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ABSTRACT. Let p = 1 (mod 4) be a prime and a,b € Z with a? + b # p.
Suppose p = 22 + (a? +b?)y? for some integers = and y. In the paper we develop
the calculation technlque of quartic Jacobi symbols and use it to determine

(b-i-m)

modulo p and the criteria for p | Up 1 (if p =1 (mod 8)), where {U,} is the

(mod p). As applications we obtain the congruences for Up 1

Lucas sequence given by Ug = 0, U1 =1 and Un+1 = bUn + k: Un 1 (n>1).

We also pose many conjectures concerning Up—1, m e or m Bt (mod p).
z
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1. Introduction.

Let Z and N be the sets of integers and positive integers respectively, i = /—1
and Z[i]| = {a + bi | a,b € Z}. For a,b € Z, a + bi is called primary if
b=0 (mod 2) and a =1 —b (mod 4). When 7 or —7 is primary in Z[i] and
o € Zl[i], one can define the quartic Jacobi symbol (£), as in [S4]. For the
properties of the quartic Jacobi symbol one may consult [S6, (2.1)-(2.8)].

For any positive odd number m and a € Z let (%) be the (quadratic) Jacobi
symbol. (We also assume (§) = 1.) For our convenience we also define (-%-) =
(:2). Then for any two odd numbers m and n with m > 0 or n > 0 we have

m—1 n—1

the following general quadratic reciprocity law: () = (=1)72 "2 ().

For b, ¢ € Z the Lucas sequences {U, (b, c)} and {V,,(b,¢)} are defined by
Uo(b, C) = 0, Ul(b, C) = 1,

(1.1) Un+1(b,c) = bU, (b,c) — cUp—1(b,c) (n > 1)
and
(1.2) Vo(b,c) =2, Vi(b,c) = b,

Vig1(b,c) = bV, (b,c) — cVp—1(b,c) (n > 1).

The author was supported by Natural Sciences Foundation of Jiangsu Educational Office
in China (07KJB110009).

1



Let d = b? — 4c. It is well known that for n € N,

(1.3) Un(b,c) :{ %{(%)” o (%ﬁ)n} if d # 0,

n(4)n-1 if d=0

and

b+\/3>“ N <b— \/:i)“

(1.4) Vi (b, c) = ( 5 5

From [S3, Lemma 6.1(b)] we know that if p > 3 is a prime such that p { bed,
then

(1.5) p | Un(byc) <= Vau(b,c) = 2¢" (mod p).

Let F,, = U,(1,-1) and L,, = V,(1,-1). {F,} and {L,} are called the
Fibonacci sequence and Lucas sequence respectively.

Let b,k € Z and (b, k) = 1, where (b, k) is the greatest common divisor of
band k. Let p = 1 (mod 4) be a prime such that p = 22 + (b + 4k?)y?
or 2 + (b*/4 + k?)y? (z,y € Z) according as 2 + b or 2 | b. In the pa-
per we develop the calculatiorl technique of quartic Jacobi symbols and use
it to determine (—b‘L‘/b;J“w)pT (mod p). As applications we obtain the con-
gruences for U 1 (b, —k?) and VpT—1 (b, —k?) modulo p and the criteria for
p | U% (b, —k?) (if p = 1 (mod 8)). These results are concerned with con-
gruences for (b2 4+ 4k?)15! (mod p), where [] is the greatest integer function. As
examples, we have the following three results.

If p=1,9 (mod 40) is a prime and hence p = C? + 2D? = 22 + 5y? with
C,D,z,y €7Z,C =1 (mod 4), x = 2%2¢, y = 2°yo and ¢ = yo = 1 (mod 4),
in Section 6 we prove that

0 (mod p) if 21z,

1.6 Fp—l =
(1.6) KN { +2(£)2 (mod p) if 2|z and v = £C, £3C (mod 5)

and

C,3C (mod 5) if p=1,9 (mod 80),

1.7) p| Fos © 2t zandz =
A7) plFe & 2feand {—C,—3C’(mod5) if p = 41,49 (mod 80).

If p =3 (mod 8) is a prime and p = 22 + 2y? with z,y € Z, in Section 3 we
show that

y2-1

(1.8) Upaa (2,-1) = (p—(=1)"5 )/2 (mod p).

This confirms a conjecture in [S5].



Let p = 1,9 (mod 40) be a prime and hence p = C% +2D? = 22 + 10y? with
C,D,z,y € Z Suppose C =z =1 (mod 4), y = 2°yo and yo = 1 (mod 4). In
Section 8 we show that if z = £C, £3C (mod 5), then

%(E) (mod p) if 4 |y,
T ( )4 V10 (mod p) if4|y—2.

(1.9) (3+V10)"7 = { H)
F(-1)°

For m € Z with m = 2%my(2 1 mo) we say that 2¢ || m and mg is the
odd part of m. Let p = 1 (mod 4) be a prime and p = ¢® + d*(c,d € 7Z)
with ¢ = 1 (mod 4). Suppose a € Z and p 1 a. In the paper we pose a lot
of conjectures on alP/8 (mod p) (in particular for a = 3,5,7,13,17,37). For
example, if p = 1 (mod 8), bis odd and p = 22 + (0> +4)y*> # b> +4 (v,y € Z),
then we have good evidence to conjecture that

b*> +4 is an octic residue (mod p)

1.10 c x b—1 , d
Y = (PEPDITY sy

where d, x,y are chosen so that the odd parts of d, x,y are of the form 4k + 1
and 6(y) = 1 or —1 according as 8 | y or not.

If p=1,9 (mod 20) is a prime and p = ¢? +d? = 22 + 5y with ¢,d,z,y € 7Z,
¢ = 1 (mod 4) and all the odd parts of d,z,y are of the form 4k + 1, we
conjecture that

1.11
. +(=1)%8(y) (mod p) if p=1 (mod 8) and z = +¢ (mod 5),
f18] i(—l)%é(y)% (mod p) if p=1 (mod 8) and = = +d (mod 5),
:I:cS(x)Zl—a7 (mod p) if p=>5 (mod 8) and x = ¢ (mod 5),
Fo(x)Z (mod p) if p=5 (mod 8) and z = +d (mod 5).

From [SS] we know that p | Fp_1 if and only if 4 | zy. If 4t zy and (1.11) is
true, we can show that

d

—1)12% (mod p) if2 | =z,

(
1.12 Fpo1 =
(1.12) = { 29y (1mod p) if 2 | y.

Letp =1 (mod 4) be a prime, b € Z, p # b*>+4, 2 +1 and p = 22+ (b%+4)y?
or 2 + (b?/4 + 1)y? (z,y € Z) according as 2 { b or 2 | b. In Section 9 we
state some conjectures concerning Up_ (b,—1) and Vi (b,—1) (mod p) and

illustrate that those conjectures are concerned with certain congruences for
(b 4+ 4)I5] (mod p). For instance, we conjecture that if 4 |y, then

(1.13) Vaer (b, —1) = 2(=1)54 (mod p).



2. The quartic Jacobi symbol and quartic residuacity.
at+b—1

Suppose a,b € Z, 24 a and 2 | b. Then clearly (—1)" 2z (a + bi) is primary.
Thus we may deduce the following properties from [S6, (2.1), (2.3), (2.7)].

Proposition 2.1. Let a,b € Z with2{a and 2 | b. Then

< ! > _ e o () a2 (_1)“2{12’(1—(—1)3)/2
a+bi/a

and

( L+ ) _ (DT (amh)-1-8) /4
a+bi/a
a—1
(DT @=0)-0/4 g (),

- a—1
(D) T (bma)-1

{ T if 2 || b.
Proposition 2.2. Let a,b € Z with 21a and 2 | b. Then

( ! ) —(—1)% and < 2 ) —i(_l)aglg.

a+bi/a a+bi/a

Proposition 2.3. Let a,b,c,d € Z with 2t ac, 2 | b and 2 | d. If a + bi and
¢+ di are relatively prime elements of Z[i], then we have the following general
law of quartic reciprocity:
(a+bz’) _ (_1)%,(;51_’_%.@“2;71 (C—i—di) .
c+di/a a—+bi/a
In particular, if 4| b, we have
<a—|— bz> _ (_1)6151.% (c—l— dz> ;
c+di/a a+bi/a
if c=1 (mod 4), we have
<a+ bi) B (_l)aJrlZ?fl_% <c+ di)
c+di/a a+bi/4
Proof. Asa = ¢ =1 (mod 2) and b = d = 0 (mod 2), we see that

a+b—1 c+d—1

(=1) =2 (a+bi)and (—1)" 2z (c+di) are primary. Hence applying Proposi-
tion 2.2 and the general quartic reciprocity law for primary elements (see [IR,
Theorem 2, p.123]) we obtain

(a+bz’) _((—1)a+3_1(a+bi)) ( ~1 >“+3_1
c+di/a (=) (c+ di)/ 4 \c+di/a
(= == WRVT
(1) (a+ bi) /4
b % c+d—1

This yields the result.



Proposition 2.4 ([E], [S1, Proposition 1], [S4, Lemma 2.1]). Letm € N
and a,b € Z with 2t m and (m,a® + b*) = 1. Then

()= (50)

Proposition 2.5 ([S7, Lemma 4.3]). Let a,b € Z with 2{ a and 2 | b. For
any integer x with (x,a® + b%) = 1 we have

2
<af—bi)4 - (aQL—FbQ)

Proposition 2.6 ([S7, Remark 4.4]). Let a,b,c,d € Z with 2 { ¢, 2 | d,
(c,d) =1 and (a® +b*,¢®> +d?) = 1. Then

(v (i)

For an odd prime ¢ let F,, = Z/qZ be the ring of residue classes modulo ¢
and

Q(q) ={oo}U{z |z € F,, x? £ —1}.
For z,y € Q(q), in [S4] the author introduced the operation

(x %00 =00%x =1)
and proved that Q(q) is a cyclic group of order ¢ — (_71)

For a given odd prime p let Z, denote the set of those rational numbers
whose denominator is not divisible by p. Following [S4] we define

Qr(p):{k‘ ke, (%)4:%} for r=0,1,2,3.

Combining [S4, Theorem 2.2] with [S4, Theorem 3.2] (or [S4, Corollary 3.2])
we have the following rational quartic reciprocity law. See also Paul Pollack’s
talk [P].

Theorem 2.1 (Rational quartic reciprocity law). Let p and q be distinct
odd primes. Suppose p=1 (mod 4) and p = a® + b*(a,b € Z) with 2 | b. Then

(—1)%q is a quartic residue modulo p

— % is a fourth power in Q(q)

< q|b or = ———— (mod q) for some s € Z.
s



Theorem 2.2. Let p and q be distinct odd primes. Suppose p = 1 (mod 4)
and p = a®+b*(a,b € Z) witha =1 (mod 4) and qtb. Let ¢* = (—1)%q and

k€ Z with (¥£'), =i. Then

b

(¢")" T =

(mod p)

S Q

a k(z* — 622 + 1) + 423 — 4z
b k(4x3 —4x) — (x* + 622 4+ 1)

= (mod q) for some x € Z.

Moreover, if ¢ # 1,49 (mod 40), we may take

1 if¢g=+£5 (mod 16),
—1 if g =43 (mod 16),
2 if ¢ =47 (mod 40),
—2 ifg=+17 (mod 40).

Proof. From [S4, Theorem 2.2| we see that
oy 21 b\3 a
(@)F = (2) (modp) < T €Qslo)

As (b/a)? = a/b (mod p) and —k € Q3(q), from the above and [S4, Corollaries
3.2 and 3.3] we see that

Y :hk a
(¢") ™ = 5 (mod p)
ko —1
— 2= (mod q) or g “kko — 1 (mod q) for some kg € Qo(q)
b b ko — k
a a  k(z*—6x2+1)/(423 — 4z) + 1
- =—k d - = d
A (mod q) or 3= S G e ) e — 4y (04 9)

for some = € Z
k(z* — 622 + 1) + 423 — 4x

a
% k(4x3 — 4x) — (x* + 622 + 1)

(mod ¢) for some =z € Z.

If g = +5 (mod 16), by Proposition 2.1 we have (17“)4 — (DT a=1/4

If ¢ = £3 (mod 16), by Proposition 2.1 we have (_1q+i)4 = (5)4(%)4 =

q—1
(=1)(@=D/8;(=)"Z a=1)/4 — ; If ¢ = +7 (mod 40), by Propositions 2.1-2.3

we have
<2+i> B (—z) (—1+2i) B (—1+2i)
qg /4 \q/a\ q Ja q /4

=07 (), _<_112@'>4 =
6




If ¢ = £17 (mod 40), we have

<—2q—|—i>4 _ (—7@)4<—1q— 2¢>4 _ <—1q— 2¢)4

This completes the proof.

Theorem 2.3 ([S7, Corollary 4.6(i)]). Let p =1 (mod 4) be a prime and
m € N with 44 m and p{m. Suppose p = 2% +my? for some integers x and y.
Then

(—1)*%° () (mod p) if m=3 (mod 4),

b1 _ (=) (mod p) if m=1 (mod 8),
T ()THE) (mod p) if m=5 (mod 8),
(1) 272554 (2 ) (mod p) if m = 2 (mod 4)

m/2

3. Congruences for U(p_(%))/4(2,—1) and V(p_(%))/él(Q,—l) (mod p).
It is clear that

(3.1) 1_¢_—1.\/_—:i<¢_—1_1)<¢_—2_1+¢_—1>2.

As (vV-1-1)? = —=2y/—1, for n € N we have
(1—V=1-V=2)"

(3.2) (2D RV - LD if 2 | n,
) 27 (VET = D(—2v=D) " (V=2 — 1+ VS i 24,

Theorem 3.1. Suppose that p =1 (mod 8) is a prime and hence p = > +d? =
22 + 2y? for some c,d,x,y € Z. Suppose c =z =1 (mod 4). Then

p—1

(Hg)pzl :{ ()5 (mod p) 4]y -2,
LD modp) 4.

dy

Proof. Taking n = % in (3.2) we find

(1= V=TV=2) 5 =2 (V)T (V2 - VD)

Set t = 4. As ¢ = —1 (mod p) and (z/y)> = —2 (mod p), by the above we
have

p—1 p—1

(3.3) (1 - tf)T — o ()5 (f 1+ t)T (mod p).



Suppose (y -

+i)4 =i". From [S4, Theorem 2.3] we have

T _14¢, 2L
(y—) Y =" (mod p).

C -
y
A ( 2 7
T4t (214t T _ 14t
Y = -7 =¥ (mod p),
T )¢ (Z_1)2_¢2 —oz
y Yy y
we see that
T p—1 T p—1 1 )
2 4 — _
(— -1+ t) = <— 2—) "= (=2)"T 5" (mod p).
Yy Yy

In view of (3.3) we have

p—1
(1 _ t_x) * (—2) N (—2) Pt =gt A (mod p).
Yy

Asp=122+2y?> =1 (mod 8) we have 2 | y and (z—y)?+y* = p—2zy. Suppose
y = 28yo with 21 yo. Applying Propositions 2.1-2.3 we have

(M) _(Toutely (2 (2w )
P 4 P 4 T—y+yr/a T—y+uyr/a

-G, o) =)
C\z—ytuyi/e \z—y+yi/i\e—ytyi/a

:gﬂﬁ;Wme—y+yﬁ %—U%53<x_y+m)
4 4

r Yo
— i~ 5(B+1) (—y + yi) . (_1>yoT—1.% <£)
T 4 Yo/ 4
= (—1)"F B EGD <—1 — Z) = (—1)y°21-é‘@'5(6+1)(1 +i>_1
X 4 T 4
1

e R LCas e S
—i— 1 ify=2,4 (mod 8).

Combining the above we obtain

the i = e (mod p) if y=2,4 (mod 8).

(1_t_x>”21:{tpsl_w41 (mod p) if y=0,6 (mod 8),
Y

1 = (=) T = (1) (=) (mod p).



Thus

1- (=) =1 (mod p) ify=0 (mod 8),

et et _ J —(=t) =t (mod p) if y =2 (mod 8),
- <1 ) | —=(=t)* = —1 (mod p) if y =4 (mod 8),
1-(—t) = —t (mod p) if y =6 (mod 8).

Note that t = ‘Ei = — ¢ (mod p). We then obtain the result.

Corollary 3.1. Let p = 1 (mod 8) be a prime and p = x% + 2y> for some
integers x and y. Then 1+ /2 is a quartic residue of p if and only if p =
2y +1 (mod 16).

Proof. From Theorem 3.1 we see that

14+ v/2 is a quartic residue (mod P)
— (1+ \/5)1%1 =1 (mod p) <= 4|y and (—1)%“% =1
<= p=2y+1 (mod 16).

So the result follows.

Remark 3.1 Using the cyclotomic numbers of order 4, in 1974 E. Lehmer [L2]
proved a result equivalent to Corollary 3.1. If p = 1 (mod 16) is a prime and
p = a® + 64b> = ¢ + 128d? for some a,b, c,d € Z, in [L.2] Lehmer also showed
that 1 + /2 is an octic residue (mod p) if and only if b = d (mod 2) by using
the cyclotomic numbers of order 8.

Theorem 3.2. Let p =3 (mod 8) be a prime and hence p = x° +2y? for some
x,y € Z. Suppose x =y (mod 4). Then

p+1

(1 _ fz> SRR -7
Y 2

x
— (mod p).
y ( )

Proof. Clearly 2 1 zy and we may assume z = y = 1 (mod 4). Note that
(z/y)? = —2 (mod p) and 2" = —1 (mod p). Taking n = (p+ 1)/4 in (3.2)
we find

p+1 p+1
T\ 4 p+1 p—3 2
1= %) T = - 1)(-20)"F (S - 144)
(1 (i = 1)(=20)" (-
=2 11 —z)(—z)prs(E — 14—2)T (mod p)
Y
Suppose (%7 ), =i". By [S4, Theorem 2.3] we have
o5 e goioheR
<(§—1+z‘)2 - 2—1+¢> =1 (mod p)



pi1 Pt
(f 1 —|—i> 7 = r’"( _2. f) T2 (C1)5E T nod p)
y ” y
and so
p+1
(1-20) 7 =25 11— i)(—)'F - (- E D
Y y
1—i o
= Lot g (mod p).

As y + (y — x)i is primary and y? + (y — x)? = p — 2zy, applying Propositions
2.1-2.3 we have

gy Lt x—y+yi i — x)i
(=)= (- O,

R G I e )

:_( 2 ) <y+(y—w)i) <y+(y—w)i>
y+(y—2x)i/a x 4 Yy 4
i () () e () ()
N r Ja\ y Ja x Ja\y/a
= ()T i = ()T T =
Hence
p+1 .
=  1- p= @ 1-— p=3 =
(1—£i) b= R i i E(modp).
Y 2 Y 2 Y

Asp:x2+2y2weseethat%z%%—#andso

2 2 2
.p—3 x—1 Lxo—1 y<—1 x—1 ,x—1 x=+3 y<—1
is tTTi =48 tTTa tTr = a 7 T3

2 2
z—1 z+3 y<—1 y<—1
4 + 8

=(-1)7 = (-1 .
Thus

(1— z)p41 E—lgi-(—l)ﬁs—lg (mod p).

This is the result.

Theorem 3.3. Suppose that p =1 (mod 8) is a prime and p = x* + 2y* with
x,y €Z and x =1 (mod 4). Then

)y : _
Up-1(2,—-1) = (=1) z (mod p) ifd|y—2,
4 0 (mod p) Fily
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and

VpT—1(27 -1) = { 2(_1)%14-% (mod p) if4d|y.

Proof. Suppose p = ¢? +d?, where ¢,d € Z and ¢ = 1 (mod 4). Observe that
2 | y. From Theorem 3.1 we have

rl [ (=) T (mod p) if4 |y -2,
<1ig> _ ) = p)ly ¢ (mod p) |y
dy (=1)"= +% (mod p) if 4| y.

From (1.3) and (1.4) we have

1 n n
(3.4) Un(2,—1) = ﬁ{(uﬁ) -(1-v2)"}
and
(3.5) Vo(2,—1) = (1 +V2)" + (1 - V2)".

Observe that (cz/(dy))? =2 (mod p). We then have
Upa (2,-1)

1 cx\ ' cx\ T
= - fh+ T e
20x/(dy){< * dy) ( dy) }
p—1,y—2 p—1_, y+2 :
{ —ZC:E/l(dy) 2-)F t T d=(—1)Ft5 4 (mod p) if4|y—2,

2cm/1(dy) ((_1)%4_% - (_1)%4—%) =0 (mOd p) if 4 | Y

and

Ve (2,-1) = (1+%)pf " (1_%)11

This proves the theorem.
Theorem 3.4. Let p = 1 (mod 8) be a prime. Then p | UpT—l (2,—1) if and
only if p is represented by x> + 128y>.

Proof. Since p = 1 (mod 8) we know that p = 2?2 + 2y? for some integers
T (-1)8,

22

_1 12
z and y. We also have 2 | y and (—1)"F = (—1)"= = (—1)
Thus applying (1.5) and Theorem 3.3 we see that

p—1

D ‘ UpTﬂ (2,-1) — Vp%l (2,—1)=2(—1)"5 (mod p)

e 4]y and 2(-=1)"F TF =2(—1)"F (mod p)

— 8.
11



This yields the result.

Remark 3.2 Let p =1 (mod 8) be a prime. From Theorem 3.3 we know that
D | Up (2,—1) if and only if p = 2%+ 2y*(z,y € Z) with 4 | y. This is a known
result. See [L2] and [S2]. When p = 1 (mod 16), Theorem 3.4 was known to
E. Lehmer [L2]. In [L2] Lehmer also showed that if p = 1 (mod 32) is a prime,
then p | Upl;ﬁl (2,—1) if and only if p = a? + 64b* = ¢? + 128d? with a,b,c,d € Z
and 2 | b—d.

Theorem 3.5. Let p = 3 (mod 8) be a prime and hence p = x> +2y? for some
x,y € Z. Suppose x =y (mod 4). Then

2

y<—1
()
and
y2-12

Vars (2.-1) = ~(-1)T" 7 (mod p).

Proof. From Theorem 3.2 we have
pt1

2 11—
(1 - Ez) = —(—1)yTl i (mod p).
Y 2
Taking conjugates on both sides we obtain
p+1 211 .
(1+5) 7 = (-1 1T (hod p).
Y 2y

i) = 2 (mod p) we see that

1 P+

p+1
Unr (2 -1) = o { (1+ %) © - (1-%) *}
: 2.0 y y

1 211417 x 2a1l—1 x
=5 (- 7y T )
- i y y
y2-1 y2-1
~1 — (-1
S S
and
Ve (2,-1)= (1+50) © + (1-2)
4 Yy Yy
2-1l+1 x v2-11—1 x
= (- = T .
2y 2y

This proves the theorem.
Remark 3.3 For a prime p = 2%+2y? = 3 (mod 8), the congruence Upaa (2,-1) =

(p — (—1)#)/2 (mod p) was conjectured by the author in [S5]. When p is
an odd prime, the congruences for Upzr (2,—1) and Vit (2,—1) (mod p) were
given by the author in [S2], [S5] and [S7].

12



p—(=h)
4. Congruences for (—b—ay/—1)— 7 (mod p).

Theorem 4.1. Let p = 1 (mod 4) be a prime and p = ¢ + d* with ¢ =
1 (mod 4) and 2 | d. Let a,b € Z, 2 | a, (a,b) = 1 and p { a®> + b*. Suppose

(“ba_—if)él =%, Then

(_b_a2>p41 _ [ (=1)F 5 (¢/d)F (mod p) if4|a,
d (1) D (¢/d)b= (mod p) if2 | a.
Proof. As ¢/d = —i (mod ¢+ di), we see that

(—=b — ac/d) "+

- Cova® = () (52

a—b—1_a /bc + bdi b -1
() (G
—b+4+ai/a\—b+ai/4
a—b—1 4 (ac—l—bd)i b=1 a4 /—b+ar\ !
_(—1) 2 2(—_b+ai )4.(_1) p) 2( 2 )4
a—b-1 4 / acC + bd 21 1-(-1)3 b=1 o /3\ 1
() et s )
() e )
amb—1 d  b-1 a 1—(—1)2 ac + bd\ —1
(1 .,+7.,,7< )
( ) 2 2772 ‘24 2 bt ai )
- (_1)“73*1 %er%l'%i;(?)% i~k
g g (o)1= (-D%)/2 :
:(_1) 2 2 p) Q(C/d) (m0d0+dl).
Since p = (¢ + di)(c — di) we obtain
p—1 a
(—b—a%) © = (-)FEEE (/)T DD (mod ).

This yields the result.

Corollary 4.1. Let p = 1 (mod 4) be a prime and p = ¢ + d* with ¢ =
1 (mod 4) and 2 | d. Let a,b € Z, 2 | b, (a,b) = 1 and p 1 a® + b*>. Suppose

(s=be), = i*. Then

(- b_af)pzl _ [ (-)*F ¥ (e/a)*T* (mod p) if410,
d T (D) EHY (/)T R (mod p) if 2 | b
Proof. As (4d=be) = (edbey ' — i~k substituting a,b,k by —b,a, —k in
Theorem 4.1 we have
(_(HbE)le _ [ (=)= 5 (¢/d)F (mod p) if 4 | b,
d N (—1)a51(%+1)(6/d)’k’1 (mod p) if 2] b.

13



Observe that

p—1 p—1

(—b—ag)T = (c/d)pT_l(—a—kb(—cll)T (mod p).

By the above we obtain the result.

Corollary 4.2. Letp=1 (mod 4) be a prime and p # 5. Suppose p = ¢ + d?
with c =1 (mod 4) and 2 | d. Then

(—1_25)le E{ﬂ (mod p) -4/ 2¢+d = £2 (mod 5),

d +4 (mod p) if 2c+d = £4 (mod 5).

Proof. Putting b =1 and a = 2 in Theorem 4.1 we see that

2ctdy gL B -
<1+2i>4_Z implics (‘1—23) = (¢/d)”™" (mod p).

(20+d> _{ii if 2¢ +d = £2 (mod 5),
14+2i/4 | F1 if 2¢+d= +4 (mod 5),

we deduce the result.
Putting b = —3 and @ = —2 in Theorem 4.1 we deduce the following result.

Corollary 4.3. Let p=1 (mod 4) be a prime and p # 13. Suppose p = c¢*+d>
with c =1 (mod 4) and 2 | d. Then

( >"zl { +1 (mod p) if 2c+ 3d = +2,£5, £6 (mod 13),

c
3+2-
* d +4 (mod p) if 2c+ 3d = £1,43,£9 (mod 13).

—1

Putting b = 4 and a = 1 in Corollary 4.1 and noting that (—1)"7 = (=1)
we deduce the following result.

Corollary 4.4. Let p=1 (mod 4) be a prime and p # 17. Suppose p = c¢*+d>
with ¢ =1 (mod 4) and 2 | d. Then

(¢/d)* T (mod p)  ifd—4dc=+1,+4 (mod 17),

(4 n f) = _ —(c/d)_psZl (mod p) ifd—4c= 42,48 (mod 17),
d (¢/d)*7 (mod p)  ifd—4c= +6,47 (mod 17),
—(¢/d)" T (mod p) if d—4c = +3,£5 (mod 17).

14



Theorem 4.2. Let p = 1 (mod 4) be a prime and p = ¢* + d? with ¢ =
1 (mod 4) and 2 | d. Suppose a,b € Z, 2 { ab, 4 | a + b, (a,b) = 1 and

a—b a+b
d—*2c -k
2 2 _
( i alt; )4 =1". Then

(—b— ac/d)pT_l

(d/C)(( 1)2(c d)—1— d2)/4+(1 (— 1) )/2+k (mod p).

Proof. As ¢/d = —i (mod ¢+ di) and b — ai = —(1 +4) (%52 + %E4) we see
that

(b+ac/d)" T

) - B . a=b | atb;
E(b_ai)éllz(i—l—?iz)zlz(c%—ldi) (cl—:—(;i)4< Cidz >4

4
, - .
— (—1) (D ECe—a—1=d)/4 (_q)%5 g <—£§ i Cfibi>4 (mod ¢ + di).
2 2

As
( c+di >
a5b+a74—l72 4
(o Fam), (i)
asb poatby )y \ agb oy adb )y

. —b +b
~ 0 (), (e ()
45774 NG HRi 4\ ag2 4 a2 Ja
a—>b a+b
_ (o) 0 )/2<Td_TC>
a—b a+b
7t

:(_1)%1'71'( —(-n )/2+1€

putting the above together with the fact i = d/c (mod ¢ + di) we obtain

(o)™ =0t () s

1 ass pdy(I—(=D)F )2k
X (—l)le' Ib( > (mod ¢+ di).

c
This congruence is also true when ¢ + di is replaced by p = ¢? + d?. As
(—1)107_1 — (—1)2, the result follows.

r—ay+byi )

5. Evaluation of (m 4

15



Theorem 5.1. Let p =1 (mod 4) be a positive integer and p = 22+ (a? +b?)y>
with a,b,x,y € Z, (p,axy) = 1, a = 27ap(2 { ag), = = 2%xg, y = 2Pyo and
xo =yo =1 (mod 4). Suppose 21a or 21b.

(i) If2 | a, 21b and 2 | y, then

() (), 2

), = GO, ), i8ly—4,
(_1)%(%)4(1)5@)4 i8]y

(x—ay-l—byi
p

(ii) If 24 a and 2 | b, then

(x—ay+byi> _ { (xtf)yi)z;(—agj—bi)z; if 2]y,
p 4 i_%(m+;yi)4(—am—|—bi)4 if21y.

(iii) If 2 1 ab, then

(x —ay + byi>4

b*“i)4 if4fa—"band?2 | vy,

aTli_xll(x+byi)4(a+bfa,b.)4 ifd|a—>band?2 | vy,

a

(=1)

(=1)

(_1)%7;121(x+byi)4(b—a_fb+ai)4 z'f4J(a—b cmd4\y,
(=1) 1

| (-1 i (m+byi)4(a2bf%_bi)4 ifd|a—>band4|y.

(iv) If 2 | @ and 2 { by, then

<x —ay + byi)
4

p
4 _ a+2 ua 3
) T s ) ()20 ands -1
p—2a—b2 —xi x )
= (1) En (byao )4(b+ai)4 2| aand8]p =5,
(S () () o ands
| =t ) (), e ands (s

Proof. We first assume 2 | by. As (x — ay)? + (by)?> = p — 2azxy and
16



(p,2axy) = 1, we see that 24z — ay and so

(m—ay+byi>
p
B ( ) ( T —ay)? (by)2+2amy)
N x—ay—i—byz 4 x —ay + byi 4
B ( 2axy ) (21+T+°‘+Baox0yo>
 \z—ay+byi/a r—ay+byr /a4
_ <i(_1)z ay—1 by 1+r+a+/3(_1)%1,z§,(a:—ay+byi>
ap 4
" <x—ay—l—byz’> (x—ay—i—byz’)
i) 4 Yo 4
() Lty (—1)* by(1+r+a+m<x+byz> (y(—a+bz')> <£>
ap 4 i) 4\Yop/ 4
:(_1)ao Lty (- 1 by(1+r+a+m<x—|—byz> (—a+bi> ‘
ap 4 i) 4

It is easily seen that

—1
0Ll ()T B (1drras)

(=12
(—1) 54D b 2 band 21y,
_ (—1)a°2+1bi(‘1> br if 2 y,
| e it 4y,
1 if 8|y
and
([ (=50)s if2)fa72|band?|y,

(—g—?—bi)4:(—aibi);a(—az—i—bi) = D 70‘( aﬁ-bi)4
if24a,2|band 21y,
. . 2 .
i (%)4(%)4 - (_1)71 (mh
<—a—|— Z) _ if2]a,21band 2|y,
roo o (L) (ﬁ) = T ()
z /4 x 4 boabta;/y

if24ab, 41a—band 2 |y,

2 2
\ if 2tab, 4| a—band2|y.

When a # b (mod 2) and 2 | y, we have p = 2%+ (a® +b*)y? = 2% +y? (mod 16)
z2_1 p—1— 2 p
and so (—1) & = (-1) T = (=1)I5]. We also note that 2 { ab implies
2 | y. Now combining the above we deduce (i),(ii) and (iii).
17




Let us consider (iv). Assume 21t by. Then y =1 (mod 4). As p =1 (mod 4)
we have 2 | @ and 2 | z. Since p = 2% + (a? + b?*)y? = 2% + a? + 1 (mod 8) we
see that (—l)prl = (-1)"z". Thus

(x —ay+byi>
P 4

= (). () =0 ==,

r+a+1
_ (_1)%1< 2axy ) _ (_1)%1( 2 apToy )
by — 4 4

(x — ay)i by — (x — ay)i
p—1 2 r+a+l ag—1 a—ay (by — (x — ay)i
=0 <by—($—ay)i)4 (=D <y (ao . )4
etz (w-te-ary

(1) DT By erat) | ()t (bi‘/ - “)
4

ap
b . o
o ( y+ayz> ( m)
i) 4 Y 4

- (a0 T e () (b aly ()
4 4 4

ao Zo Y
— (_1)’T+y2§1+“°{1~%“i(1)b51“21(r+a+1)(by_xi> ( o )
aop 4\b+ai/4
(1)t 21T 2 (et (by - “) ( 2 % )
ag 4a\b+ai/4
2 3 ag+1 —1 b1 a—x b — IZ xXr
= (—1) = D 7 (T(r+a+1)—%a)< y ) (b ) _
ap 4 +ar/4
Observe that
(_1)% _ (_1)<a2+b2>y28—<a2+b2> _ (‘UM
b2 | 4
B { (—1)*5*+% ifp=1 (mod 8),
- a2
(—1)=5"  ifp=5 (mod 8).
By the above we obtain
(m —ay + byz’)
P 4
p—b? +24+ 22 (r+a+1),:(-1) =2 2o (by—zi x .
(—1) 8 2 1 7 2 (—ao )4(_b+ai)4 if 8 ‘ p— 1,

ptdag—b2 .(_1)%(ﬂ(r+a+1)_ﬂa) by—x1 z :
(1) s ¢ 2 ? (T)4(b+ai)4 if 8 [p—5.

This yields (iv) and hence the theorem is proved.
18



6. Congruences for Uy, (b, —k?) and V-1 (b, —k?) (mod p) when 21 b.
For two numbers a and b it is easily seen that
b—iv—a?—b2 (\/—a2 —b2—a+ bz’)2

(6.1) (—=b — ai) - 5 = 5

This is the starting point for our purpose in the section.
Lemma 6.1. Let p = 1 (mod 4) be a prime and t> = —1 (mod p) (t € Z).

Suppose a,b,s € 7, s> = —a® — b* (mod p) and pta® + b>. If (s—c;;tbi)
then

=",

4

p—1 p—1
2

(s—a+bt) 2 =(—2as) = t"
_ { (20)"7 (—a® = b?)* 5 " (mod p)  if8|p—1,

1

—(2a)"7 (—a® — b2) "5 st” (mod p) if8|p— 5.

Proof. If p | b, then s = +at (mod p). Observing that 2"z = (—1)pT_1
(mod p) and t?> = —1 (mod p) we deduce the result. Now assume p { b. From

[S4, Theorem 2.3] we know that for k € Z, with k* +1 # 0 (mod p),

k =
keQr(p) < (k:—i_b =t" (mod p)

= (k—l—t)prl = (k? +1)%tr (mod p).

(6.2)

Now suppose (%Mi)4 =14". That is, *3* € Q,(p). Note that

(s —a)? s +a® +b* — 2as 2as
5 +1= 72 3 (mod p).

Taking k£ = 3% in (6.2) we then have

s—a B 2as\ “1 -
That is,

(s —a-+ bzﬁ)p%1 = (_2%)%1?57« (mod p).
As s2 = —a? — b? (mod p) we deduce the remaining result.

Theorem 6.1. Let p =1 (mod 4) be a prime and p = ¢*+d? with ¢,d € Z and
c=1(mod4). Leta,be Z, 2| a, (a,b) =1 and a = 2"ap(21 ag). Assume p =
22+ (a® + b2 y? with 2,y € Z, v = 2%, y = 2yo and x9 = yo = 1 (mod 4).

m;l;yi )4 ( (acljfsg/m )4 ="

Suppose (
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(i) If 2

| y, then

(b—w;/(dy)>4

(ii) If 2

;

(1= (d/e)"2(2)"T (a® + b%)*F" (mod p)
if2 ]l aand2 || y,
(—1)" (d/c)"1(2)*T (a> +b*)"5 (mod p)
if2 ] aand 4|y,
(—1)*5 (d/c)" "2 (2)"T (a® + b5 (mod p)
ifd]aand?2 || vy,
(~1)HDE(d/e)(2) " (a® + %) "5 (mod p)
L if4]a and 4 |y.

1y, then

<b — c:;‘/(dy))l

Proof. Suppose (C‘C+b,d)4 — % and (x+by2) (=

(bl—l{si)él

=1

(1) (o) ()5 (a? + 1) 5 (mod p)

if2 ] aand 2 || x,
(—1) S+ (g oy LL(2)55 (a® + %)% (mod p)

if 2 H a and 4 |z,
(—1) B D22 (g6 () 5 (02 + %)% (mod p)

zf4|aand4|m,

(ag+2)2—(b+2)2
8

ifd]a and 2 || x.

b+ai

—m

—a? — b? (mod p), by (6.1) we have

Thus

(6.3) (b - ca;/(dy)>"21

(~0-ap) 55 = (5 ot

(dfe) 0T ”(%)p4 (a2 +%)"5" (mod p)

T 7;)4 = 4. Then (
and so i*=™ = i". As (¢/d)?> = —1 (mod p) and (z/y)>

(=5 )7 (omel) o,

o)



By Theorem 4.1 we have

btl d

eN—' | (=172 2 (¢/d)™F (mod p) if 4 | a,
) :{«JVJ@“Nd@Pkmmdm if 2| a.

If 2 | y, by Theorem 5.1(i) we have

(P00 = () - (-2 ||y,
p 4 p 4 ()5 +0DEm i g |y,

Hence appealing to Lemma 6.1 we obtain

xr Cp%l
(5 —+03)
{04f?7d@”“%%ff@ﬂ+ﬁfffﬁmdm if 2 ) y,

(1) (¢/d)™(20)"T (a® + %) (mod p)  if4|y.

Combining this with (6.3), (6.4) and the fact (¢/d)™* = (d/c)*~™ = (d/c)”
(mod p) yields (i).

Now assume 2 fy. As (%), (), = (20), (F50) () = (=) 5
by Theorem 5.1(iv) we have

L _q-+bi
(=

_ (:c— ay—i—byi>4

2 4 a?2_-1 btl
( (_1)psb HEE ()T s4m 9 | @ and 8 | p—1,
p—2a—b2 ‘1871. .
(=1)—& T m if 2| aand 8|p—5,
- —b2 a—x a2—1
(_1)psb H(r+1) S5+ —g—m if4|aand 8| p—1,
—dan—b2 a?-1 bf1
L (—1)71) R (1) if 4| aand 8 |p—5.
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Applying Lemma 6.1 we see that

p—1
T CcC\ 2
T b—>
(y ot d
a?—
[ (—1)20 24 5 () 25 (-
p—2a—b2 a%—l p—1
—(-1) T (20) T (-
C 5 (2a)
p—4ag b2+a§—1 p—1
—(=1) s (2a)"7 (-

As (1) T = (=1)%*% and (¢/d)™* =

a® — 1) (¢/d)=D = stm
if 2| aand 8|p—
R 3 (c/d)™

if 2| aand 8|p—5,

T (—a? = ) (c/d)m
if4|aand 8 |p—1,

2 2\ 25 g (71)b+Tlr+m
1) 2 /)
if4|aand 8 |p—5.

= (d/c)*~™ = (d/c)™ (mod p), combin-

ing the above with (6.3) and(6.4) yields (ii). So the theorem is proved.

Corollary 6.1. Let p =1 (mod 4) be a
and c=1 (mod 4). Letb € Z,24b and p

2%0, y = 2%yy and z0 = yo = 1 (mod 4).

(%)

(F(-1)7 (0 +4)"5 2 (mod p)
F(-1)T (B*+4)"5 £ (mod p)
F(=1)F (* +4)"5 ¢ (mod p)
+(-1)"2 (1 +4)"5 (mod p)

=\ @ 445 (mod p)
F(—1)"F (1 +4)"F ¢ (mod p)
(1) (02 + 45" 2 (mod p)

| F(-1) T (02 + 4)*5° 2 (mod p)

prime and p = ¢® 4+ d? with ¢,d € Z
=22+ (VP +4)y? withz,y €7, x =
Then

if 2 || y and (%hzil,
if2 || y and (852000, = +i,
if 4|y and (@Cbtr;gi)/m)él:il,
if 4|y and (%hzii,
if 2 ||  and (%)4 =+1,
if 2 ||  and (%)4 = +i,
if 4| x and (%Mzil,
if 4| x and (%)4::&'.

Corollary 6.2. Let p = 1,9 (mod 20) be a prime and hence p = ¢ + d? =

22 + 5y? for some c,d,x,y € Z. Suppose
22
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and ro = yo =1 (mod 4). Then

(155 (mod p) if 4|y and x = £¢ (mod 5),
orif 2 || x and x = Fd (mod 5),
1555 4 (mod p) if4d|y and x = Fd (mod 5),

C

-\ orif 2 || x and x = Fc (mod 5),

( > - i5%5§ (mod p) if2 | y and = Fd (mod 5),
orif4 |z and x = Fc (mod 5),

j:5p%5‘cl—§ (mod p) if 2 || y and x = Fc (mod 5),
. orif 4| x and x = +d (mod 5).

Proof. Since (%) =1, it is well known that 5 | cd (see [S4, Theorem 2.2 and

Example 2.1]). Clearly 5 | ¢ if and only if x = +d (mod 5), and 5 | d if and
only if z = £¢ (mod 5). Thus

(2c—|-d)/g;> :{ (£5),=+1 ifz=+d (mod 5),

1+ 2i (£%), =£i if 2= +c (mod 5).

(6.5) (

Now taking b = 1 in Corollary 6.1 and then applying (6.5) we obtain the result.
Observe that

(6.6) ( m ) _{:l:l if m=+1,43,49 (mod 13),
' 3+2i/4 | +i if m=TF2, 75 F6 (mod 13).

Putting b = 3 in Theorem 6.1 we obtain:

Corollary 6.3. Let p = 1,9,17,25,29,49 (mod 52) be a prime and hence
p = c®+d* = 2% + 13y? for some c,d,x,y € Z. Suppose ¢ = 1 (mod 4),
r=2%, y=2%9 and 2o = yo =1 (mod 4). Then

(5
2

((+13"% (mod p)  if4|y and 2534 = 42 45 +6 (mod 13),
orif 2 || x and 2534 = +1, 43,49 (mod 13),

+13%5 ¢ (mod p)  if 4|y and 2534 = 41,43, 49 (mod 13),
orif 2 || x and 2534 = 2, F5,F6 (mod 13),

+13"5° 2 (mod p)  if 2 || y and 23 = 41, 43,49 (mod 13),
or if 4|z and 2¢£3¢ = £2 15 76 (mod 13),

+13"5 2 (mod p) if 2 || y and 223 = 32, 5,56 (mod 13),

L orif 4 |z and 234 = 1, 53,59 (mod 13).
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and ¢ = 1 (mod 4). Let b,k € Z, 2 1 b, (b,k) = 1 and 2k = 2"ko(2 { ko
Assume p = x2 + (b? + 4k*)y? with v,y € Z, = = 2%, y = 2Pyo and x¢ =

yo =1 (mod 4). Suppose (x;syi)4((2kbc:—2bgg/x)4 =",

(i) If 21 k, then

Theorem 6.2. Let p = 1 (mod 4) be a prime and p = ¢® + d? with c¢,d € Z
)

(((E) +1)(=1) 5" (d/e)" R (12 + 4k2)"5 (mod p)
Z'f2 Iy,

((%) —1)(— ) (d/c)”yk (b2 + 4k2) 5 (mod P)
if 4y,

(d/c)"tt yki(bQ + 4k%)"5" (mod p)
if 2 || x,

7(d/c)"k 7 (b% + 4k2)"s" (mod p)

0 ifd|x

Up—1 (b, —k%)

((5) 4+ 1)(~1) 5"

and
(((5) = 1)(=1)"F (d/o)"2k"T (b + 4k*)"F" (mod p)
Zf2 | v,
((5) +1)(=1)"F (d/c)" k"7 (b + 4k*)"5 (mod p)
Z'f4|y,
(d/c)”k: T (0% + 4k2)"5 (mod p)
if2 | =,

Vi (b, —k?) =

(k+2)2—b
8

((5) +1)(-1) 2<d/c>n-1§
L xk T (b2 + 4k 55 (mod p) if 4| x.

(ii) If 2 | k, then

(((1+ () (-1 <d/c>n+1—b'f
k5 (62 + 4k2) (mod p) if 2 v,
() = DD ey

k5 (B2 + 46%) "5 (mod p) if4]y,
~(1+ <E>><—1>—““°*” -

k2T (02 + 4k2) %5 (mod p) ir2 || «,
(%) - 1><—1><r+1>2‘%+k3¥b2 (d/) 12

x k5T (b2 + 4k %5 * (mod D) ifd]x
24
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and

Vo (b, —k?)
(1= () (=1)™ (d/c)" "Lk (1 + 4k)"5" (mod p)
if2 ]y,
(1+ (D) (=1)+DE(d/e)"k "5 (b2 + 4k%) "5 (mod p)
if4 |y,
) (- ) g
< k" (b2 4 4k2) "5 (mod p) if2 || z,
(14 (5)) (= 1) #0255 (00 k52 (2 4 452) 5 (mod p)
\ if 4| x.

Proof. Set a = 2k. Using Propositions 2.4 and 2.5 we see that

() T, () (),

$2+b2y2 .I2 -1 a202—b2d2
ko )(b+ai>4< b+ ai )4

(
- <p_ljf ’ )(b—alj—ai)z;(_bb(j—c—;d )>4
(

2 . 2 2 4 12y,2
%)(bf—ai>4.<_1)2(a2f—b2><x +§)a+jz_ib )y >4

2 2

o (_1)k<%> (a —I:b ) (bj:—az'>4<b i ai>4
k
(—1)’6(?0).
Thus,
() () = o GO ), (55,
Ko\ .—n  a—(—1)F(k0y_p
:(_1)k<50>2 _ AR
We note that
k E/2T\ k23! vtk
() () () - o )
As (§2)? = a® +b* (mod p), by (1.3) and (1.4) we have
0 oot = ()T (58
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and

(6.8) Vi (b, —k?) = (#)_ + (b _2'%)4 (mod p).

If 2tk and 2 || y, then 2 || @ and ko = k. By Theorem 6.1(i) we have

p—1 p—1

(555)T =0 e (3) T @+ moap)

Substituting d by —d and n by 1 + (%) — n we obtain

P

(8™ = () ) e

¢ ?J

p—1

b n—1—(k) (@ 3 2 g2\225
(dfe) (5) © @+

< |8

= ()0 e (2) T @+ L (mod p).

p

<

Hence applying (6.7) and (6.8) we have

Ve =) = (= (5) = 1) (082 o1 (2) T (@2 + 1)

p
- ((E) +1)(=1)"7 (d/e)" T (82 + 482)"5" (mod p)

b
and
Vi 0,4 = (1 (5)) 05 or (2) 7 2 w7572
- ((g) - 1)(_1)’“5"(d/c)”§ KT (B + 4k (mod p).

If 2tk and 4 | y, then 2 || a and kg = k. By Theorem 6.1(i) we have

b— < et
(—=")

Substituting d by —d and n by 1 + (%) — n we obtain

()
2

(1 (@01 (2) T (@ +1)5 (amod p).

p—1

(—1)"= ( _ El)“””(g) @2+ )

C

(1) (g)(d/c)”_l (g)pf(cﬂ + )5 (mod p).
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Hence, by (6.7), (6.8) and the above we have
;1

Una -1 = s () =) 0P @er i (5) T @S

— ((S) _ 1)(_1)%(61/@)”% . ka_l(b2 + 41{72)%1 (mod p)

and
Ver (04 = ((7) + 1) () F (e (2) T @+ 8
— ((§> + 1)(—1)%(d/0)n—1k‘%1(b2 +4k2)% (mod p).

In a similar way one can prove the remaining results. So the theorem is
proved.

Theorem 6.3. Let p = 1 (mod 4) be a prime and p = ¢®> + d? with ¢,d € Z
and ¢ =1 (mod 4). Let b € Z and 2 1 b. Assume p = % + (b* + 4)y? with
1,y €7, x =2%, y=2yy and v = yo = 1 (mod 4). Then

(0 (mod p) if 4| zy,
+2(—1)1E15(b, p) (/y) T ¢ (mod p)
UpT—l(b,—]_) = if 41 xy and(%hzil,
F2(-1)E5(b, p)(w/y)"T (mod p)
\ if 41 xy and(%hzii
and
(0 (mod p) if 41y,
+2(—=1)1"515' (b, p) (/y) T ¢ (mod p)
VpT—l(b, -1) = if 4| zy and (%)4 = +1,
F2(-1)I5718 (b, p)(2/y) "5 (mod p)
L if 4 | xy and (%)4 = +i,
where .
5(5,p) — { (_1)f ifp=1 (mod 8),
(-=1)=  if p=>5 (mod 8)
and

b—1
2
b2

5/<b,p>:{(‘” ) Z:fpzl(mod 8),
(=1)"s  ifp=>5 (mod 8).

Proof. Suppose (Wﬂ = " If (%)4 = =1, then clearly
(d/c)™ = £1 (mod p). If ((2‘:;;#)4 = =i, then (d/c)™ = +d/c (mod p).
As (z/y)?> = —b® — 4 (mod p), we have (b2 4 4)P/8] = (—1)P/8l(y /y)2IP/8]
(mod p). Thus taking k£ = 1 in Theorem 6.2 we deduce the result.
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Corollary 6.4. Let p = 1,9 (mod 20) be a prime and hence p = ¢ + d? =
22 + 5y2 for some c,d,x,y € Z. Suppose c = 1 (mod 4), x = 2%z, y = 2"y,
and xo = yo =1 (mod 4). Then

0 (mod p) if 4| wy,
P p—5

Fpa =< F2(-1)E(z/y)T (mod p)  if4fzy and x = +c (mod 5),
:|:2(—1)[§](:L’/y)p775% (mod p) if41xy and x = £d (mod 5)

4

and

0 (mod p) if 41y,
Ly = $2(—1)[p§5}(:v/y)pzl;1 (mod p)  if4|zy and x = +c (mod 5),

4

5

j:2(—1)[p%}(x/y)p4;1%l (mod p) if4|xy and v = £d (mod 5).

Proof. Putting b = 1 in Theorem 6.3 and applying (6.5) we obtain the result.

Corollary 6.5. Let p = 1,9,17,25,29,49 (mod 52) be a prime and hence
p = c2+d* = 2%+ 13y* for some c,d,x,y € Z. Suppose ¢ = 1 (mod 4),
r=2%, y= 2% and xo0 = yo = 1 (mod 4). Then
(0 (mod p) if 4]y,

F2(~DE)(z/y)"T" ¢ (mod p)

Up—r (3,—-1) = if At zy and 239 = 41 43,49 (mod 13),
F2(~1)(2/y)"5 (mod p)
\ if 4y and 2E3% = £2 +5 46 (mod 13)
and

(0 (mod p) if 41 zy,
F2(- 1) N (z/y) "5 ¢ (mod p)

Vei (3,-1) = if 4| zy and 2539 = +£1, 43, 49 (mod 13),
F2(-1)!"F ) (@/y) T (mod p)
\ if 4| zy and 2539 = £2 45 46 (mod 13).

Proof. Putting b = 3 in Theorem 6.3 and applying (6.6) we obtain the result.

Theorem 6.4. Let p = 1 (mod 8) be a prime and p = ¢®> + d? with c,d € Z
and ¢ =1 (mod 4). Letb € Z, 21b, p #b*> +4 and p = 22 + (b® + 4)y? with
x,y € Z. Then p | UpTﬂ(b, —1) if and only if 21z and

{i(—l)bzl (mod p) i (CHo/zy = 4,

+(—1)"7 ¢ (mod p) if (25Ez) — 41,

c b+27
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where x is chosen so that x =1 (mod 4).

Proof. If p | UpT—l (b,—1), then Ups (b,—1) = UpT—l (b, _1)VpT—1(b7 -1) =
0 (mod p) and so 4 | zy by Theorem 6.3. As p = 1 (mod 8), we must have 4 { x
and so 4 | y. Now assume 4 | y and 2 = 1 (mod 4). From (1.5) and Theorem
6.3 we see that

b | U”T_l (b7 _1)
= Vizi (b,-1) = 2(-1)"F (mod p)

+(~1)"% (2/y)"T =1 (mod p)  if (BT = i,
— s -

F(-1)= (z/y)"T ¢ =1 (mod p) if (M)4 = +1.

c b+27

As (z/y)? = —b2 — 4 (mod p) we have (z/y)"T = (=b2—4)"5 (mod p). Thus
the result follows.

Putting b = 1 in Theorem 6.4 and then applying (6.5) we deduce the follow-
ing result.

Corollary 6.6. Let p = 1,9 (mod 40) be a prime and hence p = ¢ + d? =
22 + 5y? for some c,d,z,y € Z. Suppose ¢ =1 (mod 4). Then

b1 +1 (mod p) if x = ¢ (mod 5),
p| Fp-1 < 2{x and (=5) 5 = J ‘
8 +¢ (mod p) if x = +d (mod 5),

where x is chosen so that x =1 (mod 4).

Remark 6.1 Under the condition in Corollary 6.6, in 1974 E. Lehmer[L2]
conjectured that if p =1 (mod 16), then

4
4

plFra < 4]y and (-1) = (—1)%.

We also note that if p =1 (mod 8) and p # 1,9 (mod 40), then p{ Fp-1.
8
Putting b = 3 in Theorem 6.4 and applying (6.6) we have:

Corollary 6.7. Let p = 1,9,17,25,49,81 (mod 104) be a prime and hence
p=c?+d? =22+ 13y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4). Then
p| Up=1(3,—1) if and only if 24 x and

8
; { +1 (mod p) if 2¢83¢ = 42 45 46 (mod 13),

—13)% =
(=13) +< (mod p) if 26834 = 41 43,49 (mod 13),
where  is chosen so that x =1 (mod 4).
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Theorem 6.5. Let p = 1,9 (mod 40) be a prime and hence p = C? +2D? =
22 4 5y? for some C, D, z,y € Z. Suppose C =1 (mod 4), x = 2%z, y = 2"y,
and xg = yo =1 (mod 4).

(i) If 2| z and x = £C,£3C (mod 5), then

p|Lp—1 and Fp;lz%_ﬁ(z)g (mod p).
4 4 5/ x

(ii) If 21z and v = £C,£3C (mod 5), then
x
D | Fpoand Lpoa = j:2<g> (mod p).

Proof. Clearly 51 2C. Thus x = +C or +3C (mod 5). Suppose p = ¢ + d?
with ¢,d € Z and ¢ =1 (mod 4). As (15—)) = 1, it is known that (see for example
[S4, Theorem 2.2 and Example 2.1]) 5 | cd and

(6.9) 5;321:{1(m0dp) if 5| d,
' —1 (mod p) if5|ec.

On the other hand, by Theorem 2.3 or [BEW, Corollary 8.3.4] we have
(6.10) 5T = —(=1)* (—) (mod p).

If55 = -1 (mod p), by [HW2, Theorem 3] we have

(6.11) 525t = { £ (modp) ifd=C,3C (mod 5),
| B —3d (mod p) if d=—-C,—3C (mod 5).

If 5% =1 (mod p), by [E, Theorem 5.1 or Corollary 5.3] we have

(6.12) s2sl _ { 1 (mod p) ifc=C,3C (mod 5),
' | =1 (mod p) if c=—C,—3C (mod 5).

Suppose z = eC' or 3eC (mod 5), where ¢ € {1, —1}. We first consider (i).
As p =1 (mod 8) and 2 | z we must have 2 { y and 2 || z. Thus p | Lp_1 by

Corollary 6.4. If p =1 (mod 40), then x = £1 (mod 5). By (6.9) and (6.10)
we have 57 = —1 (mod p) and 5 | c. We may choose the sign of d so that
d=x=¢eC,3¢C (mod 5). Then 5 = ec/d (mod p) by (6.11). By Corollary
6.4 we have

p—1 p—5d p—1 p—1 dy
Fp—lE2—]_ —:2—1 4 —
i = 2-1)F (/) L = 2-1)F () T
p—1d d
—2.5% W =90 W _9. Y (mod p).
cx d cx x
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So (i) is true in the case p = 1 (mod 40). Now assume p =9 (mod 40). Then

x = £2 (mod 5). By (6.9) and (6.10) we have AT =1 (mod p), 5 | d and so
x = ¢ (mod 5). If z = £¢ (mod 5), then ¢ = £eC, £3¢C (mod 5). Thus, by

(6.12) we have 55 = 4 (mod p). Hence applying Corollary 6.4 we have

Fpo = $2(—1)1)T_1(a:/y)pZ =72.5"% tY 9. Y (mod p).
x x

This proves (i).
Now we consider (ii). Suppose 2 { . Then 4 | y as p = 1 (mod 8). Thus
p | Fp—1 by Corollary 6.4. If p = 1 (mod 40), we have x = +1 (mod 5). By

(6.9) and (6.10) we have 5h =1 (mod p), 5 | d and so z = +c¢ (mod 5). When

x = ¢ (mod 5), by (6.12) we have 5% = +e (mod p). Thus, by Corollary
6.4 we have

Ly =+2(-1)"% (:c/y) T =42.5"F =2 (mod p).

If p =9 (mod 40), then x = £+2 (mod 5). By (6.9) and (6.10) we have
55 = -1 (mod p), 5 | ¢c and so x = £d (mod 5). If x = £d (mod 5), by (6.11)
we have 5°5 = +ec/d (mod p). Thus, by Corollary 6.4 we have

- p—1d
Ly Ej:Z(—l)T Yx/y) 2 - =2 5% = —2¢ (mod p).

Hence (ii) holds and the theorem is proved.
Corollary 6.8. Let p = 1,9 (mod 40) be a prime and hence p = C? 4+ 2D? =
22 4 5y? for some C, D, z,y € Z. Suppose C =1 (mod 4), x = 2%z, y = 2"y,
and xg = yo =1 (mod 4).

(i) If 2 | x and x = £C, £3C (mod 5), then

(1 +2\/3>”41 = _<1 _2\/5)?41 ==(5) V5 (mod p).
(ii) If 24 2 and x = £C,£3C (mod 5), then

<1+2\/5>’”41 - <1 _2\@)?41 i(%) (mod p).
Proof. From (1.3) and (1.4) we know that

VByr 1= Byn
r=057) - (57
and
Ln = (1+2\/5>n+ <1 —2\/3)?1.
Thus

<1i\/3>n _ L, +\5F,
2 - 2 '
Now applying Theorem 6.5 we obtain the result.
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Corollary 6.9. Let p=1 (mod 8) be a prime and hence p = C? + 2D? with

C,D e€Z and C =1 (mod 4). Then p | Fp—1 if and only if p = x> + 5y? with
8

x,y €Z, x =1 (mod 4) and

{ C,3C (mod 5) if p=1,9 (mod 80),
T =
—C,—=3C (mod 5) if p=41,49 (mod 80).

Proof. It is well known that (see for example [SS, p. 372]) F,_1 = 1(1 —

(£)) (mod p) and F,, | Fy,y, for any positive integers m and n. Thus, if p | Fp_1,
8

then p | Fp—1 and so (£) = 1. Hence p = 1,9 (mod 40) and so p = ? + 5y
for some z,y € Z. We note that p =1 (mod 40) implies z = +1 (mod 5), and
p =9 (mod 40) implies x = +2 (mod 5). As

PlFe = <1+2\/5>1981 = (1_2\@)1981 (mod p)
= (8T = () (mod )

applying Corollary 6.8 we deduce the result.

Corollary 6.10. Let p=1,9 (mod 40) be a prime and hence p = C? +2D? =
22 4 5y? for some C, D, x,y € Z. Suppose C =1 (mod 4), x = 2%z, y = 25y,
and xg = yo = 1 (mod 4).

(i) If 2| ¢ and x = £C,£3C (mod 5), then

Vs (4,-1) = % o =F(5) Y (mod p) and p| Vaes (4,-1).
(i) If 21z and x = £C,£3C (mod 5), then

PlUss(4,-1) and Vies(4,-1) = Lagy) = 12(3) (mod p).
(iii) p | Up_s (4,—1) if and only if t =1 (mod 4) and

{ C,3C (mod 5) if p=1,9 (mod 80),
T =
—C,—=3C (mod 5) if p=41,49 (mod 80).

Proof. Observe that 2 + /5 = (%5)3 From (1.3) and (1.4) we see that

1 1 5 3(1)*1) 1 _ 5 3(11*1) 1
UL_1(4,—1): {( +\/_>4 _< \/_> 1 }:—FM
1 2\/3 2 2 2 1
and 1+ \/g 3(p—1) 1 \/g 3(p—1)
1 — g
Vegr(4,-1) = ( 2 ) * ( 2 ) = Laen.
1
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Now applying the above and Corollary 6.8 we obtain (i) and (ii). Suppose
x ==+C,£3C (mod 5). By (i),(ii) and (1.5) we have

P Vst (4,-1) = Vomr (4,-1) = i2<%> = 2(—1)%" (mod p)

<= 2{x and (—1)%1(2) ==+1.

As (—1)})%1 (2) =1if and only if p = 1,9 (mod 80), we see that (iii) holds and
so the corollary is proved.

7. Congruences for Up%l (4a,—k?) and Vp%l (4a,—k?) (mod p).

Theorem 7.1. Let B,k € Z, 2| B and (B,k) = 1. Let p =1 (mod 4) be a
prime such that p = ¢®>+d? = x>+ (B?+k?)y? withc,d,x,y € Z, c = 1 (mod 4)
and B? + k2 # p. Suppose x = 2%x¢, y = 2°yy, 10 = yo = 1 (mod 4) and

(=2) (Bg) =i

(i) If p=1 (mod 8), then

k5 (B2 + k%)% (d/c) (mod p) if4| B and 2 |y,

(B2 4+ k) (d/c) (mod p) if 4| B and 21y,
(-1) 7 k' (B2 + k)55 (d/c)m L' (mod p) if2 | B and 2|y,
(=1)= k"7 (32 + k%)% (d/c) (mod p) if2 | B and 21y.

—

|
—_
N—
= nw
oy
’G

.;;
—

(ii) If p=5 (mod 8), then

(5-3)
((—D) Tk (BQ+/<:2)7“;(d/c)m 1 (mod p) if4| B and 2 |y,
(1) HEE"T (B2 + k%) "5 2(d/c)™ ! (mod p) if4| B and 21y,
— k" (B2 +k2)7‘”(d/c) (mod p) if 2 || B and 2|y,

B—-2

L (—=1)"T kT (BQ+k2)T§(d/c)m_1 (mod p) if2 || B and 21y.

Proof. Suppose (kd_BBf)4 = 4°. Then (kd_B.C)4 = ¢~ %. By Corollary 4.1 we

k+B1i
have
<—B—kf)pf: (—1)%'1(6/60%1*8 (mod p) if 4| B,
A/ (-1)" TG (e/d) T 1 (mod p) if 2| B,
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p—1

Note that (¢/d)? = —1 (mod p) and (—1)7 =
(—B — ke/d)" T
(—1)*% (¢/d)~* (mod p)
(7.1) _ ) (=1)F S (¢/d)' ™ (mod p)

= E—1

(1) 7 5 (¢/d)'~* (mod p)
(—1)*5" (¢/d)™* (mod p)
From (6.1) we see that

(m2-r2)(2-3)

Y
Thus

p—1

(—=1)2. We then have

if8|p—1and4| B,
if 8| p—5and4| B,
if8|p—1and 2| B,
if 8| p—5and 2| B.

%(E — k+BcEl)2 (mod p).

p—1

1) (B )T = (2 okaBE) T T (cBokE) T (umod p)

dy Y d

d

As p # B% + k? we see that p{ kxy. By Theorem 5.1(ii) we have

(M>4 _ (ML

p p

if 2]y,

k
As

r — By

{ (=) 4 (=),

C N

—kj—Bi)4 if 21y.

<x+kByi>4(—kiBi>4' < k

by the above we have

<x/y — k+Bi>4 _ { e

b ')

This together with Lemma 6.1 yields

\

s—m—DB

) (),

k — Bi

2 2. 2 . 12,2
(THEV) (k) () e

if 2 |y,
if 21 y.

if8|p—1and2|y,
if 8| p—1and 21y,
if 8| p—5and 2|y,

if 8| p—>5and2{y.

Combining this with (7.1) and (7.2) we obtain the result.
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Theorem 7.2. Letb,k € Z,4 | b and (b,k) =1. Let p=1 (mod 4) be a prime

such that p = ¢ + d? = 2% + (b2 /4 + k?)y? with ¢,d,x,y € Z, ¢ = 1 (mod 4)

and b2/4 + k2 # p. Suppose x = 2%xq, y = 2Pyo, 10 = yo = 1 (mod 4) and
z—Lyi (kd—%c)/x .,

( ). ) =i

k k—24
(i) If p=1 (mod 8), then
(Gl (1) Bk (02 /4 4 £2) 55 (d/e)™ 2 (mod p)
if 8| b,
Uss (k) = | (CD T T 24+ ) (/e (mod p)
R if8|b—4 and 2|y,
GIFL (1) 5 k2 (124 + K2) 55 (d/e)™ 1Y (mod p)
L if8]b—4 and 21y
and
(((1+ (5)(-1)3VE"T (/4 + k%) "5 (d/c)™ (mod p)
zf8 | b,
Vaos (b, k) = | 1+ (D)D) T BT (62/4+ k)5 (d/c)™ ! (mod p)
: sz\b—4and2|y,
(1= (5)(=1) =7 k" (82/4 + k%)% (d/c)™ (mod p)
L if 8| b—4 and 2ty.
(ii) If p=5 (mod 8), then
() (1) SR (524 4 42) 5 (d/e)™ (mod p)
if 8|0,
U (i) = | SR 044 1) (467 (mod )
R if8|b—4 and 2 |y,
Gt (1) S R (024 1 £2) 55 (d/)™ (mod p)
\ if8|b—4 and 21y
and
Vit (b, —k?)
(1= () (=) 5+ (62 /44 k%) "5 £(d/c)™ " (mod p)
if 8|0,

((5) — DE"T (/4 + k%) "5 £(d/c)™ (mod p)
z'f8|b 4 and 2|y,
L+ (EN(=D)F BT (02/4+ k)" £(d/c)™ " (mod p)

. Zf8|b 4 and 2 1y.
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Proof. Set B = b/2. Then B is even. By (1.3) and (1.4) we have

(7.3)
: VBT 2 NGO
Upzs (b, —K?) = 2¢§7—7§{.B+- B4 1) — (B - VBT k)T )
_dy cx\ L cx\
:ZE{@%+%Q (B—;@> }mmdm
and
Vii (b, —k?) = B+\/B2+k:2 (B— VB2 + k)T
(7.4) b1

<B+dy> + (B—%) 2 (mod p).

Applying Proposition 2.4 we have

(22 20) (KBl

:E—Byz>2 (—Bc+ kd)(— Bc—kd)/x2>
4

( k — Bi
)

2.2 1272 2
(). ),
2

(
(
(T CEEE ),
(
(

- (D () T ) ),
= () () ),
-t ()
thus
(w—;%ﬂ>4<ﬁi—§tgide>4:(_l)g<g>fm1:i3+@y4_m.

_ _ k x— By (kd'—Bc)/x _em
Set ' = —d and m’ = B+ () =1 —m. Then (*=%),(F5=—F45), =™ .
We also have

(@ [0y = (=dfey* 7 = ()% (5 @ey™ (mod p)

p



Now substituting d, m by d’,m’ in Theorem 7.1 we see that if p = 1 (mod 8),
then

/

s

+
&8
>~ —
.

((5)k"T (B + k)5 (d/c)™ (mod p) if 4| Band 2|y,
_ (5)(~1) K" (B> + k)5 (d/c)™ (mod p) if 4| B and 21y,
(5)(~1) = kT (B2 + k%)% (d/c)™~* (mod p)  if 2| Band 2]y,

| —()(~1) kT (B? + k)5 (d/c)™ (mod p) if2 | Band 2ty

if p=>5 (mod 8), then

(B+ 2—?) !
(—(5)(—1)F kT (B2 + k)5 £(d/c)™ " (mod p) if 4| B and 2 | y,
B _(g)(_l)%+%/f (B? + k;Q)fC”(d/c)m ! (mod p) if4|Band 21y,
- (%)ka_l B2+ k%)% —(d/c) (mod p) if 2 || B and 2 |y,
[ (5)(—1) " k"7 (B2 + k)" £(d/c)™ ! (mod p) if 2 || B and 21 y.

This together with (7.3), (7.4) and Theorem 7.1 yields the result.

Putting b = 4a and k = 1 in Theorem 7.2 we have the following result.
Theorem 7.3. Let a € Z. Let p = 1 (mod 4) be a prime such that p =
2+ d? = 22 + (4a® + 1)y? with ¢,d,x,y € Z, ¢ =1 (mod 4) and 4a® + 1 # p.
Suppose © = 2%xq, y = 2y and xo =y = 1 (mod 4).

(i) If p=1 (mod 8), then

Ups (4a,—1)

+(—1)"T (402 + 1) i—i’ (mod p) if21ay and (%)4 = =+1,
=40 H(-1)"T (4a®+ 1) % (mod p) if2tay and (%)4 = =+,
0 (mod p) 2| ay
and
Vp-1(4a,—1)
(+2(—1)3Y(4a® 4+ 1) E (mod p)  if2|a and (%)4 =41,
+2(—1)%2Y(4a® + 1)%% (mod p) if2|a and (%)4 = =i,
=93 F2(4a? + 1)%1% (mod p) if21a, 2|y and (%)4 = =+1,
+2(4a2 +1)"% (mod p) if21a, 2|y and (%)4 = i,

( 0 (mod p) if 21 ay.
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(ii) If p =5 (mod 8), then

Upr (4a,—1)
(+(-1)%3Y(4a® +1)F 5 (mod p)  if2|a and (%)4 =41,
+(—1)2Y(4a +1)7% (mod p) if2]|a and (%hziz}
= +(4a® +1)5 E (mod p) if21a, 2|y and (%)4 = %1,
T(4a% + 1)"5° (mod p) if2ta, 2]y and (%)4 = 41,
( 0 (mod p) if 21 ay
and
VpT—1(4a, —1)
0 (mod p) if 2| ay,
— ) £2(-1)"F (4a® + 1)%5?—; (mod p) if21ay and (%)4 = =+1,
+2(—1)"% (4a? + 1)%55 (mod p) if21ay and (%)4 = +i.

Corollary 7.1. Let p be a prime such that p = 1,9, 21,25, 33,41,49, 53,65, 73,
77,81,85,101,121,137,141, 145 (mod 148) and hence p = ¢ + d* = 2% + 37y?

for some c,d,x,y € Z. Suppose ¢ = 1 (mod 4), z =

g =yo =1 (mod 4).
(i) If p=1 (mod 8), then

Ups (12,-1)
( i37%% (mod p)
=4 375 £ (mod p)
[ 0 (mod p)
and
Vit (12,-1)
((F2-37"5 ¢ (mod p)
=1 +2.37% (mod p)
( 0 (mod p)

2%x0, y = 2Pyy and

if 2ty and =8¢ = +1, 47,49, +10,
+12, 416, £26, £33, +34 (mod 37),
if 2ty and =8¢ = +2, 414, +15, £18,
+20, +24, £29, £31, 432 (mod 37),
if2]y

if 2 |y and =8¢ = +1, 47,49, £10,
+12, +16, 426, +33, £34 (mod 37),
if 2|y and =8¢ = +2,+14, +15, £18,
420, £24, 429, +31, +32 (mod 37),
if21y.
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(ii) If p =5 (mod 8), then
Up1 (12, 1)
(43754 (mod p) if 2|y and 9=5¢ = +£1, 47,49, 10,
+£12, +16, £26, £33, £34 (mod 37),
F37"5 (mod p)  if 2|y and 9=5¢ = £2 +14,+15,+18,
£90, 424, £29, £31, £32 (mod 37),
( 0 (mod p) if21y

and
Vo (12,-1)
(£2-37"5 2 (mod p) if 21y and =5 = £1,£7, 49, 410,
112, +£16, 26, £33, £34 (mod 37),
F2-37°5° 2 (mod p)  if 21y and =8¢ = £2,+14, +15, +18,
+20, £24, +29, +31, £32 (mod 37),
{ 0 (mod p) if 2] y.
Proof. Observe that for A € Z,
+1  if A= 41,47, 49, £10,
A +12, +16, +26, £33, £34 (mod 37),
(1 — 6@')4 ) i i A=42 414,415,418,
£20, £24, 29, £31, £32 (mod 37).

(7.5)

Taking a = 3 in Theorem 7.3 we obtain the result.

Theorem 7.4. Let a € Z. Let p = 1 (mod 8) be a prime such that p =
2+ d? = 22 + (4a® + 1)y? with ¢,d,x,y € Z, c =1 (mod 4) and 4a® + 1 # p.
Suppose © = 2%xy and ro =1 (mod 4).

(i) If 2 | a, then

p | UPT_l (4&, _1)

— (2a+ V4a® + 1)pT_1 =(—1)"F (mod p)

@1 (mod p)  if (WU299T), = 41,

_ +(—1
< (—1 — 4&2)% = { ( )a 1 . (d*QG,C)/:C .
+( )E(m_ )C—‘; (mod p) zf(w)4 = +3.

(ii) If 21 a, then

p | Uprl (40’7 _1)

= (2a +V4a® + 1)1%1 = (_1)%1 (mod p)
{ =1 (mod p) if (Y255 )a = +i,

= 2{x and (-1 — 4a®)"3 1—2ar

+9 (mod p) if (U22/T), — 41,
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Proof. As (2a 4+ v4a? + 1)(2a — v4a? + 1) = —1, from (1.3) we see that
D UpTﬂ(4a, —1) < (2a+ V4a®+ 1)ijl = (2a — V4a® + 1)%1 (mod p)

1

= (2a+ V42 +1)"7 = (-1)"F (mod p).
By (1.5) we have

p—1

D | U’%l (4a,—1) — Vprl (4a,—1) =2(—1)"8 (mod p).

Now putting the above together with Theorem 7.3(i) and the fact (—1)Y =
(—1)*~! we deduce the result.

Putting a = 3 in Theorem 7.4 and then applying (7.5) we deduce the follow-
ing result.

Corollary 7.2. Letp be a prime such thatp = 1,9, 25,33, 41,49, 65, 73,81, 121,
137,145,169, 201, 225, 233, 249, 289 (mod 296) and hence p = c*+d? = x2+37y?
for some c,d,z,y € Z. Suppose ¢ = 1 (mod 4), x = 2%, y = 2°%yy and
xo =yo =1 (mod 4). Then

p | UT’T_l(]-Qa _1)

1

& (6 + \/ﬁ)p%1 = (—-1)"% (mod p)

+4 (mod p) if 4=5¢ = £1, 47,49, +10, £12,
+16, £26, 433, £34 (mod 37),

+1 (mod p) if 4=5¢ = £2 414, £15, £18, 20,
+24, +29, 431, 432 (mod 37).

< 24x and (—37);7%1 =

Corollary 7.3. Letp =1 (mod 8) be a prime such that p = > +d? = 2% +17y>?
with ¢,d,z,y € Z, ¢ = 1 (mod 4) and p # 17. Suppose x = 2%xy and xo =
1 (mod 4). Then

p|Uncs (5.-1)
= (él—l—\/ﬁ)pT_1 =(-1)"5 (mod p)

(—=1)* (mod p) if =3¢ = 42,48 (mod 17),
bt —(—=1)* (mod p)  if 4=2¢ = 41,44 (mod 17),
= (-17)F = i
(=1)*S (mod p) if ¢ = £6,£7 (mod 17),
—(=1)%¢ (mod p) if ©=2¢ = £3, 45 (mod 17).

Proof. Observe that for A € Z,
1 if A=+1,44 (mod 17),
A —1 if A=+248 (mod 17),
(1—42')4: i if A= 43,45 (mod 17),
—i if A= +6,£7 (mod 17).

Taking a = 2 in Theorem 7.4 we obtain the result.
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8. Congruences for Up4;1(2a,_k2) and VpT_1(2a,—k:2) (mod p) when 2 ¢t
ak.

Theorem 8.1. Let p =1 (mod 8) be a prime, and p = ¢® + d? with ¢,d € Z
and ¢ = 1 (mod 4). Let a,k € Z, 2 1 ak, (a,k) = 1,4 | a+k and p { k.
Assume p = 2% + (a® + k2)y? with z,y € Z, x = 1 (mod 4), y = 2y, and

Yo =1 (mod 4). Suppose (x+ayi)4((k;ad_k7?c)/m)4 =14". Then

k k;a_’_k—gai

/ (—1)L-H+GT_1G1—J]CPT71(_CL2+I€2)L71

cx\ BT (C/d)(l (= 1) )/2 tm (mod p) if2]y,
(a’ - > = a—1 a+k k2
4k; 1 ( %) 2

(=1 =
\ x(c/d)(l_(_l)T)/2+m (mod p) if 4 y.

k—a k+a

Proof. Suppose (,ET,HQC) , = 1°. According to Theorem 4.2 and the fact
2

4 | d we have

(—a — ke/d)™ T

= (—1)"z et T T (o/d) (- 1) (c—d)~1-d%) /a4 (1—(~1) T ) /24

=(-1)z (5t (C/d)(c—d—l)/4+(1—(—1)T)/2+s (mod p).

and

(c/d) 5T =57 = (c/d)=F" 5T = (¢/d) ST T AR
= (—1)@HED (L) = (L) (mod p).

Thus

c—d—1

(c/d) " =(=1)

Hence

1%

22 (/)55 - (e)d) 1 = (¢/d) 5 (mod p).

Al

_p—1 w1l a 1 a+k
(8.1) <—a—k—> o (L) T (o) T /24 (104 p).

As (¢/d)? = —1 (mod p) and (z/y)? = —a® — k? (mod p), it is easily seen that

(_ a— kg) a— ca;/(dy) E4(130/?; — k;—k ac/d>2 (mod p).



Thus

p—1 p—1
C

(8.2) (a—%) 415(—@—1{:3)_ ! -2_T<§—k+a§> ’ (mod p).

By Theorem 5.1(iii) and the fact (ﬁh = (ﬁ);l we have
2 2 2 2

(M)4 (w>4

b p
ktl z—1 ; )
(—1)=z i1 (m+}:yz)4(a;k$a¥k2)4 if 2 || v,
= y ,z—1 ; T
(—1)3@ 1 (w+}gyz)4(aik+a+kl)4 ifd|y
[T 2|y,
(=1)Ti Tt ifd|y

Applying Lemma 6.1 we see that
(z/y — k + ac/d) "=

E{< 1) (2k)"5 (—a? = k)% (c/d) T (mod ) if2 |y,
(~ D) (28) 5 (0 — K2) "5 (e/d) T (mod p) i 4]y,

As
(e/d)F 5T = (efd) T 2 ()T TS
= (-1)"T (¢/d)T (mod p)
and
z—1 22-1 p—1—(a2+k?)y? p—1_y2 p=1_y
(DT = (DT = ()T = () Y = ()

<
&S

we see that
a1, g (—c/d)"s" 1 (mod p) if 2|y,
c/d)* =(=1)"7 (¢/d) 3 = )
(¢/d) (=1) (¢/d) { (—c/d)pg (mod p) if4]y.

Since Gauss it is known that (see [L1] and [HW3, (1.4) and (1.5)])
1

p—1

2" = (—1)"F (¢/d)™% (mod p).
Thus

p— p-1 ra? + k2N 5
(~a? = k)5 = () (S 5)

Hence, by the above we obtain
2_pT71(x/y —k+ ac/d)p%1
)R (e )”sl<c/d>-%+%fl—l+m—s (mod p) if2 |y,
) { (CDFR"T (- 5) 55 (/) A (mod p) i 4y
)

This together with (8.1) and (8.2) yields the result.
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Theorem 8.2. Let p =1 (mod 8) be a prime, and p = ¢® + d? with ¢,d € Z
and ¢ = 1 (mod 4). Let a,k € Z, 2 1 ak, (a,k) =1, 4| a+k and p 1 k.
Assume p = 22 + (a® + k?)y? with x,y € Z, v = 1 (mod 4), y = 2%yg and

Yo =1 (mod 4). Suppose (m+,fyi)4((k5ad_ k;rac)/x)4 =1". Then

k—a k+a :
=z =2t

( 1—|—(%) atl  a—1 atk , p—1 a24k2y\ =1
2(—1)2+2 4]@4(—'5k)8
at+k
Unos (20, ) = < *(c/d)m =D EORY (mod p)  if 2 |y,
P ’ o (£)-1 a=l atk yy, p=l, 2132 p—1
5 (—1) Pl T Tik Tz (—T) 3
atk
L (e F2L (mod ) ifa |y

and

(= (ENE)F T ()

atk
x(c/d)mHU=(=D"E0/2 (mod p)  if2 | v,

a—1 a+k

Vp—1 (2@, —kz) = p— p—
: (14 () (-1 i (- k)™

at+k
[ (/)™ O=CDT2 (mod p)  ifd |y

Proof. As
<x+ayi> ((kE“(—d)—’“—?C)/-?ﬁ) ‘(3c+ayi> <('€§—ad—k—"5“6)/x>
k 4 kg“ + kJQF“z‘ 4 k 4 % + %z 4
_ <x+ayi>2<(%)202—(%)2d2) < x? >—1
k 4 k5a+k—£—ai 4 k;a—F%i 4
- () () (),
k kga_‘_k—gal 4 kga_l_k—ga,i 4
_ (p—kzzyZ)(_l)k;a(kE“ %—“i>2<x2+(k2+a2)y2> ( 22 >—1
2 = PR =gy == PN =Ty =y

(:E +kayi>4<(k5a£;5)+_$6)/x>4 = (-1) En (g)zm =i,



where m/ = 54 1 — (—) — m. Setting d’ = —d we then have
(e/d)0- 050z

= (_C/d)(l—(—l)aTJrk)/2+“—$’“+1-(§)_m

_(_ (lzlj _(_ aj;ik atk k —m
:(_1)(1 (=1 )/Q(C/d)(l (=1 )/2.(_1) 1 <—)(—c/d)

k etk m
= () (/)= (mod ).

Thus, by Theorem 8.1 we obtain

atl 24 k2 p=1
[ —(5)(-1™= T (g
. D=0 T2 14m (od ») i 2 ,
63 (00 5) T =) oy (e ﬂémflm i
Yy (5)(—1) 2 +4 ( QTT_)Agf
atk
\ X(C/d)(l_(_l) 1 )/2+m (mOd p) 1f4 | y.

From (1.3) and (1.4) we know that

1 p—1 p—1
Un_s Y= 2 2 — (g — 2 2
= (2a, —k*) N7 kz{(a—l— a? 4 k2) 7 (a—Va?+k?)= }

el (o) (o)} oot

Ve (20, k) = (a+ Va2 + )T 4 (a = Va2 £ )7

= <a+2—2)pf+(a—%>pf (mod p).

This together with Theorem 8.1 and (8.3) gives the result.

a1l l—a 71+ac T
Putting k = (—1 )% in Theorem 8.2 and noting that (%)4 =
(—1)*F (w

L ) for a = 3 (mod 4) we deduce the following result.

and

Theorem 8.3. Let p =1 (mod 8) be a prime, and p = ¢® + d? with ¢,d € Z
and ¢ = 1 (mod 4). Let a € Z with 2 1 a. Assume p = 2 + (a? + 1)y? with
v,y €Z, x =1 (mod 4), y = 28y and yo = 1 (mod 4).
(i) If a =1 (mod 4), then
( a1
F(= )5 (¢/d) =D T2L (mod p)
: (FFre—Frd)/zy
if 2|y and (o) = £,

U} 1( a, —1)

FEF T (/) OO (mod p)
if2 || y and (wh = 44,

lta  1-a,
2 2
0 (mod p)  if4l]y
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and
(0 (mod p) if2 |y
+2(—1)F (- 5255 (¢/d) - Do (mod p)

. (5% c—1E2d)/ay
Vooi(2a,—1) = if4 |y and (W) = 41,

£2(—1)¥ (= 25) 5 (efd) +O-CDTT /2 (mod p)
if 4|y and (wh:ii.

1+a
=t

\

(ii) If a = 3 (mod 4), then

,
()5 (o/d) =D T2E (mod p)
ct ezt T

2 |y and (SESEEDS), = £1,

Up_1(2a,—1) = i(_a22+1)pT?1(C/d)1+(1—(—1)aT)/2% (mod p)

atlepolgy/x .
if2 |y and (SEE2LE), =+,
] 7
{ 0 (mod p) ifdly

and
(0 (mod p) if2]y
2,4 p— atl
+£2(—1)% (=255 (¢/d) 1D /2 (mod p)

; (et irld)/a
VL—l(QCL, —1) = if 4 | y and (%151—3+1/) = +1,
4

£2(—1) ¥ (55 5 (¢/d) 0D /2 (mod p)
if 4|y and (%)4::&'.
2

\ 2

Corollary 8.1. Let p = 1,9 (mod 40) be a prime and hence p = ¢ + d? =
22 4+ 10y? with c¢,d,z,y € Z. Suppose ¢ = x = 1 (mod 4), y = 2%y and
Yo =1 (mod 4). Then

+(=5)"% < (mod p) if2 ||y and z = £d (mod 5),

dx
U,,T_l (6,—1) = i(_5)%% (mod p) if2 | y and z = ¢ (mod 5),
0 (mod p) ifd |y
and
0 (mod p) if 2y,

p—1

Vp-1(6,—1) = 12(—1)%(—5)T§ (mod p) if4|y and x = +d (mod 5),

j:2(—1)%(—5)1%1 (mod p)  if4|y and x = £c (mod 5).
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Proof. As p =1,9 (mod 40), we see that 5 | cd. Clearly 5 | ¢ if and only if
x = +d (mod 5), and 5 | d if and only if x = +¢ (mod 5). Thus

((2c+d)/x> :{ (%), ==+1 ifz=+d (mod 5),
4

8.4 -
(84) 1—2i (%)4::Fz if z = ¢ (mod 5).

Now putting a = 3 in Theorem 8.3(ii) and applying the above we deduce the
result.

Theorem 8.4. Let p = 1 (mod 8) be a prime, and p = ¢® + d* with ¢,d € Z
and ¢ =1 (mod 4). Let a € Z with 2 { a. Assume p = x> + (a? + 1)y? with
z,y €Z and x =1 (mod 4).
(i) If a =1 (mod 4), then
p | U%_l (2&, _1)

= (a+Va2+1)"7 = (1) (mod p)

([ £(—1)%(d/e) 1D T)/2 (mod p)
1 14+a d)/$ .
a2+1)”8 Zf(wa—;z)ril;
+(—1)% (d/e) DT (mod p)

(5% c— 1+ad)/:v o
if (—21+a+ = )4 = +i.

(ii) If a =3 (mod 4), then
p | UPT_l (20,, _1)

p—1

— (a+ (12—i—1)p%1 =(—1)"® (mod p)

at1
£(=1)%(d/e) =D T /2 (mod p)

a+1 a ld
a2+1>”81 Zf((—¢161Jr 5+1)/m)4::|:1,

(

< 4|y and
( (1) ¥ (d/0) =D/ (mod p)

a+1 a ld .
Zf (%)4 = +u.

Proof. From (1.3) we see that

Pl Ups (20,-1) <= (a+Va>+1)'5 = (a—Va>+1)"5 (mod p)
= (a+Va2+1)F =(-1)"% (mod p).
By (1.5) we have
p|Uss (20, 1) = Vi (20,—1) = 2(~1)"% (mod p).

Now applying Theorem 8.3 and the above we deduce the result.
Putting a = 3 in Theorem 8.4 and then applying (8.4) we have:
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Corollary 8.2. Let p = 1,9 (mod 40) be a prime and hence p = ¢ + d? =

22 +10y? for c,d,x,y € Z. Suppose c=x =1 (mod 4). Then p | Up-1(6,—1)
8

if and only if 4 |y and

p1 :l:(—l)%‘—cl (mod p) if x = £d (mod 5),
1 (mod p)  if x = +¢ (mod 5).

Theorem 8.5. Let p = 1,9 (mod 40) be a prime and hence p = C? +2D? =
22 + 10y? with C,D,x,y € Z. Suppose C = x = 1 (mod 4), y = 2%y, and
yo =1 (mod 4). Then

Up=1(6,—1)
[ FDTF(2)E (mod p) if 2 || y and = +C,£3C (mod 5),
~ | 0 (mod p) ifdly
and
Vi1 (6,—1)
_ J 0 (mod p) if 2 ||y,
T £2(=D) T (%) (mod p) if4|y and x = +C,+3C (mod 5).

Proof. Suppose p = ¢ + d? with ¢,d € Z and ¢ = 1 (mod 4). Clearly 2 | ¥,
5| edand 5 Cz. Thus z = +C or £3C (mod 5). Assume z = eC, 3eC (mod 5),

1 p—1—10y2

(E27 —
where € € {1,—-1}. As (-1)" 5 = (-1)" s = (—l)pTlJF%, putting m =
2,10 in Theorem 2.3 we have

c2-1

2% = (—1)“F = (=1)°T" (mod p) and 10°T = (~1)*5 +% (g) (mod p).
Thus

(8.5) 557 = (—1)%+%+% (g) (mod p).

Now we prove the theorem by considering the following two cases.

Case 1. o = +c (mod 5). In this case, 5 | d. As ¢ = o = +eC,+3eC
(mod 5), by (6.9) and (6.12) we have hr =1 (mod p) and 5% = te (mod p).
—1 c—1 p—1

Hence from (8.5) we deduce (—1)*5 = (=1)"© T2 (%) and so £(-5)"s =
(—1)%15 = (—1)%*'% (%)5 (mod p). Now applying Corollary 8.1 we see that

c—1

=(-5)"F L= (-1

T

TH(§)el (mod p) if2 |y,

0 (mod p) ifd|y
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and

0 (mod p) it | y,
VL—l(67 _1) = Y p—1 y,  C—1 .
: +2(—1)5(=5)"s =2(-1)1" 7 (£)e (mod p) if4|y.
Case 2. z = +d (mod 5). In this case, 5 | ¢. As d = 2 = +eC,+3eC
(mod 5), by (6.9) and (6.11) we have ' = -1 (mod p) and 5 = +e$
(mod p). Hence from (8.5) we deduce (—1)% = —(—1)0214'%(%) and so
+(=5) = (—1)021’%(%)5% (mod p). Now applying Corollary 8.1 we see
that
U (6—1) = | FEDTE=EDTH() (modp) 211y,
p—1 y T p—
I 0 (mod p) ifd|y
and
0 (mod p) if 2 [ y,
VLA(G,—l) = y p—1 ¥y, C—1 .
4 +2(—1)3(=5)"F $=2(-1)3t"7 (£)e (mod p) if4]y.

So the theorem is proved.

Corollary 8.3. Let p = 1,9 (mod 40) be a prime and hence p = C? 4+ 2D? =
22 + 10y? with C,D,x,y € Z. Suppose C = x = 1 (mod 4), y = 2%y, and
yo =1 (mod 4). Then

(34 v10)" T

= (-1)¥(3 - v10)" T

| £=(=1) Ty (%) (mod p) if 4|y and x = +C, £3C (mod 5),
a F(-1)T (£)£/10 (mod p) if2 || y and x = £C,£3C (mod 5).
Proof. From (1.3) and (1.4) we know that

1

Un(6,—1) = ——< (3+V10)" — (3 —V10)" ¢,

(6,-1) = 5= 1 )= '}
Vo (6,—1) = (34+V10)" 4 (3 — V10)".

Thus (3 + v/10)" T = +/10U ;-1 (6,—1) + V-1 (6, —1). Now applying Theo-

rem 8.5 we obtain the result.

Corollary 8.4. Let p=1,9 (mod 40) be a prime and hence p = C? + 2D? =
22 + 10y? with C, D, x,y € Z. Suppose C =z =1 (mod 4). Then

p—1

plUps(6,-1) <= (3+V10)T =(-1)"F (mod p)

<~ 4|y and (—1)%4'% <§>x = (C,3C (mod 5).

p—1_c?-1

Proof. Note that (—1)%14'% =(-1)"s s = (—1)%. Applying Theo-
rem 8.4 and Corollary 8.3 we obtain the result.
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9. Open conjectures.

In the section we pose a lot of conjectures relating to the results in Sections
4-8.

In 1980 and 1984 Hudson and Williams proved the following result.

Theorem 9.1. Letp =1 (mod 24) be a prime and hence p = c¢*+d? = 2%+ 3y>
for some ¢,d,x,y € Z. Suppose c =1 (mod 4).

(i) (HW1]) If ¢ = £(-1)¥ (mod 3), then 3%5 = £1 (mod p).
(i) ([H]) If d = +(~1)% (mod 3), then 35" = +¢ (mod p).

Hudson and Williams proved Theorem 9.1(i) by using the cyclotomic num-
bers of order 12, and Hudson proved Theorem 9.1(ii) using the Jacobi sums of
order 24.

Now we pose some conjectures similar to Theorem 9.1.

Conjecture 9.1. Let p = 13 (mod 24) be a prime and hence p = ¢* + d? =
22 + 3y? for some c,d,x,y € Z. Suppose c = 1 (mod 4), x = 2%x¢, y = 25y,
and ro = yo =1 (mod 4). Then

b5 +% (mod p) if x = £c (mod 3),
B :F‘j—z (mod p) if z = £d (mod 3).

Conjecture 9.1 has been checked for all primes p < 3000.

Conjecture 9.2. Letp =1,9,25 (mod 28) be a prime and hence p = c>+d? =
22 + Ty? for some c,d,x,y € Z. Suppose c = 1 (mod 4), x = 2%z, y = 2"y,
and xg = yo =1 (mod 4).

(i) If p=1 (mod 8), then

—(=1)% (mod p) i T]|ec,
78 ={ (~1)7 (mod p) if 7 d,
F(—1)%¢ (mod p) if c=+d (mod 7).

(ii) If p=5 (mod 8), then

—4 (mOd p) Zf? | ¢

xr
—5
P Y

75 =<{ £ (mod p) if 7 d,

T

$‘Cl—z (mod p) if c=+d (mod 7).

Conjecture 9.2 has been checked for all primes p < 5000.

Conjecture 9.3. Let p = 1 (mod 4) be a prime such that p = c® + d*> =
2% + 11y? with c¢,d,z,y € Z and 11 | c¢d. Suppose ¢ = 1 (mod 4), x = 2%z,
y = 2Py and xo = yo = 1 (mod 4).
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(i) If p=1 (mod 8), then

115 = { +(—1)% (mod p)  ifx = +c (mod 11),
L £(-1)%¢ (mod p) if 2z = =+d (mod 11).

C

(ii) If p =5 (mod 8), then

e +2 (mod p) if x = £c (mod 11),
B :I:% (mod p) if x = +d (mod 11).

Conjecture 9.3 has been checked for all primes p < 15000.

For a given nonzero integer m = 2"mg (2 1 mg) we recall that mg is called

the odd part of m.

Conjecture 9.4. Let p=1 (mod 4) be a prime, b€ Z,2tb andp = 2 +d* =
22 + (b2 +4)y? # b2 + 4 for some c,d,x,y € Z. Suppose c =1 (mod 4) and all

the odd parts of d,x,y are numbers of the form 4k + 1.
(i) If 41 zy, then

(— )%Qm (mod p)  if2 | z and b=1,3 (mod 8),
Uprl(b, -1)=4q —(— 1)%2?3’ (mod p) if2 || x and b=5,7 (mod 8),
%2 (mod p) if2 | y.

(ii) If 4 | zy, then

2(-1)F* (mod p) 4]y,
Vp%l(b,_l) = —2(—1)%
2(-1)3¢

4 (mod p) if4 |z and b=1,3 (mod 8).
(mod p)  if4|x and b=5,7 (mod 8).

Conjecture 9.4 has been checked for b < 60 and p < 20000. When p =
1 (mod 8), b = 1,3 and 4 | y, the conjecture Vprl (b,—1) = 2(—1)d41

is equivalent to a conjecture of E. Lehmer. See [L2, Conjecture 4].

By (1.3) and (1.4), Conjecture 9.4 is equivalent to the following conjecture.

Conjecture 9.5. Let p =1 (mod 4) be a prime, b€ Z, 21b, p # b*> + 4 and
p=c®+d* =22+ (b% +4)y? for some c,d,x,y € Z. Suppose ¢ = 1 (mod 4)
and all the odd parts of d,x,y are numbers of the form 4k + 1.

(i) If 41 zy, then

<b+%>pzl :_< _% pll
2 N 2

—(=1)%< (mod p) if2| = and b=1,3 (mod 8),

(
1 (mod p) if 2 y.

mod p)  if 2| x and b=5,7 (mod 8),



(ii) If 4 | zy, then

(L)< ()
2 —\ 2
(mod p)  if4]y,

14 (mod p) ifd|z andb=1,3 (mod 8),
(mod p)  if4d|x and b=5,7 (mod 8).

For t € Z let 6(t) = 1 or —1 according as 8 | ¢ or not. From Conjecture 9.4
and Theorem 6.3 (or Theorem 6.2 with k£ = 1) we deduce:

Conjecture 9.6. Let p =1 (mod 4) be a prime, b € Z, 21 b, p # b*> + 4 and
=c? +d?* = 22+ (b% + 4)y? for some c,d,x,y € Z. Suppose ¢ = 1 (mod 4)
and all the odd parts of d,x,y are numbers of the form 4k + 1.
(i) If p=1 (mod 8), then

b—1,4d . c+bd)/x
b1 +(—1)"z T35(y)4 (mod p) if (2c+bd) = +1,
(b2 4)T { ( )bl ( )c ( ) ( b+2i )4

+(~1)"2 *95(y) (mod p) if (5L, = +i.

(ii) If p=5 (mod 8), then

G { H(-1)F8@)4 (mod p) if (B35, = £1,
== b—1 X c T .
+(—1)"7"5(2) % (mod p) if (2HD/y — 4.

We note that ((261)1#)4 depends only on (2¢ + bd)/x (mod b* + 4).

Taking b = 1 in Conjecture 9.6 we deduce:

Conjecture 9.7. Let p = 1,9 (mod 20) be a prime and hence p = c® + d* =

22 + 5y? for some c,d,x,y € Z. Suppose ¢ = 1 (mod 4) and all the odd parts
of d,z,y are congruent to 1 modulo 4.

(i) If p=1 (mod 8), then

d

Jesl _ { +(-1)46(y) (mod p)  if z = +c (mod 5),
%5(34); (mod p) if x = +d (mod 5).

(ii) If p=5 (mod 8), then

- { :té(x)% (mod p) if z = +c¢ (mod 5),
- y

Fo(x)Z (mod p) if v = £d (mod 5).

Conjecture 9.7 has been checked for all primes p < 2500.

Let p =1 (mod 40) be a prime and let g be a primitive root (mod p). For
h,k € {0,1,...,19} let (h, k)20 be the number of integers n (1 < n < p—1)
such that n = ¢” (mod 20) and n+ 1 = g* (mod 20). Suppose 5 = g™ (mod p)
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for some integer m. Then 55 = g"s ™ (mod p) and so 5h =1 (mod p) if
and only if 8 | m. By [HW1, Theorem 1] we have

221,

=1 3

m

2 4 3
ZZ(Z +4r,j + 55)20 + m (mod 8).

1 r=0s=0 40

Thus, it is possible to prove Conjecture 9.7(i) in the case of p = 1 (mod 40) by
using the cyclotomic numbers (h, k)29 given by Muskat and Whiteman [MW].

Now we pose another conjecture for 55 (mod p).

Conjecture 9.8. Let p = 1,9 (mod 40) be a prime and hence p = c® + d* =
2% + 10y? for some c,d,x,y € Z. Suppose c =x =1 (mod 4). Then

5]%1 = { (1)
+(-1)

x—1

T4 (mod p) if 2 = +d (mod 5),
i+ (mod p)  if # = +c (mod 5).

Al

Taking b = 3 in Conjecture 9.6 we deduce:

Conjecture 9.9. Let p = 1,9,17,25,29,49 (mod 52) be a prime and hence
p=c?+d? = 2%+ 13y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4) and all
the odd parts of d,xz,y are congruent to 1 modulo 4.
(i) If p=1 (mod 8), then
p1 ZF(—l)%é(y)% (mod p) if 2834 = +1, 43,49 (mod 13),
8
15(y) (mod p)  if 2e43d = 49 45 46 (mod 13).

(ii) If p=5 (mod 8), then

1375° +5(z)% (mod p) if 2834 = +1, 43,49 (mod 13),
8 =
+6(2) % (mod p) if 2¢E3¢ = £2,45 46 (mod 13).

Ccx

From Conjecture 9.4 and (1.5) we deduce:

Conjecture 9.10. Let p = 1 (mod 8) be a prime, b € Z, 2 + b and p =
2+ d? =22+ (b® +4)y? # b% + 4 for some c,d,z,y € Z. Suppose 2 | d. Then

d+ty p—1

D | Uprl(b, —1) if and only if 4 |y and (—1) = = (=1)"s .

Conjecture 9.11. Let p = 1 (mod 4) be a prime, b € Z, b = 4 (mod 8),
p#b/4+1and p = 2+ d*> = 22 + (1 + b2/4)y? for some c,d,x,y € 7Z.
Suppose ¢ =1 (mod 4) and all the odd parts of d,x,y are numbers of the form
4k + 1. Then

b+4 | d

(=1)7s T5iZ (mod p) if2 | =,
UpT—l (b,—1) = % (mod p) if2 ||y,
0 (mod p) if 4|y



and

c-

2(~1)%+% (mod p) if 4]y,
Ve (0, =1) =4 2(-1)"5 %4 (mod p) if4 ]|z,
0 (mod p) if 41 xy.
Conjecture 9.11 has been checked for b < 100 and p < 20000. When p =
1 (mod 8), b = 12 and 4 | y, the conjecture Vp%l(lz, —1) = 2(—1)(1%@/ (mod p)
is equivalent to a conjecture of E. Lehmer. See [L2, Conjecture 4].

From Conjecture 9.11 and Theorem 7.3 we deduce:

Conjecture 9.12. Letp =1 (mod 4) be a prime, a € Z, 2{ a, p # 4a®>+1 and
p=c?+d?* =22+ (4a® + 1)y? for some c,d,x,y € Z. Suppose c =1 (mod 4)
and all the odd parts of d,x,y are numbers of the form 4k + 1.

(i) If p=1 (mod 8), then

+(~1)35(y)2 (mod p) if ({4299/x) = +1,

(4a2 + 1) = {
+(—1)%5(y) (mod p)  if (V2RAE) = 4.

(ii)) If p=5 (mod 8), then

Foé(z)% (mod p) if ((d1262”;)2/x)4 = +1,
+6(2) % (mod p) if ((d12(;(cl)z/$) = +i.

cx

(4a2 + 1)pT_5 = {

From Corollary 7.1 and Conjecture 9.11 (with b = 12) we deduce:

Conjecture 9.13. Let p be a prime such that p = 1,9,21,25,33,41,49, 53,65,
73,77,81,85,101,121,137,141, 145 (mod 148) and hence p = c*>+d? = x%+37y>
for some ¢,d,x,y € Z. Suppose ¢ =1 (mod 4) and all the odd parts of d,z,y

are numbers of the form 4k + 1.
(i) If p=1 (mod 8), then

+(—1)55(y)¢ (mod p) if =8¢ = £1,+7,+9, +10,
- +12, 416, £26, £33, £34 (mod 37),
+(-1)%8(y) (mod p)  if ©=5¢ = 42, +14, +15, +18,
+20, 4£24, £29, £31, £32 (mod 37).

(ii) If p=5 (mod 8), then

Fo(z)¥ (mod p)  if =8¢ = £1, 47,49, £10,
S 412,416, £26, £33, £34 (mod 37),
C—
+£5(2) 2 (mod p) if 428 = £2,+£14, +15, £18,

+20, 424, £29, +31, £32 (mod 37).
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Conjecture 9.14. Letp =1 (mod 4) be a prime, b € Z, 8 | b, p # b*/4+1 and
p=c?+d®> =22+ (1+b2/4)y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4)
and all the odd parts of d,x,y are numbers of the form 4k + 1. Then

0 (mod p) if 4| zy,
Upi—l(b,—]_) = { (2_1) dy .
1 —(=1)'s vey (mod p) if 41y
and 0 e
Vv (b _1> — { 2(_1)Z+T+§y (mOd p) Zf4 | zy,
e ~ | 0 (mod p) if 41 xy.

Conjecture 9.14 has been checked for b < 100 and p < 20000.
From Conjecture 9.14 and Theorem 7.3 we deduce:

Conjecture 9.15. Let p =1 (mod 4) be a prime, a € Z and 2 | a. Suppose
402 +1 # p and p = 2 + d*> = 2% + (4a® + 1)y? with ¢, d,x,y € Z and
¢ =1 (mod 4). Suppose that all the odd parts of d,x,y are numbers of the form
4k + 1.

(i) If p=1 (mod 8), then

E[sH

+% (mod p)  if (—(d72ac)/x)4 = =41,

p_1 (-1 —2ai
(4(12 +1)F = { ( )d+zy . ‘ (di2a20)/x .
+(-1)4T% § (mod p) if (Wh = 1.

(ii) If p=5 (mod 8), then

s e [ EHEDTE (mod p) i (UE52), = £1,
(4a + 1) = .p ((d—2ac)/x .
Zl:(—]_)w% (mod p) Zf (W)AL = +z1.
Taking a = —2 in Conjecture 9.15 we have:

Conjecture 9.16. Let p =1 (mod 4) be a prime and p = ¢® + d? = x? + 17>
for some ¢,d,x,y € Z. Suppose ¢ =1 (mod 4) and all the odd parts of d,z,y

are numbers of the form 4k + 1.
(i) If p=1 (mod 8), then

—(—1)%4'%% (mod p) if 4c+d = +6x,+7x (mod 17),
L7 (—1)%+%% (mod p)  ifdc+d = +3x,£5x (mod 17),
s =
(—1)%+% (mod p) if 4c+d = tx, +42 (mod 17),

—(=1)5+% (mod p)  ifdc+d = £2z, +8z (mod 17).
(ii) If p=5 (mod 8), then
(=1)*Z (mod p) if 4c +d = £6x, £7x (mod 17),
—(=1)*% (mod p)  if 4c+ d = £3x,+5z (mod 17),
(-1)*% (mod p)  if dc+ d = £, 4z (mod 17),

Ccx

—(=1)*% (mod p) if 4dc+d = +2z, +8z (mod 17).

cx

D

1755

Conjecture 9.16 has been checked for all primes p < 5000.
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Conjecture 9.17. Let p = 1 (mod 4) be a prime, b € Z, b = 2 (mod 4),
p#b/Ad+1andp = 2+ d*> = 22 + (1 + b*/4)y? for some c,d,x,y € 7.
Suppose ¢ =1 (mod 4), z = 2%z, y = 2Py and x9 = yo = 1 (mod 4). Then

Upa(b—1)= | (DT 742 (modp) 2]y,
. B 0 (mod p) if 4|y

and
0 (mod p) if 2 | v,

(
fo b,—l = y
=0l { 2(~1)57% (mod p) if4]y.
Conjecture 9.17 has been checked for b < 100 and p < 20000.
From Conjecture 9.17 and Theorem 8.3(i) we deduce:

Conjecture 9.18. Let a € Z be odd, and let p =1 (mod 8) be a prime such
that p = c*+d? = 2?>+ (a® +1)y? with c,d,z,y € Z anda=c= 2z =1 (mod 4).
Then

+27! (d/c)u—(—l)”%l)/z (mod p)
o i (G2, =+,

ol (d/c)1+<1—<—1>“%1>/2 (mod p)
i (G2, =+

We note that (—l)mT_1 = (—1)th1+%.
Taking a = —3 in Conjecture 9.18 we deduce Conjecture 9.8.
From Conjectures 9.11, 9.14, 9.17 and (1.5) we have:

Conjecture 9.19. Let p = 1 (mod 8) be a prime. Let b € Z with 2 | b and
1+ b%/4 # p. Suppose p = ¢ +d? = 2% + (1 + b2 /4)y? with ¢,d,x,y € Z and
2| d. Then

4|y and (-1)5E = (=1)"5 if 810,

i (—)IFHHEYy = (—1)% if 8.

Conjecture 9.20 ([S5, Conjecture 5.2]). Let p = 3,7 (mod 20) be a prime,
and hence 2p = 22 + 5y? for some integers x and y. Then

. 2(—1)[1'1;05] 105 (mod p) ify= j:% (mod 8),
ptl = _5 p— _
—2(—1)[%0) 10" (mod p) if y # +E52 (mod 8).

4

It is well known that L, = F,41 + F,—1 and F,L, = F5,. From I[SS,
Corollary 2(iii)] we have

Fpi1Lpis = Fprn = 2(-1)"01. 5" (mod p).



Thus the above conjecture is equivalent to

0.1) - (—2)"F (mod p)  ify = +25L (mod 8),
’ Bl = pt+1 _
i —(~2)" (mod p) if y # +251 (mod 8).

We have checked (9.1) for all primes p < 3000.

As »
2<1+ 5)4 :LL1+FL1\/5’
2 1 1
by the conjecture we have
(1+V5)" % =25 (Loss + Fosa VB)
2 p— pt1 p— p—
= (= )27 (-2 +2(-1)") - 10" V5)
2 Y
2 p+1 p—1 p— p—1 pP—
= <p—1 > <(_1)TQT + (_1)[1705]27 5T \/3>
2 Y
2 p— 2 p
= (o) (14 (- (1—7)54\/5) (mod p).

From this we deduce the following conjecture equivalent to Conjecture 9.20.

Conjecture 9.21. Let p = 3,7 (mod 20) be a prime and so 2p = x% + 5y for
some integers x and y. Then

1+5" 5 (mod p)
—1-5"5 (mod p)
1-5V5 (mod p)
—145%V5 (mod p)

()" 1+ VB =

if p= 3,47 (mod 80),
if p=7,43 (mod 80),
if p = 63,67 (mod 80),
if p = 23,27 (mod 80).

Added Remark. In 2007 Constantin-Nicolae Beli informed the author he
could prove (1.8) independently by using class field theory and showed me how
to prove Conjecture 9.20 using class field theory. Thus Conjecture 9.21 is also
true. In the November of 2007 the author formulated the following general
conjecture including many of the above conjectures.

Conjecture 9.22. Let p be a prime of the form 4k + 1, a,b € Z, 2 | a,
(a,b) =1, p#a®+b% and p = ¢* + d? = 22 + (a® + b?)y?, where ¢, d,x,y € Z,
¢ =1 (mod 4) and all the odd parts of d,x,y are of the form 4k + 1. Suppose

((acﬁi‘)/mh =1

(i) If p=1 (mod 8), then

o

—1

“43(y)(c/d)"~" (mod p) if2 || a.

+% (¢/d)” (mod p) if 4] a.
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(ii) If p =5 (mod 8), then

ps (—1)"% 8(2)¥(c/d)" (mod p) if2 ] a,

(a®> +0%) 8 = y .
X T— N
(—1)*Z(c/d) (mod p) if 4] a.
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