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Notations.
Let Z be the set of integers, and N the set of positive integers. For r € Z and

m,n € N let
n Z" n

k=0
k=r (mod m)

It is well known that
o) =2"  Togy = Tiigy =2"" (1.1)
For a,b € Z the Lucas sequences {u,(a,b)} and {v,(a,b)} are defined by

uo(a,b) =0, ui(a,b) =1 and up41(a,b) = bu,(a,b) — au,—1(a,b) (n > 1)
and

vo(a,b) =2, vi(a,b) = b and v,41(a,b) = bv,(a,b) — av,—1(a,b) (n > 1).
So F,, = u,(—1,1) is the Fibonacci sequence, and L,, = v,(—1,1) is just the Lucas
sequence.

In the paper [-] denotes the greatest integer function, (m,n) denotes the greatest

common divisor of m and n, () denotes the Legendre symbol, and g,(a) = (aP~! —
1)/p means the Fermat quotient.
For m,n € N and k € Z define

Ao (o) — mTg oy — 2" 1 21m,
T T ey — 2" 12 m
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1.1 Tr(g) and Tr(4)

Lemma 1.1. Let p be an odd prime.
(1) If0 <k <p-—1, then

-1
(pk: ) 1—pz modp

(2) If € is the number of elements in {0,p} which are congruent to r modulo m,

then
-1 _ P _
X (—DFt  Tomy —€

p

(mod p).

Corollary 1.1. Let p be an odd prime, and m € N with m # 1, p.
(1) If 24 m, then

[E] k—1 P
ml(—1 mLy,,y —m
Z ( ]i = 0(m) (mod p).
k=1 p
(2) If 2 | m, then
m — mT?

T 1 o(m)
> = T o ),

Corollary 1.2. (FEisenstein) Let p be an odd prime. Then

1) Y =22 (mod ).
(10—1)/2 (p—_1)/2 »
(2) T=-2 o = — 2 ;2 (mod p).
k=1 k=1
Theorem 1.1. Forn € N we have
n 2" +2(-1)" " 2" — (="

2(3) = 3

Corollary 1.3. Let p > 3 be a prime. Then

\}



Corollary 1.4. Let p > 3 be a prime. Then

~——— =0 (mod p).

Theorem 1.2. Forn € N let A, = (2"~ 4 (=1)*/42[*/2)) /2 and B, = (2"~ —
(_1)[71/4]2[1%/2])/2.
(1) If n =0 (mod 4), then
&4) =A,, 2"(4) =B, and T1”(4) = 37(4) = on=2,
(2) If n =1 (mod 4), then
T4y = Tigy = An  and T3y =T34y = By.
(3) If n =2 (mod 4), then
Ty = An, Tgtyy = Bn and T,y = Thi,y =22
(4) If n =3 (mod 4), then
Tln(4) = 2"(4) = A, and Tgl(4) = Tgf(4) = B,,.
Corollary 1.5. (Euler) Let p be an odd prime. Then (%) = (—1)lp/2+p/4],

Lemma 1.2. Let p be an odd prime, and a € Z with p{a. Then

a. p-1 1
(E)G =1+ §qp(a)p (mod p?).

Corollary 1.6. (Lerch) Let p > 3 be a prime. Then

7p(2) = —% Z % (mod p).
k

:
—

>
I
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1.2 The recursive relation for A,,(k,n).

Lemma 1.3. For m,n € N and r € Z we have
n m—1 _
r(m) m m
1=0

Corollary 1.8. For m,n € N and r € Z we have

mn _am n—+1 n
rm) = Tnpmy  and TTCS =Ty + Ty (-
et T _on oy
mTy o L | m,
A (k) = { %+k(m) o
mT[ B k(m) — 2 if 2 | m.

From Corollary 1.8 we have the following properties of A, (k,n):

If 2¢m or 2 | n, then A, (k,n) = A, (—k,n).
If 21 m and 21 n, then

Ap(kyn) = A1 —k,n).

If 21 m, then
1 1
A (k,n) = A, (%—i—k n—1)+ A, (T—I—k n—1).
If 2 | m, then

A (k1) = Ak, — 1) + A (ke + (=1)", 0 — 1).

Corollary 1.9. Form > 1, n > 2 and k € 7Z we have
A (kyn) =An(k+1,n—2)+2A,,(k,n—2)+ A (k

If 2t m, then
m—1
2mlk ml
A (k,n) =2 —2cos—)".
(k,n) Z cos ( cosm)

=1
24

If 2 | m and 2 | n, then

If 2 | m and 21 n, then

—1,n—2).

(1.4)

(1.5)

(1.6)



Theorem 1.3. Form =1,3,5,... let

7n2—1 2l _ 1 m2—1
G () = H (x + 2cos — ) = Z asz’.
=1 s=0

Then

m—

1
ZaSAm(k,n+s) =0 (n=0,1,2,...).
s=0

Theorem 1.4. For m = 2,4,6,... let

m_q m

21l S
Qm_1(z) = H (r—2— ZCOSL) = Z asz®.
=1 m 5=0
Then

Z asAp(k,n+2s)=0 (n=1,2,3,...).
s=0

1.3 G, (z), As(r,n) and the Fibonacci quotient.
For a,b € Z the Lucas sequences {u,(a,b)} and {v,(a,b)} are defined by

uo(a,b) =0, ui(a,b) =1 and up41(a,b) = bu,(a,b) — au,—1(a,b) (n > 1)
and
vo(a,b) =2, vi(a,b) = b and v,11(a,b) = bv,(a,b) — av,—1(a,b) (n >1).
Lemma 1.4. Fora,be Z and n € N we have
(7]

wn(ah) = Y (" _: - r) (—a)pn—1-2r,

r=0

Lemma 1.5. Ifa,b € Z and b®> — 4a # 0, then

wiod = e () - ()
and
) = (MBI
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Theorem 1.5. Forn >0 let Gp(x) =[], (z + QCOS% ). Then

Gn(z) = up(1,2) + upt1(1,2) = Z(—l)[nT] <[ 2 ])xk

k=0

From Theorems 1.3 and 1.5 we have

e (1750 _ _
> (-1 Appmii(k,n+5)=0 (n=0,1,2,...). (1.7)

5=0 5
Corollary 1.10. G, (x) is given by
Go(z) =1, Gi(x) =2+ 1, Gpi1(x) =2Gp(z) — Groa(z) (n=1,2,...).
The first few G,,(z) are given below:

Go(z) =1, Gi(x) =z +1, Ga(z) =2 + 2 -1,
Ga(z) =23 +2% =22 — 1, Gy(z) =2* + 2% — 322 — 220 + 1,
Gs(z) = 2° + 2% — 423 — 322 + 32 + 1.

Since G3(z) = 23 + 2% — 2z — 1, by Theorem 1.3 we have
Ar(kyn+3)+ Arz(k,n+2) —2A7(k,n+1) — A7(k,n) =0 (n=0,1,2,...).

This was first given by my brother Zhi-Wei Sun, who obtained it by solving a linear
equations in three unknowns.
Since Go(r) = 22 + x — 1, we have

Theorem 1.6. Forn € N let L,, = v,(—1,1) be the Lucas sequence. Then

As(0,n) = 2(=1)"L,,, As(£l,n) = (=1)"L,_1,A5(£2,n) = (=1)" ' L,41.

Corollary 1.11. Let p > 5 be a prime. Then
L
(1) X = =@ =5+ (})Lyez)/p (mod p).

e
(2) Ifr €{1,2,3,4} and r = £ (mod 5), then

[557]

(_1)5k—|—r—1 B o _ 2Lp
5k+r  bp

(mod p).
k=0



Lemma 1.6. Leta,b € Z, (a,b) =1, and let p be an odd prime such thatp{a. Then

b? — 4a
b

up_(bzfzm)(a,b) =0 (mod p) and up(a,b) = ( ) (mod p).

Lemma 1.7. Ifa,be€ Z, b> —4a # 0, u, = un(a,b) and v, = v,(a,b), then
(1) vy = Upy1 — AUp—1 = DUy — 2aUp—1 = 2Up41 — buy;

(2) _ Up41—@Up—1 __ bup—2avp_1 _ 2Unp41—bvuy,
Un = ""%7"da = ~ °—4a _ b2—da
— 2 2 2 _ g,

(3) ugp = upvy, v, — (b —4a)u;, = 4a’™;
— 2 2 _ 2 n
(4) Ugny1 = uyy — auy, von = v; — 2a”.

Lemma 1.8. Let p be an odd prime, b € Z, p1b>+4, u, = u,(—1,b) and e = (bzp#).
Then
(1) vp—e = 2 (mod p?);
up—e) __ 2(vp—b .
(2) upe = <b L= (l)2+4) (mod p?);

2
(3) evpre =02+ 2+ b ;4) up—e (mod p?).

Theorem 1.7. Let p > 5 be a prime, F,, = u,(—1,1), ¢,(2) = (2P~ = 1)/p, r €
{1,2,3,4} and r = p/2 (mod 5). Then
[p/5]

F _ s _
(1) (H.C.Williams) ——# = 2 kzl CUT10.(2) (mod p).
F 5 (p—5—2r)/10 Shr_1
p—(2) _
@ 5==i@-2 ¥ (medp)

1.4 Q,(x) and Ag(r,n).

Lemma 1.9. Form € N all the roots of the equation u,,(1,z) = 0 are 2cos -, 2(308%,
(m—1)7w

... ,2co8
m

Lemma 1.10. (Lucas) Let a,b € Z. If {U,} satisfies the recursive relation Uy41 =
bU, —aU,—1 (n=1,2,3,...), then

Un+k = 'U]C((l, b)Un — akUn_k.
In particular we have

Upn (a,b) = ug(a, b)uy, (¥, v (a,b)).

Theorem 1.8. Forn >0 let Qu(x) = [, (z — 2 — 2cos;Z5). Then

1 - n+1+k
n — Un 1 —2) = " n _31 = -1 nok k'
Q) = wnia (1,7 =2) = "z (1) = 32D (n—k )”3
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Putting Theorems 1.8 and 1.4 together we get

- 1+k
> (=pmh (m;:_z )A2m+2(r, n+2k)=0(Mn=0,1,2,...). (1.8)
k=0

The first few @, (z) are given below:

Q()(Ilf) = 17 Ql(x) =T — 27 QQ('I) = IQ —dx + 37
Qs3(z) = 2 — 622 + 10z — 4, Q4(x) = 2* — 82° + 212% — 20z + 5,
Qs(z) = 2° — 102* + 362° — 5622 + 35z — 6.
Theorem 1.9. Let n € N and Ag(k,n) = 6T 514 ey — 2"
(1) If n is odd, then

AG(O,TL) = A6(17n) = SnTH + 17 A6(27n> = A6(57n> = _27
Ag(3,n) = Ag(4,n) =1 -3

(1) If n is even, then

A6<O7n> = 2(311/2 + 1)) A6(i17 n) = 3n/2 - 17
Ag(£2,n) = —(3"2 +1), Ag(3,n) =2(1 —3"/2).

Corollary 1.12. Let p > 3 be a prime. Then
[p/6]
(1) P 3= -2¢,(2) — 2¢,(3) (mod p).
[(p—3)/6] . .
(2) kz—jo 51 = B(2) — $¢p(3) (mod p).
[(p+1)/6] e
B L i =—300) + HleE) (mod p).

[(p£3)/6]

@ L w =—300)+ g ) (mod )




