..., p— 4. For example, if ¢,(2) = (27! — 1)/p, then

1 1 1 2
I+ -4+t —e=-2¢,02 22) - p*g 2

7
— 15 P*Bp-s (mod p).
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For prime p > 3, it is proved in Section 6 that

2
pBap 2 pBp1 1 ( pB, 3
- D= — - = dp’).
(p—1) -2 p—1 2\ p-1 (mod p~)
This result is stronger than the known congruence (p — 1)! = pB,_; — p(mod p?).

Let p be an odd prime, r an integer such that 0 < (r),,, < m+ p, and m a positive
integer such that p t m, and let A4,(m, p) denote the least positive solution of the
congruence px = r(modm). In Section 7 we prove that

_ r ~(n i Br(p—1y11(r/m) 0
Ar(m,p)=r—m [mp} er; (k) (=1) m (mod p")

provided p > n. Also,

1
A(m,p)=r—m [mrp} —% Tg(km+r)p (mod p).

As a consequence we obtain

pP—

BN
MEEZ 1(m, p) (mod p).

p

The purpose of Section 8 is to establish the congruences for pBip—1)+s,, (mod p™),
where p is a prime, b is a nonnegative integer and y is a Dirichlet character modulo

m (m Z 0(mod p)).

For later convenience we introduce the following notations: Z — the set of integers,
7" — the set of positive integers, Z, — the set of those rational numbers whose
denominator is prime to p, (x), — the least nonnegative residue of x modulo p, [x]
— the greatest integer not exceeding x, ¢(m) — Euler’s totient function.

2. p-regular functions

In this section we introduce the notion of p-regular functions and investigate their
properties.

Definition 2.1. Let p be a prime. If f(k) € Z, for any k € Z* U {0} and

Zn:(Z)(*l)kf(k)EO(modp”) for n=1,2,3,...,

k=0

then f is called a p-regular function.
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For example, it follows from Fermat’s little theorem that both mf(P=D+> and
m*(P=D+b 1 are p-regular functions, where m € Z*, m # 0(mod p) and
beztu{0}.

We mention that Gillespie [7] has introduced the so-called e,-sequences which are
related to p-regular functions.

Theorem 2.1. Let p be a prime.
(a) If f is a p-regular function, then for each positive integer n there are ay,...,a,— €
Z, satisfying the following conditions:

(i) fk)=a, (kK" '+ +aik +ag(mod p") (k=0,1,2,...),
(i) as-sl/p*eZ, (s=0,1,....n—1).

Furthermore, if p=n then ay,...,a,_1 (mod p") are uniquely determined by (1).
(b) If for any given positive integer n there are ag,ai,...,an,—1 € Z,, such that

f(k)=ayn_ k" '+ -+ a1k +ay (mod p") fork=0,1,....n,
then f is a p-regular function.

Proof. Suppose that f is a p-regular function and A; = (l/pk)zfzo(f)(—l)’f(r).
Then A € Z, for k>=0. Hence, applying the binomial inversion formula we obtain

k k n—1 k o
[ =>" () (~1p'd, =) () (=1) p"A, (mod p").
r=0 r=0

Let {s(n,k)} be the Stirling numbers of the first kind given by

Xx— 1) @—n+ )= (=1 skt

k=0
It is well known that [2, (5.5.2)]

log"(14+x) n—m x"
— =) (1) s(nm)-—.
n=m
Since
log™(1 + x)

= (— 1! k>m
= X
(=

& i+ ho 4+ k) L (=11,
_Z Z k! - k) H r x
n=m ky+hky+- - +hkp=m r=1
ky+2ky++ - - +nky=n

we find

n!
smm)= Y

ky oyt -k =m
Ky +2ky +- - - +nky=n
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Thus,

k,
s(n,m)m! (i +hka4 -+ k) y (27
DY Tk - ey (5 )

Ky oyt -k =m
ky +2ky+- - +nky=n

Observing that p"~!/r € Z, for r>1 we get

|
semmt nmez, @2.1)
n!

Now, by the above,

n—1

fUC)EZ( )( p) A, —Ao—‘rZ(Z( 1) ~Ss(r S)k5>( P) A,
r=0 r=1

s=1

n—1 n—1 n—1
=dy+ ) (Zs(r s)= )( kY =" ak’ (mod p"),
s=1

r=s s=0

where ag = Ao and

n—1 »
p
— (1) . — —
ag= (=1 s(r.s) Ay fors=1.2,..n—1
r=s
Since p"/r! € Z, and A, € Z, we must have a, € Z, for s=0,1,...,n—1. In view

of (2.1) we obtain

—( 1)“ZMpH‘A, €z, fors=0,1,....n—1.

r=s

Now assume p=>n and

n—1 n—1
fU)=>ak" = bk (modp") fork=0,12,....
r=0 r=0

For r € {0,1,...,m} Euler’s identity states that [18,20]

> () o - { A, )

0 if r <m.

k=0
Thus, for m=0,1,...,n — 1 we have
m m m
o | — _1ym—k o r
(a — by )m! kz;(k)( 1) <§(a, b,)k).

Note that m<n—1< p—1 and so p t m!. From the above we see that >, (a,—b, )k"
0(mod p") (k=0,1,2,...) implies that a,, = b,, (mod p") and so Z:";Ol(a, — bk
0(mod p") (k=0,1,2,...). Putting this together with the assumption that Z’r’;ol (a, —
b )k" =0(mod p") (k=0,1,2,...) yields

ap1—by_1=---=a9y—by=0 (mod p").
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Finally, if f(k) = Z’::_ol a,k” (mod p") for k=0,1,...,n, by (2.2) we find

3 (7)o =5 (S5 () v o =0 o
k=0 r=0 \ k=0

Now, combining the above we prove the theorem.

Corollary 2.1. Let p be a prime, and f a p-regular function. Then f(kp"~') =
£(0)(mod p") for any positive integers k and n.

Proof. It follows from Theorem 2.1 that there are ay,...,a,—1 € Z, satisfying f(r) =
E;:Ol asr’ (mod p") for r =0,1,2,... and ays!/p* € Z, for s =0,1,...,n — 1. Since
p* st € Z, for s>1 we must have a; = 0(mod p) for s>1 and therefore

n—1

fUp"")y=> akp"™'y = ao = f(0) (mod p").

s=0

This proves the corollary.

Remark 2.1. Using the properties of Stirling numbers we can prove the following
general congruence:

n

3 (Z) (=1 f(kp™'1) =0 (mod p™, (2.3)

k=0
where p is a prime, f is a p-regular function, and m,n,t € Z*.

Theorem 2.2. Let p be a prime, n € Z*, k € Z" U {0}, and f a p-regular function.
Then

n—1
k—1—r k
k)= —1y = | d p").
(k) g( ) <n1r) (r)f(r) (mod p")
Proof. This is immediate from [17, Lemma 2.1].

Remark 2.2. From [17, Lemma 2.1] and (2.3) we have the following generalization
of Theorem 2.2:
Let p be a prime, m,n € Z*, k,t € Zt U{0}, and f a p-regular function. Then

n—1 k—1— k
UCRUED M (n S ) () Srp"™ 1) (mod p™).  (2.4)

Lemma 2.1. For n=0,1,2,... and any two functions f and g we have

n

3 (}) D g =3 (1) (Z () (1)’F(ns+r)> G(s),
0 r=0

= s=
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where
_ m m . _ m m .
F(m) = ; () 0f ) and Gom) = ; () =Dt
Proof. We first claim that
n n . B m m .
;(r)(—l)f(r—l—m)—;(r)(—l)F(r—Fn). 2.5)
Clearly, the assertion holds for m =0. Now assume that it is true for m=k. It is easily
seen that
3 (’:) (—1)Y f(r+k+1)
r=0
S (s - 3 ("I s
5s=0 S 5s=0 s
Lk Lk
:SZ:; (S> (—1YF(n+s) — ; (S> (—=1YF(n+1+s)
k+1

= <kJSrl)(l)sF(n+s).
5s=0

So the assertion is true by induction.
From the binomial inversion formula we know that g(k) = ZI;:O (f) (—1)YG(s).
Thus, by the above assertion we have

n

n k
> () “Dirweio =3 (}) SUEC)Y (’;) (—1)'G(s)

= i
=S§noj <k_ () ('j ) (—l)k“‘f(k)> G(s)
- O (") (k (Z:j ) (—l)k‘s.f(k)> G(s)
_ Sno (:) <_0 (”;S> (—1)";'(r+s)> G(s)
SO (S v _W)) 66,

which completes the proof. [
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Theorem 2.3 (Product Theorem). Let p be a prime. If f and g are p-regular functions,
then f -g is also a p-regular function.

Proof. This is immediate from Lemma 2.1 and Definition 2.1.

3. The Kummer type congruences

In this section we mainly generalize the following Kummer’s congruences [11,15]:

n

n k. Brp—v+p n
kz_;(k)(_l) Kp—1)+p 0 (modp?

where p is an odd prime, » >n>1 and b # 0(mod p — 1).

Lemma 3.1. Suppose that p > 1 is odd and k € 7. If x,xo € Z,, and x = xo (mod p)
then

Bi(x) — Bi(xo)

3 = (x — x0)Bx—1 (mod p).

Proof. It is well known that By (x; +x2) = 2, (k> Bi—(x1)x}. Thus,

k
B — B _ 1 > (1) Bt =y

k - _ ”
= Z <1; : l ) (kar(XO) - kar + kar) pT (m>

p
k—1 = x—x0\
2 (o) (50
r—1 r p

(note that p"~!/r € Z, and that By_.(x9) — Bx—, € Z,,

by [17, Lemma 2.3])

X — X9

Eka_l (mod p)

(note that p"~%/r € Z, for r=2and pBy_, € Z,

by [17, Lemma 2.3]).

So the lemma is proved.
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Lemma 3.2. If p>1is odd, k € Z*+ U{0} and x € 7, then

V)p
(- B =B = S () )Bs (mod p).

r=1
Proof. Clearly,
B —Bi(x)=—x= <_x>p —(x+ <_x>p)BO~
So the result is true for £k = 0.

Now assume k& > 0. Notice that B, =0 for n>1 and B,,(1 —x) = (—1)"B,(x).
Applying Lemma 3.1 we find

(=x)p

Z i _ Binn(1 4 (=x)p) = By
k+1

_ B+ (=x)p+1—x) = Bryi(l —x)  Biyp1(1 —x) — Byyy
k+1 k+1

_ Bj1(x) — Biy
= (x+ (—x) B + (1) T hr1
This is the result.

We are now able to give

(mod p).

Theorem 3.1. Let p be an odd prime, b € Z+ and x € Z,,. For n=1,2,3,... we have

n

Z (”) (1) Bi(p—1)+(X) — Brp—1)+b
P k(p—1)+b

x+(—x)
ety B0 (H522) ~ B
kp—1)+b

—-p =0 (mod p").

Proof. By Lemma 3.2,

(- )ka(p D+6(X) = Br(p—1)+b
k(p—1)+>
<7x>p”
= > AT (x4 (=x) p)Brp-1)15-1 (mod p").

r=1

Observing that

(=x)pn — (=x)p=(—x — (X)) = p <m>ﬂl

and so
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we obtain

B <x+(—x>,,) _ B
(1) phr—Db1 Kp—Db \ =5 " k(p—1)+b

k(p—1)+b
<_x+(7x>p>
P pr—1
= phe=Drb-1 3 R <—x>p"3k(p_l)+b_]
s=1
(=) pr (=),
p
= Y (sp) I = pRe IR () ) Bi( 1y eh
s=1
(=x) pn

_ Z rk(pfl)erfl o pk(p71)+b72(x+ <*x>p”)Bk(p—l)+b—l (modpn)

=1
plr

and therefore

n

b n i [ Brip—0+6(X) — Br(p—1)tp
=1 ;(k)(l) ’ k(p—l)—!—bp

Bi(p-1)+b (H(;x)”) = Br(p—1)+b
k(p—1)+b

k(p—1)+b—1

B

n

(=x)pn (—=x)pn

n b —)h—

- (k) (—1)F Z PAp=1)+b—1 _ Z h(p=1)+b—1
r=1 r=1

k=0
plr

H(PMITDHTE = D@+ (=) p)Bip-1yeb-1

<7 >11"
_ Z rbfl(l_rpfl)n
r=1

pir
n
n — _
0+ (=) D0 () (CDH M DB
k=0

X+ <_x> " n— —
= pH (pP = p)Byy
14

- Z (Z) (1)kPBk(p—1)+b—1> (mod p")
=1

(by using Fermat’s little theorem).
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To complete the proof, we note that

0(mod p) if p—1tb—lork(p—1)+b—-1=0,
PBrip—1yrp—1 = _

—Il(mod p) if p—1llb—landk(p—1)+b—-1>0
and therefore that

n n B
>~ () D PBicp-1yis-1 = (077" = p)Bo-t (mod p).
k=1

Remark 3.1. In a similar way one can prove that the result of Theorem 3.1 is also
true for p =2.

Now we can give the following generalization of Kummer’s congruences.

Theorem 3.2. Let p be an odd prime, n,b € Z*, x € Z,, and p — 11 b. Then

" n) *l)kB"(meb(x)—Pk(rle*lBk(pleb (x+<;x>p

Z(k k(p—1)+b

k=0

) =0 (mod p").

Proof. Suppose m € Z* and m # 0(mod p). For r € {0,1,...,m — 1} let 4A.(m, p)
denote the least nonnegative solution of the congruence px = r(modm). It is obvious
that

_ !/
and SO r/m+< r/m>P:Ar(map)'
m )4 m

<_%>p _ pAy(mp)—r

Set

Ay (m,p)\ _
Bk(p_1)+b(r/m) _Bk(p—1)+b B pk(pfl)erlek(pil)er ( m ) Bk(P*l)er
k(p—1)+b k(p—1)+5b

By the fact that {A\(m, p),A\(m, p),...,4,,_,(m, p)} ={0,1,...,m — 1} and Raabe’s
theorem [17, Lemma 2.2] we get

Srk)=

m—1 m—1
Zfr(k):(l . pk(pfl)erfl)Zr:O Bi(p—1)+p(r/m) — mByp—1)+p
k(p—1)+b

r=0

“1)4b— —(k(p—1)+b— Bi(p—1)+b
— (1 — pkp=Dtb=1yp —(k(p=Dy+b=1) _ » ]

(I=p X ep—1)+b
Putting this together with Theorem 3.1 yields

n

n T —(k(p— Bi(p—1)+b
1K1 — pkp—Dtb—1 (k(p=1)+b) _ 1 _ZKp=D+b _ d p™).
k§:0 (k)( ya—p )(m )k(p—l)—l—b (mod p")

(3.1)
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Let g € {1,2,...,p — 1} be a primitive root of p. Then g#"  »=D = 1 (mod p")
and g?" ' # 1(mod p). Taking m=g?" " in (3.1) we find

n

n—1 Bi(p—
> (1) DA = (1 = pHem ) SR — 0 (mod p)

— k(p—1)+b
and hence
" /n Bi(p—
1Y (1 = pRp=D+b—1 k(p—1)+b =0 d »™).
;(k)( (1 - p Yeir Ty g =0 tmod p)

Combining this with Theorem 3.1 gives the result.
Corollary 3.1. Let p be an odd prime, k,n,b € Z*, p—11tb and x € Z,,. Then

_ b1 xH(=x)p
Bk(p(p")+b(x):Bb(x) P B”( P l)

ko(p™)+b b

(mod p™").

Proof. This is immediate from Theorem 3.2 and Corollary 2.1.

We remark that the special case x = 0 of Corollary 3.1 is known as Kummer’s
congruences [11,20].

4. Congruences for By(,—1)+5(x)(mod p")

This section is devoted to determining By(p—1)+5(x)/(k(p — 1)+ b)(mod p"), where
p is an odd prime, x € Z, and b # 0(mod p — 1).

Theorem 4.1. Let p be an odd prime, n,b € Z*, p—11b and x € Z,,. Then there
are n integers ay,...,a,— such that ass!/p* € Z, (s=0,1,...,n—1) and

Bi(p—1)15(x) — pk(p71)+b713k(p71)+b(@)
k(p—1)+b
=a,_ k" '+ 4+ ak +ap (mod p")

for every k=0,1,2,... . Moreover, if p=n then ay,...,a,_1(mod p") are uniquely
determined by the above congruences.

Proof. This is immediate from Theorems 2.1 and 3.2.
As an example, we point out the following congruence:

B
(11— 54"+1)4k“—’:22 = 625k* + 875k — 700k + 180k — 1042 (mod 5°).  (4.1)
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Theorem 4.2. Let p be an odd prime, k € ZT U {0}, or n,b € Z*, p— 11t b and
x € Z,. Then

Brp—1yp(x) — pk(pil)+bilBk(pfl)+b (x—‘-(;x},;)
k(p—1)+0b

S (7))

Brp1yp(x) — prPm0T=IR (x+<;x>p)
H(p—1)+b

Proof. This is immediate from Theorems 2.2 and 3.2.

Corollary 4.1. Let p be an odd prime, k € ZTU{0}, n,b € Zt and p—1+tb. Then

B
(1- pk(p 1)+b— 1) k(p—1)+b
k(p—1)+b

— 1 —r k (1 _ Br —1)+b
= 1)y~ 1—r 1 — r(p—1)+b—1 (p—D+ d »™).
Z( ) ( 1r) ()( p Vip 45 (med P
Clearly, taking n = 2,3 in Corollary 4.1 gives (1.1) and (1.2).

5. Congruences for >/~ '(1/x*) (mod p?) and Z(" D2(1/x%)(mod p*)

Theorem 5.1. Let p be a prime greater than 3.
(@) If k€ {1,2,..., p — 4} then

p=ly k(k;’”Bp—‘fzz:]’;pz (mod p*) if kis odd,
; £ k(f; —2”'k>p(modp)szlseven
(b)
p—1
1 (1 4, ;
ST (5 _3Bp+1> p—3p° (mod p7).
(c)
p—1 1 5
_ 2 3
22 = —(2+ pBp—1)p+ 5 p* (mod p*).
(d)
p—1 1
ST = pBry—> —3pB,_1 +3(p—1) (mod p?).
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Proof. For m € Z* it is clear that

Bm _Bm
1m+2m+...+(p_1)m:M

m—+1
1 m+1 m4+ 1
m+1§( ) B
2 3
= pB, + %mBm_l + %m(m — 1B,

m+1 m pr—4
+ Z (l" N 1) pB,,1+17er3,
r=4

Since me+1_r,p”4/r € Z, for r =4 we have

2 3

1" 42" 4o (p—1)" = pBy + %mBm_l n %m m — 1)By_s (mod p3).
(5.1)
Let k € {1,2,..., p— 1}. From (5.1) and Euler’s theorem we see that
pzl o pol \ p?
_ —k _ 3
=D 3= Byt S (@(p) = By
x=1 x=1
r’ 3 3
75 (@(P)=k) (P )=k =1)Bypr)—k—2
k
= pBw(pﬁ*"_Eszw(f)*k*l + k(kgl)p3B<p(p3)*k72
| PBypry—k + L pPB ey s (mod p?) if k s even,
—5p?Bp3)_s_1 (mod p?) if k is odd.
For k € {1,2,..., p— 2} it follows from Corollary 4.1 or (1.1) that
Boopy—k __ Bipr-np-nip-1-k
p(p)—k (pP—Wp-D+p-—1-k
By o B, i_
.2 2p—2—k 2 —2—k p—1—k
=(p?— )27k (p2 )1 — ppiky ZpTlth
(p )Zp—?_—k (p X1 —p )p_l_k
BZp—Z—k —2—k Bp—l—k 2
=22k 4o = pr2 k) e R (6 p?),
2p—2—k+( P )p_l_k(mOP)
Thus,
Brp—2—i ok Bp—1—k
B L =—fp | ——=EETETE L (] — ppmy PR
DD p(p3)—k P( 2p—2—k+( p )p—l—k
Brpa i B,_i_ 3 :
[ ke (3 - 2055) (mod pY) th<p-3

(p—3)p (ff;{ —-2(1 - p)%) (mod p?) if k= p—3.
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When k € {1,2,..., p— 3}, it follows from Kummer’s congruences that

Bo(p3y—k—1 _ Bip2—iyp—1)+p—2-k = Bpai (mod p)
op)—k—1 (PP~ D(p-Dtp-2-k p-2-k |
Thus,
k k By 2
a Eszw(pz)—k—l = _EPZ(—/c - l)ﬁ (mod p?). (5:3)

Combining the above we get
o [k (GEE - 20EE) medpt) ke 24 p ),
)7 (3 =3Bp11) p—3p*(mod p°)  if k=p=3,
1 By s .
@I)"Tz_zpz(modp% if ke {1,3,....,p—4}.

This proves parts (a) and (b).

Now consider parts (c) and (d). Note that pB,,—1) = —1(mod p) for r>1. From
the above and [17, Corollary 4.2] we see that

Mu
Il

=
Il

p—1
1 _ p—2 2
2= 5 P Bewr-k-n
x=1
_ p—2 2 2
:*Tp((p —DpBy1—(p~—2)(p—1))
p—2

5
= Tp(po—l +2- 2P) = _p(po—l +2)+ 5]72 (mod p3)

and
Z 1 PBopsy—(p-1)
-

2_1 2—2
E(pz )szpz—(pz—l)(p2—3)po1+<p2 )(p—l)

3p2 5p*
- (1 - %) PBay s — (3 —4p>)pBy_1 + (3 = %) (p—1)

= pBrp—2—3pB,-1 +3(p — 1) (mod p*).
This concludes the proof. [

Remark 5.1. Let p > 5 be a prime and k € {1,2,..., p—5}. Using Corollary 4.1 and
the method in the proof of Theorem 5.1 one can prove that

By, s_ By o B, 14 k+2\ 3B, 5, .
=1y —k <3;_33_2 —32;_22_2 +3p_1‘_,‘{)p— ( 3 )’;_3_3,{‘ (mod p*) if 2|k,
= k+1 ,
= ( ; ) (3225 — 25554 ) p*(mod p) if 21 k.

From Theorem 5.1, Kummer’s congruences and [17, Corollary 4.2] one can easily
derive
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Corollary 5.1. Let p be a prime greater than 3 and k € {1,2,...,p — 1}. Then

Zl _ | &5 pBp-1-k (mod p?) ifk<p-—1,
e xk = =pB, 1 +2(p—1)(mod p?) if k= p— 1.

Remark 5.2. In the cases £k = 1,3,...,p — 4 it follows from Corollary 5.1 that
> (1 /x¥) = 0(mod p?). This spe01al result can be found in [10].

Theorem 5.2. Let p > 3 be a prime.
(@) If k€ {2,4,..., p — 5}, then

(p—1)/2

I _ k@ 1) [ Baypas By :
- 2 dp3).
D @ 2 p—2—k p—i1-k)P (modr)

x=1

Md) If k€ {3,5,..., p— 4}, then

(r—1)2
1 B, i Byp_1-k
—=F=2) (2=t - = d p?).

> =( )(pk 2p1k) (mod p?)

x=1

©) Ifqp(z) = 27"~ 1)/p, then
—1)2 |
Z: -

Proof. It is well known that [11]

;
= =24,(2) + pg,(2) — 3 pzqi,(Z)— 13P"Bp—s (mod p?).

n—1

Zrm _ Bny1(n) — By
m+1 ’

m

Bute+ ) =3 (") Buss@)y’

r=0

and
Bu(3)=(2""" = 1)B,.
Now suppose k € {1,2,..., p —4}. Applying Euler’s theorem we see that

PRy R Bopy-i+1 (pTH) — Bopr)—kn1

1 3
— = xPP)—k —
LSS e

x=1

+1 1
Bo(pr)—ke+ (pT) ~ Bo(pry—k+1(3) N Bo(psy—k1(2) = Boips)—iks1
@(p?) —k+1 @(p?) —k+1

o(p*)—k+1 )
= (2 ) s (3) (2
r r—1 olp)=ktl=r{ o J \

r=1
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By(p—k41(3) = Bo(ps) ki1
o(p3)—k+1

_P 1 p’ 3 1
= EB(,a(p3)fk <§> + ?(QD(P ) — KBy piy—k—1 <5

k—p(p®) _ 9
(P =k 4 1 Dotk

(observe that p — 1t @(p>)—k —2 and p"~*/r € Z,, for r>4)
p p p p
p k
= 5(2’”“] = DBy(p3—k — §P2(2k+2 = DBy(p3)—k—1

ok _ 20(p*)+l
——— B
T k1
If k € {2,4,...,p — 5}, then By,5)_x—1 = By(p3)—k+1 = 0. By the above and (5.2)
we get

3)—kt1 (mod p3 )-

P=D2 ok

2k — Bop ok Bp_1-k
k ld -2 d p?).
(2p—2—k p—l—k> (mod p7)

This proves (a).
If k e {3,5,. Y 2 4}, then B(/)(p3)—k—la B(/)(p3)—k+1 S Zp and B(p(p3)—k =0. Thus,
by the above and Corollary 4.1 (or (1.1)) we have

2k _2
() — k1 Dokt

Bypoi_ B,
=(2F —2) (zpzf 11_“k +2p”_’;€> (mod p?).

So (b) is true.
Now consider the case k=1. Since pB(,3) = p—1(mod p*) by [17, Corollary 4.1],
we see that

2000 1, 2900 1 pByyry _ (14 pgp(2)) ]
o(p®) """ pt p-l P

1 2 2 2
=5 {(”1 ) Pa,(2)+ (’; ) P2 2)+ (’; ) p3qi,<z)}

1 |
=4,(2) = 5 Pg,(2) + §p2q2(2) (mod p?).
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Combining the above with (5.3) yields

(p—1)/2 3 (p*)

1 21, 20077 1
> =T PP B — 25— By
x=1

o(p?)

7 1 1
~ 5 P B2 (qp(2) — P2+ gpzqi,(Z)) (mod p*).

This proves (c) and the proof is complete.

Remark 5.3. In 1938, Lehmer [13] proved that >V (1/x) = —2¢,(2) + pg3(2)
(mod p?) for any prime p > 3. This result is now a consequence of Theorem 5.2(c).
Let p >3 be a prime and k € {1,2,..., p — 4}. Observe that

11 1 Pl
1 R J— e _ = _ = — —.

Using Theorems 5.1 and 5.2 one can establish similar results for 1 + 3—1k + S—Ik + ot

2ay (mod p?). For example,

I 1 1

e
T3ttt oS

1 1 1
= 4p(2) = 3 P4,(2) + 3P4,(2) = 57 P*Bp-3 (mod p?).

From Kummer’s congruences and Theorem 5.2 we have

Corollary 5.2. Let p > 5 be a prime.
(a) If k € {2,4,..., p — 5}, then

(p—1)/2

1 kM- )
Z * mpo—l—k (mod p~).

x=1
(b) If k € {3,5,..., p— 4}, then

(p=1)2 x
1 28 -2

— =——"—B, 4 (mod p).
k p

~ x k

6. A congruence for (p — 1)! (mod p° )

Let p be a prime greater than 3. The classical Wilson’s theorem states that (p—1)! =
—1(mod p). In 1900 Glaisher [8] showed that (p — 1)! = pB,_; — p(mod p?). Here
we give a congruence for (p — 1)! modulo p3.
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Lemma 6.1 (Newton’s formula [12]). Suppose that xi,x,,...,x, are complex num-
bers. If

m m m
Sp=x{"+x3+---+x; and A,= E Xi\ Xiy ** Xi, s

I<ii<ip<-<ip<n

then for k=0,1,...,n we have

Sk — A1Sk—1 + AaSe—a + -+ (=1} 41 Sy + (= 1) kdy = 0.

Theorem 6.1. For any prime p > 3 we have

B, B, . 1/pB, 1\
Pbrp—2  Pbp—1 (P pll) (modp3).
-1

— 1) =
(P=Dl=5 =1 2

Proof. For k € {1,2,...,p — 1} set

Si=1F 4254 (p— 1), A= > iy
I<ii<--<ip<p—1
S,’:zl—i-i%—'”—f—; and 4] = Z !
2 (p— 1) , '

I1---1 :
I<ii<--<ip<p—1 1 k

From Corollary 5.1 we know that

k
St = ——pBp_i—x (mod p?) fork=1,2,....,p—2.

k+1
Thus, by Newton’s formula we have
(—1)! =
A= (S; —&—Zl:(—l)’A;*S;_,.) =0 (modp) (k=1,2,....,p—2)
and so
Lo (D (D 2
A = X Si = 1 pB,_i_x (mod p~) (k=12,...,p—1).
It then follows that
- 1 p—1—r
71 IA* * =__ B e Br
( ) rop—1—r r+1ppl p—r yZ
B.B,_1_,
=_Zrop-lor p? (mod p®) (r=1,2,....,p—2)
-

and therefore that

-2

* (_l)p—z * X 7ok Qo

pflzﬁ Spfl +Z(_1) Ar Spflfr
r=1

S*—l 22 BrB —1—r
==k (Z SEE ) p? (mod p)
r=1
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Similarly, by (5.1), Sy = pB; (mod p?) for k=1,2,..., p — 1. Thus,

-1 k—1 k=1
A= <&+§204ﬁ%&, =0 (modp) (k=1,2...,p—2)
r=1
and so
—1)k-1 B
4= s = B med ) k=12 p ),

It then follows that

1 =
Ap—l = _j (Sp—l + Z(_l)rArSp—l—r>

P r=1
-2
Spi = BBy 1,
E_ﬁ — (Z +> p? (mod p?). (6.1)
r=1

Notice that 4 p_lA;_l = 1. By the above we obtain

S5 Sp1 SE 48,1 (£2B,B
p—1°p—1 p—1 p—1 rDp—1—r 2 3

+ =1 (mod . 6.2
(r_ 17 i (;_1 - j2 (mod p*) (6.2)

It follows from Corollary 5.1, (5.1) and Theorem 5.1 that
S, 1 +Sp-1==pBp1+2(p—1)+ pBy—1 = -2 (mod p)
and

S, 1Sp1 =8, 1(pBp-1+1-1)
=(=pBp-1 +2(p = D) pByp-1 + 1)
—(pBap—2—3pBp—1+3(p—1))
=—pBrp—2— (pBp_1)’ +2p*B,_1 —(p—1) (mod p*).
Hence, by (6.2) we get

p—2
BrB —1—r
r

r=1

Pl =pBy2 = (PBy1) +2p’Byi —(p— 1)
2 2p—1)

Putting this together with (6.1) yields

-2
S, BB, |,
L I

r=1

(mod p?).

_PBpr Pl pBypat (PBy1) = 2p’Byi +(p— 1)
p—1 " 2 2p—1)
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(observe that §,_; = pB,_; (mod p>) by (5.1))

_pBpr | pBrypr  —(PBy-1)* + p(PBy-1 = (p = D)’
p—1 " 2p—2 2(p -1y

_po—l n PB2p _ 1 <PBp—l

p—1 "2p—2 2\ p-—1

2
> (mod p*),
which completes the proof.

Remark 6.1. The congruence (6.1) was first proved by Carlitz [1].

7. Congruences concerning the least positive solution of px = r (modm)

Suppose that m, p € Z", r € Z and that p is prime to m. Throughout this section
A,(m, p) denotes the least positive solution of the congruence px = r (mod m).

Lemma 7.1. Suppose that m,p € Z*, r € Z, 0 < (r)u, < m+ p and that p is prime
to m. Then
(a)
pA.(m, p) +mA,(p,m)=r+mp (1 _ {r}) )
mp

(b)

p p mp

Proof. Since p is prime to m, pA,(m, p) = r(modm) and mA,(p,m) = r(mod p) we
see that

pA(m, p) + mA,(p,m) = r = (r)mp (modmp).
Clearly A,(p,m) # m or A.(p,m) # p since (r),,, > 0. So we have
(MYmp < p+m< pA,(m, p) +mA,(p,m) < pm~+mp =2mp.

Hence,
pA(m, p) + mA,(p,m) = (r)mp +mp=r—mp {mLp] +mp.
This proves (a).
Now consider (b). From (a) and the fact that (mA,(p,m)), = (r),=r —[r/plp we
obtain

Ar(m, p) = % (mp (1 - {mLpD +r— mAr(p,m)>
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1 r r A-(p,m)m
Sen -] - )
V4 mp p p
A,(p,
_LigﬁM}+Fﬁ_m[lﬁ_
p p mp

This completes the proof. [

Theorem 7.1. Let p be an odd prime, m,n € Z*, r € Z, p t m and 0 < (F)mp
<m+ p. Then

(a)

r

r
Ar(m,p) =r—m |:}'np:| — mB(p(an)H (;)

r Bopyi(5;)
=r—-m|—| —m—""""" (mod p").
Lw} o(pry+ 1 (modp

(b) If p > n then

A,(m,p)=r—m [ }—l—mZ( )(_ )kLM (mod p").

Proof. It is clear that

<f12:p4AAnm>

m
From this and Lemma 7.1(a) we get
(=5 _ -+ p—A.(p,m) _ r+mp—md,(p,m)
p p mp

_ pA(m, p)+mp[] 4,(m, p)
B mp om
Combining this with [17, Corollary 4.1] we find

PBypryin (%) =p (31 (%) - B (W + [%p])) (mod p™*1).

Since Bj(x) =x — % we have

r\ _ r—A.(m,p) r "
B¢(p;1+l)+1 <%) = T — |:m—p:| (modp )

+15]

Also, using Corollary 3.1 we obtain

Bw(p”)ﬂ(%) _ r Ay(m, p)

oyl D (ﬁ) -0 ( mo {mPD
_r—A,(m, p)
o m

— [r} (mod p").
mp

This proves part (a).
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As for part (b), we notice that p — 1 ># and so that

r 7Ar(m7 p) r . n kBk(p—l)+l(£)
B [mp] +3 () O

m

215

k=0

0 (mod p") (by Theorem 3.2).

“\n . Bip—yr1 (5) — pPHP DBy (A_*(Zﬂm n |:mLp:|)
(k)(_) k(p—1)+1

Theorem 7.2. Let p be an odd prime, m € 7", r € Z, 0 < (r)p < m+ p and p t m.

(@) If ptr, then

B, 1 —(p—1 p=l _pp
m_ PBp1—(p )Jrrm r

A(m, p)=—m [mrp] +

2 p
(p—3)/2 2%
m 2k
+ J2k—1 E (mOd p)
fe=
(b)
p—1
r 1
PSRN £ P I
mp 2 I

p

(km +7)? (mod p).

Proof. From Theorem 7.1 and the congruence (” ;1) = (—1)° (mod p) we see that

A,(m, p)+m {L]
mp

(p—3)2

p(p—1 r\pP-#
+ ; E(M—l)BZ"(%) )

By —(p 1) rmr”!
p p

m
2

- N Z
k=1

This proves part (a).

(p—3)2

BZk m2k
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Now consider part (b). It follows from [17, Lemma 2.3] that pBy(x),Bi(x)—By € Z,
for x € Z,. Also, Bi(x+1)=B;(x)+hkx*~! and Bk(x—l—y)=Zf:0(f)Bk_s(x)ys. Hence,

—1 1
pz:(a—kx)p_i: Bpri(at+x+1) — Bpri(a+x) Bp+1(P+x)—Bp+1(x)
a=0 s p+1 p+1

1 p+l1 p+1
- By k
Pl £ ( k ) p+1 (x)p

! +

z;;7<@+1m&urﬂp2)p2&;u0
3

—PBp(x)+ (Bp 1(x) =Bp_1 +B,-1)

P2 Pz 3
= pB,(x)+ - pB,1 = pB,(x) = Z- (mod p*).

That is,

By(x) 1
p 2

p—
pi Z (a+x)? (mod p). (7.1)
a=0

Putting this together with Theorem 7.1 yields

By(L 11 »
A,(m,p)—i—m{L}Er—m p(”’)zr—m<—+—2 (k—i—i))
mp p 2 p m

-1
(km + r)? (mod p).
0

]

m 1
r—m-—
2 p?

=
Il

The proof is now complete.

Remark 7.1. In the cases r = 1,2,...,p — 1 Theorem 7.2(a) was proved by
Vandiver [19].

Theorem 7.3. Let p be an odd prime.
(@) Ifre{l,2,...,p— 1}, then

Pl pBp—(p =)

p p

152
- Ar ) .
+,; (m, p) (mod p)

M) If meZ" and p t m, then

L_;_l = Z ’( 2) (mod p).

r=1
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(¢) For m € Z* we have
—1
mP — 1
= 2 % [—} (mod p).

Proof. Suppose » € {1,2,..., p — 1}. It follows from (5.1) that

p—1 p—1
> m=0 (modp), Y m’~'=pB, . (modp’)
m=1 m=1
and
p—1 _3
Y m* =0 (mod p) for k = 1,2,...,pT.
m=1
Thus, by Theorem 7.2(a) we get
p—1
PBp—1 —(p—1) rpB -1 —(p—-1y?
> Au(m, p)=—(p — r+=-= P £ p

m=1

pBy 1 —(p—1) —rP+r
pr—== +

=2-
p

(p—1

B, 1 —(p—1
E2rpplp(p )+r

—! (mod p).

This proves (a).
Let us consider (b). Observe that >>7~' »»=! = pB, | (mod p?) by (5.1). Applying
Theorem 7.2(a) we see that

&~ 4i(m,p) _mi~1 PBy1 —(p—1)
LT e o

r=1 r=1

1 ymP-! p—1 pp—1 (p—3)/2
=D — 2 n

2k
P k=1 2k r=1 r

_ By —(p—1) N (p—1m?~' — pB,_,
p P

r—1_1
=" - (mod p).
V4
So (b) is true.
Now consider (¢). If m =np for some n € Z, then
—1

P P=
1 [ km i1 mP —m
: % [p] E % = = » (mod p).

k=

So (c¢) is true when p|m.
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If p t m, by using (b) and Lemma 7.1(b) we obtain

mP —m 2 A,(m, p) P mA,(p,m)
(o g

p r=1 r=1

p—1 p—1
_~x~m [mA(p,m)| _ 1 mA,(p,m)
=27 [ p }_;Ar(p,m){ p ]

k=1
(observe that {4,(p,m),...,.Ap,—1(p,m)} ={1,...,p—1}).
This completes the proof.

Remark 7.2. Theorem 7.3(b) was first obtained by my brother Zhi-Wei Sun. In fact,
he proved that

mP~1 — 1 “ 1
= - E X g — (mod p),
p x=1 r=1 r
r= px (mod m)

where p is an odd prime and p t m. We mention that the paper of Dilcher and Skula
[4] comes close to it. Theorem 7.3(c) was found by Lerch and Baker [3] in 1906, and
it can also be deduced from the following interesting identity:

() ()=

r=0

Corollary 7.1. Let p be an odd prime. Then

—DI+1 1
%EEZ (mod p),

where x,, € {1,2,...,m} and px, = 1 (modm).

Proof. Taking » =1 in Theorem 7.3(a) we find

—1
pzx _,PBpi—(p— 1)
! p

(mod p).
m=1
Putting this together with the known fact that (p — 1)! = pB,_; — p(mod p?) gives

the result.
To end this section, we point out the following related results:
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Suppose that k,m, p — 1 € Zt, n € Z, or {n/m} =n/m — [n/m] and that p is prime
to m. Then

p—1 k n k—1
1 _ B —m"B({;; D) m
S Ay, pyr 15",6{}+(m+1>(1— 5 )ka_l
r=0

k—2 _
+(m+l)<lm2 )kzlp B> (mod p). (7.2)

The generalization of Voronoi congruences: Let k,m,p—1€ Z" and ne Z. If p is
prime to m, then

1

B B, = im+ n m+ 1)m*=!
ME Gyt |22 (o D
J=0 P ’

k—2
+ <1 _(mA 12)’" > k- 5 2B, (mod p). (13)

These results will be proved in another paper.

8. Congruences for generalized Bernoulli numbers

Let y be a Dirichlet character modulo positive integer m. The generalized Bernoulli
number B, , is defined by

1 t"
Zﬁﬁi) oyl

n=0

It is well known that [20]
1 e p
By, = 2’ Byyy =By (n #1) and By, =m ! ;X(V)Bn (;) >

where yo is the trivial character.
Inspired by Sections 3 and 4, we now establish similar results for generalized
Bernoulli numbers.

Lemma 8.1. Let y be a Dirichlet character modulo m, and p a prime such that p t m.
(a) If n,be Z" and p— 11 b, then

n

n aph—1~ Br(p=1)+b.,
11 =, k(p—1)+b—1 (p—=D+by  _ ny.
/?:0 (k)( )y ( xp)p )k( D+b 0 (mod p™)

®) If y# 0, n€Z" and b e 77 U {0}, then

? - - n
Z (k) (=D (1= x(p)p" """ pBp1y45., = 0 (mod p™).
k=0
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Proof. For r =1,2,...,m denote the least positive solution of the congruence px =
r(mod m) by A,(m, p). It is easily seen that

<_£>pzw and {Al(m’p)a“'aAm(map)}:{1,2,...,1’)’!}.

m m
Since
“ r
k(p—1)+b—
Bi(p—1ysb,y = m P01 ZX(F)Bk(pfl)wLb (Z) ,
r=1
we have

2(p)p PO B 1y,

m
_ _ _ _ N
=1(p)p* P PN ()B4 (E)
s=1

_ _ - N
=(mp) PN (p$)Bicp-1y4 (E)

s=1

RS Ax(m, p)
=(mp)Hr= 1+ IZIX(pAr(Whp))Bk(p—l)an (T
_ = A,(m, p)
:(mp)k(P )+b IZX(F)Bk(pfl)er <T
r=1
and therefore
(1= 2(p)p "= "By oty
= b r )b A4,(m, p)
ZZX(")mk(p R I(Bk(pl)+b(’_n)_pk(p D+d lBk(p1)+b(T>)«

r=I1

(8.1)

Suppose b # 0(mod p—1). From Fermat’s little theorem and Theorem 3.2 we know
that both m*(P=D+0=1 and (Byp—1y45(r/m)— p* P~ 1By 1) 6(A,(m, p)/m))/(k(p—
1)+ b) are p-regular functions. Putting this together with Theorem 2.3 yields

" /n st Bep—n(5)— p
-1 ko k(p—1)+b—1 P m
kz_%(l)( ym k(p—1)+b

=0 (mod p").

k(p71)+b—1Bk(p 4,(m,p) )

—(75,

Hence, by (8.1) we get

n

AW 72 k(p—1)+b—1 Bi(p—1)+b.4 _ n
,;(k)( DAL= up)p ey Dy =0 (mod "),

This proves part (a).



Z.-H. Sun/ Discrete Applied Mathematics 105 (2000) 193-223 221

Now consider part (b). From the proof of Lemma 2.1 we see that

n
n N r _
> (k) (= 1) mt =01 (ka(pfl)er (%) — pMPTO B 1y

k=0
(AAZP))) _ zn: (;1) ("z_f <n;s) (_l)tm(s+z)(p—1)+b—1>

s=0 t=0
N
s r _ A;(m, p)
—1 t B (7) _ o Hp 1)+bB B S\t ) )
(;(t)( ) (P wp=n+b ) =P H(p—1)+b p
Since
n—s
(I’l — S) (_l)tm(SJﬁl)(p*l)er*l — ms(pfl)wLbfl(l _ mpfl)nfs =0 (modpnfs)
=0 !
and
L /s r _ A,(m, p)
N O e G D)
s—1 s :
B P (mod p*) if By ¢ Z, and p — 1|b,
= p*~'o(s,b,p) = _
0 (mod p*®) it BpeZ,or p—1th

by [17, Theorem 3.1], in view of (8.1) and the above we obtain

n n B B
> () GO = 2P T By,
k=0

— - X(”) - n (_1)kmk(p—1)+b—l
23 ()

r _ A(m, p)
(PBk(p1)+b (Z) — pFP=hR (V—>>

m
S n—1 - n s(p—1)+b—1 1—mr! "

= Zx(r)p Z ( ) m _— o(s, b, p)
r=1 5s=0 S p

=0 (mod p"),

which completes the proof.
We are now able to give

Theorem 8.1. Let y be a Dirichlet character modulo m, and p a prime for which
ptm.
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(a) If n,be Z" and p— 11t b, then

Kp=)+b-1) Bi(p—1)+by

(I =x(p)p Kp—1)+b

n—1

k—1-r\ (k Br(p—1)+b,
1yt 1— r(p—1)+b—1 r(p=1+b.y
;( ) (n_ | _r> (r)( 21(p)p tr 1) 18

=a, kK" "+ ajk +ay (mod p")

for every k=0,1,2,..., where ay,...,a,_1 are all integers.
b) Ifnezt, be 7zt U{0} and y # yo, then

(1= x(p)p"r=1+0=

D PBr(p-1yibs
n—1
wel—y [(K—1—7 k e 1)
Z(_l) : (n _1- r) (r) (1 - X(p)p (p=1)tb l)pBr(p—1)+b,)(
r=0

=a,_ k" '+ 4+ ak+ap (mod p")

for every k=0,1,2,..., where ay,...,a,_1 are all integers.

Proof. This is immediate from Lemma 8.1, Theorems 2.1 and 2.2.

9. Uncited References

The following references are also of importance to the reader: [1,3,5,6,9,14,16]
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