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ABSTRACT. Let [z] be the integral part of z. Let p > 5 be a prlme In the paper

4 _
we mainly determine Z[p_/l] wlk (mod p?), ([Z’)/i]) (mod p3), 0] ! 2 (mod p3) and
22:1 i—Q (mod p?) in terms of Euler and Bernoulli numbers. For example7 we have

(p/4]
Z — =(= 1) (8Ep 3 — 4E2p- 4)+ PBp 3 (mod p?),

=1

where E,, is the nth Euler number and B,, is the nth Bernoulli number.
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1. Introduction.
The Bernoulli numbers {B,,} and Bernoulli polynomials {B,,(z)} are defined by

n

Bo =1, g <Z>Bk =0(n>2) and Bu(z)=Y. (Z) Brz" % (n > 0).

k=0

The Euler numbers {F,} and Euler polynomials {F, (z)} are defined by

_ZE — (Jt| < m),

thH —ZE (t] < 2) and

which are equivalent to (see [MOS))

" /2
Ey=1, Ez,_1 =0, (;) Ey=0(n>1)
r

o

r=

and

S

Ep(z) = 2in n ( )(Zx )" TR,

r=0

r
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Let [z] be the integral part of z. For a given prime p let Z, denote the set of
rational p—integers (those rational numbers whose denominator is not divisible by
p). For a € Z, with a # 0 (mod p), as usual we define the Fermat quotient g,(a) =
(aP~1 — 1)/p. In the paper we establish some congruences involving Bernoulli and
Euler numbers. In particular, in Z, we have

S = 0(2) — p(50p(2)F + (~1) T (Bypos — 2B,-3)) + 25%,(2)* (mod p?),
k 2 3

p—1

ewﬂ6[§51+@%®+ﬁ@%m%wa>2@%anﬁx

1

2

4
1 1 1 7

Y - =—qp(2) — pgp(2)? 2)* — —p’B dp?
z 4qp() 8pqp()+12pqp() Too? p—3 (mod p?),

2% 1
p—1 o1

2 2 7

= =02 +p(50(2)° + 5By-s) (mod p?),
k=1

where p is a prime greater than 5.

In addition to the above notation, we also use throughout this paper the following
notation: Z—the set of integers, N—the set of positive integers, {x} —the fractional
part of x, p(n)—Euler’s totient function.

2. Basic Lemmas.
We begin with a useful identity involving Bernoulli polynomials.
Lemma 2.1. Let p,m € N and k,r € Z with k > 0. Then
p—1 L

> e B U ) - B ()

r=
z=r(mod m)

In the case m = 1 Lemma 2.1 is well known. See [MOS] and [IR]. Lemma 2.1 was
established by the author in 1991. A proof is given in [S4], and a generalization was
published by the author’s brother Z.W. Sun [Su].

From [S2, Lemma 2.3] and [IR, Proposition 15.2.4, p. 238] we have

Lemma 2.2. Suppose that k,p € N with p > 1. If z,y € Z,, then pBy(x) € Z, and
(Bi(z) — Bi(y))/k € Zy. If p is an odd prime such that p—11k, then By(z)/k € Z,.

Lemma 2.3 ([MOS]). Let z and y be variables and n € N. Then
(i) Bant1 = 0.
(i) Bn(1 — ) = (—1)"Bn(x).
(iii) Bn(2+y) = 2 () Bur(y)z"
(

V) By 1(2) = 2 (Ba(25)) — Ba(2)).



Lemma 2.4 ([MOS], [GS]). Letn € N. Then

1 3 2 —22n 1 2 3 — 3%
Ban(7) = Bon(3) = = Bans Bun(3) = Bn(5) = Ggo Bon
2\ >\4 g2n 2 >\3 \3) = 2.3m 7P

and

1 5 (2 —227)(3 — 327)
m(3) =2 (3) -
2\ 6 N 2. 62n 2

Lemma 2.5. For any nonnegative integer n we have

E — _42n+1 B2n+1(i>
2n on + 1

Proof. It is well known that E5,, = 22"E2n(%). Thus applying Lemma 2.3 we see

that
1 22n+l1 3 1
2 2nt1-1\ 5 o+ 1 2an+1{ an+1{ 7

24n+1 1 1 24n—|—2 1
B 2n+1<_32”“<1> _BQ”“(Z» B _2n+1BQ”“(Z>'

This proves the lemma.
From [S3, Corollary 3.1 and Theorem 4.2] we have:

Lemma 2.6. Let p be an odd prime, x € Z, and k,b € N with p—11tb. Then

Brp-1)+6(%) _ By(z)
kp—1)+b b

(mod p) for b>2

and

By(p—1)+5(2) Bp_140(z)

2
= 2,
kp—1)+b " p—1+0 (mod p7) -~ for b>

Lemma 2.7. Let p > 3 be a prime, r € Z and k,m € N with k < p—3 and p { m.
Then

-1

=

Z 1 Bow)—k+1({55 ) — Bos)—kr1({5: 1)
2 (o) — k + 1)
z=r(mod m)

kp (sz—z—k({rn_f ) 2%4%({%}))
mk+1 2p— 2 —k p—1—k
- ‘2(2—(i;>2—i; By-a-i ({77 }) (mod #°).
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Proof. From Lemmas 2.1, 2.3(iii) and Euler’s theorem we see that

p—1 1 p—1
S k= S e
=1 r =0

z=r(mod m) z=r(mod m)
me®)—k

= 5o =it Beo-en (g {50 )) ~ B ({71)
_ gO(Trw;(zo‘"’)k—: : { w(pimtl (go(p3) ; k+ 1> p_jij(pS)_kH_j <{%}>

— Bow)- k+1<{ })%

:mw(pg)—k{ Bops)—k+1({ T })) kf(fg)_kﬂ({%}) + %Béﬁ(p:‘)fk({r;bp})
LT (75

N e@(pikﬂ 2%—3 (go(fz? I k) p_?)'Bgo(p?’)—k—i—l—j <{%})} (mod p®).

mJ
i=3

Ask <p—3wehave p—11p(p3) —k—2 and so Byp3y—r—2({=2}) € Z, by Lemma
=3

2.2. For j > 4 we have p? 3/j = 0 (mod p). Thus pjTBLP(I)S)_k._F]__j({%}) € Z, for
7 > 3. Hence, by the above we obtain

z=r(mod m)

_ Bopr)—k+1({732}) = Bopr)—kr1({57}) i £B¢(p3) k({r —p}>

op3) —k+1
e@®)—k p? r—op
Y b (52) o

From Lemma 2.6 we see that

Bcp(p?’)—k—l( %}) _ B(p2—1)(p—1)+p—2—k({%}) _ BP—2—’C({% ) (

o) k-1 @ Dp-Dip-2-k  po2k medr)
and
Bywry—k ({52} _ Be-ve-v+p-1-x({52})
op3) —k P*-Dp-1)+p—1-k
Bop—a—k({=2})

2 2) Bp_1-k ({ r»;zp }) (

=(p? -1
(p” —1) b1k

- d p?).
ST —" (p mod p°)
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Thus

i ({52) = g ((52) oot

and

mod p?).

B <{T—p}) :kBQP_Q_k( %}) _ZkBp_l_k<{T;Lp ) (
w(p?) =k m n 2p—2—k p—1—k
Now putting all the above together we obtain the result.

Lemma 2.8. Let p be an odd prime, a € Z,, a #0 (mod p), n € N and p > n + 1.
Then

nor 1ys—1
= Z (=1 ps_lqp(a)s (mod p").

Proof. As p > n+1 > 2 we see that p*~1/s! € Z, and p*~1/s! = 0 (mod p) for
s > 2. Thus,

@) —1 (Lpg)l =1 U (Y
n - n — n p qp(a')
b b b a—1 S
pnfl 1
@+ S 1) s+ 1) g ()
s=2
p" ! ps—l
= 4@ + 3 (D)(=2) - (-5 + 1) - B fa
s=2

(_1)3—1 a1 5 ' ps—n—l
S S

gp(a)® - p™ =0 (mod p").

Now putting the above together we obtain the result.

Lemma 2.9. Let p be an odd prime and k € {0,1,... ,p—1}. Then



Proof. For k£ = 0,1,2 it is easy to verify the result. Now assume k > 3. Clearly

(p;1> _ (p—l)(p—;!)---(p—k‘)

N = ey
- _2):

1<i<j<i<k (=) (=5)(=1)

oy NEBCH oy (CDED R )

1<i<j<k (=)
1 k
E(—l)’“(—p3 oo =+ > = -p> +1) (mod p*)
1<icj<i<k W 1<i<j<k i=1
Observe that
() -y ke ¥
3 =
i=1 t i=1 §z<]§kzj
and
k ko k k
1y3 1 1 1 1
2) = g 43 = il
(X)) = > 570 ¥ aviyiais
=1 1<4,5,l<k 1<i<y<I<k =1 j=1 =1
J#i
k k k k
1 1 1 1 1
=6 > @+3(Z;)(Zi—2)—32i—3+2i—3-
1<i<j<i<k j=1 i=1 i=1 i=1

We then have

S|

Nl\Dl —_
——

and

> LN () () e )

1<i<y<I<k =1 =1 =1 =1

Now putting all the above together we obtain the result.

We remark that the congruence for (” ;1) (mod p3) was given by Lehmer in [L,
p. 360).

3. Congruences for Y. - (m =3,4,6) and S [P/4 L

T x=1 zF*
1<z<p
mlz—p



Theorem 3.1. Let p > 3 be a prime. Then

1 T =3 - = - ——B, 3 (mo .
2 2 2Qp 4PQp 6p dp g1 P 3 b
k=p (mod 3)
p—1 9
. 1 3 3 5 1 4 3 P 3
(11) l; E = qu@) - gPQp(z) + Zp Qp(2) - @Bpf?) (mod p )
k=p (mod 4)
(iii)
p—1
1 1 1 1 1
2. 3%()+4%() P 5w (2)° + 5%(3)
k=p (mod 6)
#77(50@° + 1503 — 1 Bys) (mod p)
9P 1277 648 P73 '

Proof. Note that B,,(0) = B,, and Bg, 11 = 0 for n € N. Taking k =1 and r =p
in Lemma 2.7 we see that if m € N and p { m, then

1
p L_Beon = Bronlud) 2 p 0,9
k mp?(p — 1) gm3 s OGP

k=1
k=p (mod m)

As Bon(x) = Bon(l — ), for m = 3,4,6 we have By, ({£}) = Bs,(-). Since
pBp2(p—1) =p—1 (mod p?) by [S2, Corollary 4.1], using Lemmas 2.4, 2.8 and Euler’s
theorem we see that

sz(p_l) — Bp2(p_1)(%) _ (1 B 3 — 3;02(1?—1)) BpQ(p—l)
p?(p—1) 2301 Jp2(p—1)
3 ' 3792(17*1) —1 . po2(p—1)
. 3p%(p—1) p3 p—1

gr*(r—-1) _q
D3

3
2

Similarly, we have

Bp2p-1) — BpQ(p—l)(i)
p(p—1)
:(1_2—2f@*”>3w@4>
7o) 24— 1)
op’(p=1) 4 9 9p*(r—1) _1 pBp2p_1) or?(p—1) _q
4p?(p—1) ’ p3 ' p— 1 =3 p3
1

= 3(0,(2) — 500, (2° + 3%, (2)°) (mod )
7




and

By (p—1) — Bp?(p—l) (%)

P*p—1)
— ( -~ (2- 2r" (P—1))(3 — 3p2(p_1))> Bp2p-1)
2-6r°(=1) p*(p—1)
B (207 (P=1) — 1)(3P°(P=1) — 1) 4 4(2°°(p=1) — 1) 4 3(3P°(P=1) _ 1) PBp2p-1)
- 2. 6r%(p—1) . p3 p—1
or®(p—-1) _1 3 3p’(»-1) _q
=2 ———+5 ——3—
p 2 p
1 2 1 o 3 3 1 2, 1 o 3 3
=2(0(2) = 5p0,(2)* + 5P°0(2)*) + 5 (6(3) = 5pap(3)” + 5(3)°) (mod p?).
Now combining all the above we obtain the result.
Corollary 3.1. Let p > 3 be a prime. Then
p—1
1 1 1 1 7
== —q,(2) — =pgy(2)® + =p’¢p(2)° — —=p* By d p%).
2 19(2) = gpap(2)" + 5p74p(2)” = 559" Bp-s (mod p°)
k=—p (mod 4)
Proof. Using [S3, Remark 5.3] we know that
SN
k
k=1 k=1
k=—p (mod 4) k=p (mod 4)
S 20,0 @+ L@ - LB, (mod
= — = - = - - — _3 (mo :
2 & dp QPQp 3p dp 24]7 p—3 p
2tk

Thus applying Theorem 3.1(ii) we deduce the result.

Remark 3.1 Let m € {3,4,6}. In 1938 E. Lehmer [L] obtained the congruences for
p—1
> + (mod p?). Using the formulas for > (1), in [S1] the author
k=1 k=r (mod m)
k=p (mod m)
p—1

gave congruences for > (mod p).

Ealle

k=1
k=r (mod m)

Corollary 3.2. Let p > 3 be a prime. Then

p—1
2
> =@+ 500 +a(gu - {eo7)
k=—p (mod 3)
2 ( = (2% + 50,8)° — 5o Bys) (mod p°)
9 67 324 P° p

8



Proof. Clearly

p—1 p—1 p—1
22: 1, 2 1 1
ko 2k
k=1 k=1 k=1
k=—p (mod 3) 2k=p+3 (mod 6) k=p+3 (mod 6)
p—1 p—1
1 1
=X 5 X W)
k=p (r_nod 3) k=p (r_nod 6)

Thus appealing to Theorem 3.1 we obtain the result.
Theorem 3.2. Let p > 3 be a prime. Then

S 2= 30,0) + (3027 + ()T By - 25, )

—p° (qp(2)3 + % p—3> (mod p?)

and
£ =02 = p(562° + (-7 (Baps — 2B,5)) + 50°4,(2)” (mod p°).

Proof. Taking k =1, r =0 and m = 4 in Lemma 2.7 we find

~1 _ . _
w1 _ Bee-y({FH — Brp-y N g(szs({Tp}) _Qsz({Tp}))
ek 4p%(p — 1) 16 2p—3 p—2

4|z

() o

As B,(3) = (=1)"B,(3) we then have

-2
1<k<Z 7ol p*(p—1) 2p—3 p—2
2
p 1
~ g Brs(3) mod ).
From the proof of Theorem 3.1 we know that
By2(p-1) = Bpap-1)(3) _ 3 5 o 3 3
p2(p—1) =3qp(2) — 5?%(2) + p°qp(2)° (mod p°).

9



By Lemmas 2.5 and 2.6 we have

_42p—3 BQP—?)&)

3.1 Eop s = Zpm2\q)
(3:1) 2pd 2p — 3 p—2

— E, s (mod p).

Observe that a*P~Y) = (1 + pg,(a))® = 1+ spg,(a) (mod p?) for a,s € Z with p | a.
We then have

=1-2pq,(4) (mod p*) and =1 - pgp(4) (mod p?).

42p—2 Ap—1
Hence
- 1<sz_3(£) _zBp_z(%)>
4\ 2p—-3 p—2
= %ﬁ__; - 2?5__3 = (1 — 2pqy(4))Eap—sa — 2(1 — pgy(4)) Ep—s

= Egp—a —2Ep 3 — 2pqp(4)(Ezp—s — Ep—3)
= Egp_4 — 2Ep_3 (mod p2).

On the other hand, by Lemma 2.4 we have

1 2 —2p~3 2 —4.2071
Bra(}) - 2 s B

1 -3 D3 = 1 B,_3 = 28B,_3 (mod p).

Thus combining the above we obtain

2.

1<k<®

3 p—1
= —3¢5(2) + 5p0(2)* —P4p(2)° + (=1) 7 p(Eop-s — 2Ep )

| =

2

p
T 28B,_3 (mod p?).

From [S3, Theorem 5.2] we know that

1 2 7
> 5= —20(2) +pgy(2)? - 5P°4,(2) — 15p*Bps (mod p?).
1<k< %

Observe that > += > 41— > 4. We then obtain the remaining result.
L<k<% 1<k<% 1<k<%

Remark 3.2 For any prime p > 3, the congruence ZE1 % = —3¢,(2) (mod p) was

first established by Lerch (see [D]), and a simple proof concerning the formula for

D alk (P) was given by the author in [S1].

10



Corollary 3.3. Let p > 3 be a prime. Then

1 3 p—1
p = —3¢,(2) + §pqp(2)2 —(=1)"2 pE,_3 (mod p2)
1<k<%
and ) )
p—1
= = ®(2) = 5pap(2)* + (=1) 7 pEp s (mod p?),
F<k<%

Lemma 3.1. Letp > 5 be a prime, r € Z, k,m € N, ptm and 1 <k <p—3. Then

p—1

R S

:L.lc
=1

z=r (mod m)

_ Boyp1-k({7}) = By ({F2)) L Bp-k({5}) — By ({F5))
- 2p—1—k

p—Fk
kp r—p 2
SR -
+m(k+1) itk m }> (mod p7)
Proof. From Lemma 2.6 we see that if x € Z,, then
Bap—2-k(z) _ Bp-1-k(x)
= d
w—2k = p_1_k (medp)
and
By —k+1(2) _ Bip2—1)(p-1)+p-k(@)
e(P*)—k+1  (P*-1p-1)+p—k
Boy_1-k(x) B,_k(x)
= (p2 _ 1) 2212k 2 g2k
(p )%_1_k (p )p_k
Bap-1-k(x) | 5 Bp—k(2) 2
= — 2 .
w1k + P (mod p?)

This together with Lemma 2.7 gives the result.
Putting » = 0,p in Lemma 3.1 and noting that Bs,+1 = 0(n > 1) we deduce the
following result.
Theorem 3.3. Let p > 5 be a prime, kkm € N, ptm and 1 < k <p—3. Then
p—1 1
k
D S
=1
z=p (mod m)

Bap1-r(sg ) —Bap—1-k _ o Bp-r({iz})=Bp-

_ 2p—1—k p—Fk (mod p?) if 21k,
= Bor 1. P Bpf D .
21721)17’16(7{]:1 Do 9 ;gcm 19 + m(ll?il)Bp—l_k (mod p?) if 2| k.

11



and

3]
ok
z=1
Bop 1 k—Bap_1 k({2 By x—By k({2 _
2p—1 k2p_21_1k ) _ 9Bp—k p—k:k({ 9] + m(]lccﬁ—l) By, 1 x({=2}) (mod »?)
= if 21k,
Baop_1_r({=2 By r({=2 - .
—Prptal 2B lm b s By ({52 (mod %) i 2] k.
Corollary 3.4. Let p > 5 be a prime and k € {3,5,... ,p—4}. Then
[p/3] k
. 1 33
(1) pa F = —TBP_]C (mod p),
[p/4] 21 _ ok—1
.. 1 2 — 2811
i e
[p/6] k k
1 (2F — 1)(3% —1) - 2
(iii) 2 E=" oF B,_j (mod p),
1 (2F—1)3F -2k -1)
(iv) Z s o7 Bp_j (mod p),
E<x<t
(v) Z = % By_j (mod p).

E<a<k
Proof. From Lemma 2.6 and Theorem 3.3 we see that for m = 3,4, 6,
[p/m] _
pz 1 By — Bp—k({ﬁp}) Bp—k(%) — By

= ok = " (mod p).

=1
Now applying Lemma 2.4 we deduce (i)-(iii). (iv) follows from (ii) and (iii), and (v)
follows from (i) and (ii).

Theorem 3.4. Let p > 5 be a prime and k € {3,5,... ,p—4}. Then

p—1 k—1
. 1 3 —1 B2p—1—k Bp—k 2
— = -2 > d ,
(i) e AR <2p—1—l€ p— ) (mod r’)
T=p (Enod 3)
p—1 1 22k—1 o 2k:—1

-1 B2p—1—k Bp—k 2
(5p21=% ~2p o) (med 2

E
&?r|
1

22k

p—1 k_ E_ 1) —
Z 1 _2"-1E* -1 2( Bop—1-k 2Bp—/€> (mod p?).

zk 2. Gk w—1-k “p—k

=1
z=p (mod 6)

12



Proof. Let m € {3,4,6}. As By,(1 —x) = Ba,(z), we see that By,({£}) =
Bon (). Hence, applying Theorem 3.3 we have

— 1 Bap1-k(=) = Bop—1-r Bpi() — Bp_i
(3.2) m* Z = = p-1-k( L —2”( P~ (mod p?).

— 2p—1—k p—k
T=p (mod m)
By Lemma 2.4 we have Bgn<%) — By, = %(31_2” —3)Ba,,. Note that 3272 = 2.317P —
1 (mod p?). By the above we obtain

3k S
>
=1
z=p (mod 3)
_ 3B -3 By, 37PN -3 By
o 2 2p—1—k 2 p—k
_HE3T D=3 Byt gy g Do
- 2 2p—1—k p—k
= 3k+1fp< Bap—1-k o Bp—k> _ 3" +3 . Bap-1-k +3Bp k
2p—1—-k p—k 2 2p—1—k p—k
_ 3k< Bop—1-k Bp_k) 343  Bap-i-x +3Bp %
2p—1—k p—k 2 2p—1—k p—k

_ 3 =3 Byyiy k Bp—k 2
=— .2p—1—k_(3 —3)p_k(m0dp).

This proves (i). Now we consider (ii). From Lemma 2.4 we know that B, (3) — B2, =
(2174 — 2727 _1)By,,. Observe that 2P~ = (1 +pg,(2))* = 1 + spg,(2) (mod p?).

Using (3.2) we see that
L B
Ak = (92k—1-4(p—1) _ 9k—1-2(p—1) _ 4 2p—1—k
; zk ( >2p —1-k
z=p (mod 4)
9(92k—1-2(p—1) _ ok—1—(p—1) Bp—k
= - - 1)
= (2271(1 — 4pq,(2)) — 287 1(1 — 2pg, (2 Bop—1-1
:( (1 —4pgy(2)) — (1 —2pgy(2)) — )m
By,

= 2(2%7H(1 — 2pgp(2)) — 2571 (1 — pgp(2)) — 1)

p—k

Bo,_1_ B,_
— (9k _ 92k+1 9 ( 2p—1-k  Dp k>
( )ap(2)p w—1—k p—k

Bo,_1_ B,_
+ (22k—1 _ 2.16—1 _ 1) 2p—1-—k _ 2(22k—1 _ 2.16—1 _ 1) p—k
2p—1—k p—k
Bop_1-k B,

— (o02k—1 _ ok—1 _ B 2
= (2 2 1)(2p_1_k 2T k) (mod p?).

13



This proves (ii). Finally we consider (iii). As Ba,(g) = 5(2172" —

by (3.2) we have

k - 1
6" > —

=1
z=p (mod 6)

1)(3172" — 1) By,

= (@ e ) Pt
— (@D (gD - Q)fzi—z

= 5 {0 - 200,(2) - DE L - 200,3) - 1) - 2} 5 20
~{ (21 = pap(2)) — (31~ payp(3)) — 1) - 2}519_‘1’;

F-nE-1)-2 k(ok Bap-1-k
= —2R(3% — 1)pg,(2) — 3F(2F — 1 )—
( 5 (3% = 1)pap(2) — 3%( )P4y (3) -1k
B,_
— (2= 1)@ = 1) =2 23 — 1)pgy(2) — 32" — Vpy(3)) 2
p_
@ -1EF-1) - 2< Bop-1-k 2Bpk>
2 2p—1—k p—k
By, 1_ B,_
— (28(3% — 1)g,(2) + 3%(2F — 1)g, (3 ( 2p=1k _ Zp k)
( ( )ap(2) + 3%( )ap( ))p w—1—k p—k
2P —1)(3F —1) =2/ Bgp_1- B,
E( )3 ) ( p—l-k_ o pk> (mod p?)
2 w—1-k p—k
This proves (iii) and hence the theorem is proved.
Corollary 3.5. Let p > 5 be a prime and k € {3,5,... ,p—4}. Then
p—1 k-1
1 3 —1
F = WBp_k (mOd p),
r=1
z=p (mod 3)
p—l 2k—1 k—1
1 2 -2 —1
Z = o By_j (mod p),
z=1
z=p (mod 4)
p—1 k k
1 (2F—1)(3k—1)—2
; ak = o - 6F By (mod p).
z=p (mod 6)
Corollary 3.6. Let p > 5 be a prime and k € {3,5,... ,p—4}. Then
p—1 2k—1 k-1
1 2 —3-2 1/ Bop_1- B,_
Z — = + ( U Y )(modpz).
xk 22k 2p—1—k p—k

14



Proof. From [S3, Theorems 5.1 and 5.2] we see that

p—1 p—1 (p—1)/2 k

1 11 1 9% _9, B . By _1_s

I . = 9 p=k D% ) d p?).
;xk ;xk 2k 9; xk 2k <p—k 2p—1—k (mod p7)
oz B B

Thus
i . 1 2-92/ By 1 By
S 1 SN E—

; xk+ — xk 2k <2p—1—k: p—k (mod p”)

z=p (mod 4) z=—p (mod 4)

Now applying Theorem 3.4 we deduce the result.

Theorem 3.5. Let p > 5 be a prime and k € {2,4,... ,p—5}. Then

1<z<
k=2 (2 — 1)k
E T pBp_1-1 (mod p?)
and
L _ el k-1
Z E = (—1) 2 4 (2Ep_1_k — Egp_z_k)
E<x<t

k(2F=1 —1)(2F — 1) )
_ et 1) pBp_1-% (mod p°).

Proof. As B, (3) = (—1)"B, (1), putting m = 4 in Theorem 3.3 we see that

[p/4] 1 1
1 p=1 (Bop 1 k(7). Bpr(7) kp 1
=0 9 L) By 1k () (mod p?).
;xk (=) 2p—1—k p—k +4(k:+1) p—1-k{} (mod p~)
From Lemmas 2.4 and 2.5 we have
B2p—1—k(i) 4k71E2p_2_k . —1 9
w1k pen =+ (1= 20(4)Ezpy (mod p7),
By-i(3) L DS _
;— = = 4 (1= pap(4) Epa g (wod p?),

1 2—2r 1k k(ok+1
Bp—l—k: <Z) = WBp_l_k =2 (2 — l)Bp_]__k (HlOd p)
15



As Bop_1-5(3)/2p —1—k) = Byp_i(3)/(p — k) (mod p), we see that Eop_o_j =
E,_1_1 (mod p) and so

[p/4]
S = (D ) (1~ 250 () By — 200~ p4) By}
kp 1
g PO DB

2k—2(2k+1 . 1)k
k+1

p—1 _
=(-1)"7 4" 2E, 1k — Egpoy) + pBp—1-% (mod p?).

By [S3, Corollary 5.2(a)] we have

1 k(2R —1) 5
— = ——pB)_1_ d p?).
= oghg D) PPtk (mod p)
1<z< ¥
Note that > % = 4 — > . By the above we obtain the remaining
f<z<% 1<z<% 1<z<?®
result.
Corollary 3.7 (Lehmer [L, (20)]). Letp > 5 be a prime and k € {2,4,... ,p—5}.
Then
/Al .
Z = (=1) 2 4*'E, 1 4 (mod p).
=1

v/ . "
— =(-1)"2 (8E,_3 — 4F5, 4) + —pB,_3 (mod p?).
x=1 IQ 3

Theorem 3.6. Let p > 5 be a prime and k € {3,5,... ,p—4}. Then

1 B,_ Bo,_1_
Z — = (22k—1 o 2k—1 . 1) <2 p Z o 5 2p 11 k:k)
1<o<z ¥ p= p—=i=

p—1 _
—(=1)"z 4" 'kpE, 5. (mod p?)

and

1 _ _ B,k Bop_1-k

= 22k 1 . 2]{3 1 1 (2 p . p )
Z xk ( J +1) p—k 2p—1—k
<x<

]
(NS

+ (—1);7%1ZJL":_lkrpEp_g_;C (mod p?).
16



Proof. As B, (3) = (—1)"B,(}), putting m = 4 in Theorem 3.3 we see that

Bop—1—k — Bap_1-1(3) B 2Bp—k — Bp—i(%)
xk 2p—1—k p—k

+ % : (—1)pTHBp_1_k <i) (mod p?).

According to Lemmas 2.4 and 2.5 we have

1 o ean 1 oM + 1
an—Bgn<Z> =(1+272" 274" B, and an+1<1> :_WEQn-

Thus,
>
ok
1<z< % r

— (1 + ok—1-2(p—1) _ 22k—1—4(p—1)) Bop—1-k

2p—1—k
B,_
_9(] & 9k—1=(p—1) _ 92k—1-2(p—1) 2P k
1+ )
kp ptl —(p—
+ +1) (1) (=4 (p— 1 — k) Epa i

) ) Bay 1
= (14 251(1 — 2pg, (2)) — 22K 1(1 — 4pqp(2)))2]92fﬁ

B, _ p+1 _
= 2(1 2 (1= pgy(2)) = 27 (1 = 2pg,(2) P (—1)"F 4" kpE, 5

k
= (1 + k=1 _ 22k—1)< BQp—l—k: _ 2Bp_k>
2p—1—k p—k
Bap—1- By, ptl
92k+1 _ 9ky, (9 ( 2p—1-k _ Dp k> R gl
+ ( Ol sy ey ) I PEy ok

By, 1 B, pt1
= (1 2k—1_22k—1< 2p—1—k -9 p k) -1 74]47—1 E o 2.
1+ (it~ 22k ) 4 () B, 5 (mod )

From [S3, Theorem 5.2(b)] we have

1 B, Bop 1k
_Ez’f—z(zp _ Do ) d p?).
1<z<%

Now combining the above we deduce the result.
Theorem 3.7. Let p > 5 be a prime. Then

1 1
> 7

p—1
00 + (32 + (~1)F (6B, — 3E2y0)
L<k<ip

2

1
— §p2(qp(2)3 +14B,_3) (mod p*)
17



and

P % = 30,(2) — p( 50,2 + (-1)"T (6B 5 — 35z, 4))
+ p? (qp(Z)S + i—ng_:),) (mod p?)

Proof. It is clear that

it Rt <é+ﬁ>= > wn

1<k<% 2 <k<p 1<k<% 1<k<? k(p = k)
p+k p+k
=P =p ). =
1<k<% kp 1<k<”
1 1
=-p* ) s P > = (mod p?).
1<k< % 1<k<?%

By Corollaries 3.4 and 3.8 we have

1
Z 3= —9B,_3 (mod p)

1<k<?
and 1 14
p—1
= =4(—1)"7 (2E,—3 — Egp_4) + Epo_g (mod p?).
1<k<%
Thus
1 4 1
k k
1<k<% 3L <k<p
2 p—t 14
= 1" (-9Bp-3) —P(4(—1) = (2Bp—3 — Ezp-a) + ngp—?’)
p=1 13
=—4(—1) 2 (2E,—3 — Eop_a)p + —szp_g (mod p?).

3
Hence applying Theorem 3.2 we obtain

>

3L <k<p

p—1 13
- ) 7 (2Ep—3 — Eop-4)p + ?pQBp*?: + 3q,(2)

- p(%qp@)? ()% @By Bapa)) + (02 + 5B

=36,(2) ~ p(50r (D + (~1)'T (6B, ~ 35 )

59
+ p? (qp(Z)?’ + 12Bp 3) (mod p?’).

18



From [L, p. 353] or [S3, Theorem 5.1(a)] we have

1 1
7= —gszp_g (mod p?).
1<k<p
By [S3, Theorem 5.2(c)],
1 2 29 3 1 9 3
> = =-26,(2) +pgp(2)’ - 3P74p(2)” = 5P Bp-s (mod p°).
1<k<%
Thus
1 1 1
E k k
L<k<p 1<k<p 1<k<%
2 1
= 24,(2) — pap(2)° + 5P°0p(2)° + 7P° By (mod p?).
Observing that
1 1 1
. K B k k
k< E<k<p 3 <k<p

and applying the above we obtain the remaining result.

Corollary 3.9. Let p > 5 be a prime. Then

1 1 p—1
= ~0(2) + 5pp(2) +3(=1)"F pE, s (mod p?)
k<3
and 1 3
£ =30,(2) - 5pap(2)° - 3(-1)"2 pE,_3 (mod p?).
2 <k<p

and

0 (P ) 2 1 0 2) + 7 (30,27 — (1T (2B~ Eap)

p—1

+92 (2~ 3(-1) T (DB, 5+ 0By 5) (mod p).
19



Proof. From Theorem 3.2 we have

3

2 % = —305(2) +p(50(2)* + (~1)7 (Bay-1 — 2B, 3))

7
—p? (qp(Q)3 + 12Bp 3> (mod p?).
By Corollaries 3.3 and 3.8 we have

[p/4] 1

3 p=1
> == -30,(2) + 5p,(2) = (~1) "7 pEy-5 (mod p?)
=1
and
[p/4]
Z 71—2 = (—1) (8Ep 3 4E2p 4) + po 3 (modp )
=1

From this we deduce

[p/ 4]

<pzl %) B 121 = =9g5(2)" — (= 1)"% (8Ep—3 — 4F2_4)

p—1 14
+p< —9¢,(2)° +6(—1)"7 ¢,(2)Ep_3 — ?BP—:)’) (mod p?).

By Corollary 3.4 we have Z /4] & = —9B,_3 (mod p). Thus,

[p/4] [p/4] [p/4] 1

IOBEIREII

1=1 1= 1=

= (—3¢5(2))> — 3(—3¢,(2)) - 4(~1)"% Ep_3 +2(—9B,_3)
= 6(~ 50p(2)° + 6(~1)"T 4,(2)F, 5 ~ 3B, 3) (mod p).

Now putting all the above together with Lemma 2.9 and the fact Ey,—4 = E,_3
(mod p) yields the result.
Remark 3.3 The congruence (—1)!%! ("2 1) = 1+ 3pg,(2) (mod p?) was known to

(%]
Lehmer. See [L, (51)].
For any prime p > 3 we recall the Legendre symbol

<p>:{1 if p=1 (mod 3),

3 —1 if p=2 (mod 3).

20



Theorem 3.9. Let p be a prime greater than 5. Then

[p/6] [p/3]
() 2 =52 75 =3(5)Bp-a(s) (mod p).
(ii) iﬁ]% = —2¢,(2) — 30,(3) + p(9(2)* + 345(3)?) — & (5) Bp—2() (mod p?).
) 3 1= ~300) + 07 -~ (D)By2(3) (mod 57
) 3 S =05 L= B()Bya(1) tmod )
(v) We have e

and
» —1 3 3 p% /p 1
(P =1+ 2pg,(3) + 2p? 32——<—>B_<—> d p?).
(7 ) =14 o)+ S — B (5) B (5) (mod )
Proof. Taking £ = 2 and m = 3,6 in Theorem 3.3 and using Lemma 2.6 we see
that

[p/6] —p . %
S8 D )l ()1 e

and

[p/3] - 1
1 _ Bpo{5"}) _ (p\Bp2(3) _1/p 1
Y=g~ ()5 =3(5)Be(3) mean)
By Raabe’s theorem (cf. [S2, Lemma 2.2]) we have B,_o(%)+B,_2(3 +3) = 21- (=2
By_2(3). Thus

o) =228y (5) -5 (2) = 0 4108o(2) =(3) o

Hence (i) holds.
Suppose m € {3,6}. Taking k =1, r = 0 and m = 3,6 in Lemma 2.7 and using
Lemma 2.6 we see that
[%] -1 _ _
X Bows) {7 1) = Boww®) b By—2({7F})

1
=m — = —_—
x e(p°) m  p—2

(mod p?).

_ Bw(p?’)(% — Boype) n £<Z_9> Bp—2(%)

)
B o(p?) m\3/ p—2
21



From the proof of Theorem 3.1 we have
Byp) = Bow) (5) _ { 3a,(3) — §pap(3)* (mod p?) if m =3,
»(p®) 24p(2) = pgp(2)* + 54,(3) — 3pgp(3)* (mod p?) if m =

Hence (ii) and (iii) follow from the above and the fact Bp_g(%) = %Bp_2(%) (mod p).
Now we consider (iv). Since

1—(—)kt 2 1 L
I A v Lo IO Rl

1<k<?2P 1<k< 2P 1<k<?Z 1<k<?
2|k

by [S3, Corollary 5.2], using (i) we see that

1<k<?Z2P 1<k< 2 1<k<? Pok<?
1 1 P
- Y ()= %
L<k<} kop—k L<k<} k(p = k)
1 1 1
=Y 5= ¥ 5~ X @)
E<k<t 1<k< % L<k<k
_ 1 _pp 2
= > 5= 15(5)B2(5) (mod )
1<k<®

On the other hand, noting that Zi: £ =0 (mod p?) (cf. [L], [S3]) and using (iii)
and Theorem 3.1(i) we see that

p—1 1 _p 1 1 p—1 1 p—1 1
ko k k k
k=1 k=1 k=1 k=1
3|k+p k=0 (mod 3) k=p (mod 3)
1l ”i 1
3 k
k=1 k=1
k=p (mod 3)
1 3 3 5 D (p) 1 1 1 9
=3 300+ 0~ 5(3)002(3) - (o~ )
3 (560 + 79007 - 55 () Bis(g)) - (540 - 3r4,6)

=P (Q) B (1) d p?
o0 \3) B2\ (mod »7).
Thus (iv) is true.
Finally we consider (v). By Lemma 2.9, for m = 3,6 we have

%] )
() = (S0 X ) et



Thus appealing to (i)-(iii) we obtain
2 -1
Gy
= o200~ S+ 30,0 5 (D) (2)

(- 00) (D)

and

(") =10 300+ S - 2 (2)8ra(3))

(- 300 () (3)

This yields (v) and hence the theorem is proved.
Remark 3.4 Let p > 5 be a prime. The congruences

[p/3] 1 3 [p/6] 1 3
> = aa(®) (modp), 3. 1= 20,(2) — 24,(8) (mod p),
k=1 k=1
(1)l <p . 1) — 1+ 2pg,(3) (mod p?),
[p/3] 2
P (D) = 1 20, 2) + S0ay(3) (mod 7)
[p/6] 2
were known to Lehmer [L], and the congruence Zp p/3] k—12 = %Z[p /6] = (mod p) is
due to Schwindt (cf. [R, L]). In [S1], using the formulas for > ( ) the author
k=r (mod 3)
d h [QTF] (_1)k71 — d
proved that ) ;% ~—— =0 (mod p).
Corollary 3.10. Let p > 5 be a prime. Then
LZACEN L2 5 s 3 ) )
() X 8 3 = -20,(2) - 305(3) + (2 + 105(3)°) (mod p?).
[p/3] [p/3 ) 5 5 ) )
(i) Z 5 X % = mam(3) + 5pap(3)7 (mod p7).
(iii) We have
o (P ) - e (7, )
(5] (5]
27 27
= -9+ p(2,(2) - 7qp(:s)) + 2 (0(2)° + 34,(2)g,(3) gqp(s)Q) (mod p?)



Corollary 3.11. Let p > 5 be a prime. Then

: (—)F! 1 _p~1
(i) Z — = 9 Z S (mod p?),
1<k<?22 1<k<p k=1
- 3|k+p
. (—1)k1 19 9
(ii) 22 — +3 7= —§qp(3) + L—lpqp(?))2 (mod p?),
1<k<Z22 1<k<
(iii) Z ﬂ -2 1 = —4q,(2) + 2pg,(2)* (mod p?)
.k 2 v v ’
1<k<?Z2p F<k<%
. 1 1
(iv) 3 Z z +5 z
1<k< % E<k<®
9
= 40,(2) = 505(3) + p( — 25(2)* + 30,(3)%) (mod p?)

4. Congruences for Y 1_; % and Y 7_; i—Q

Let p > 3 be a prime. For n € N let

(4.2) Z k_ = — )2 (mod p).
k=1

In the section we determine G1(2) (mod p?) and G2(2) (mod p?).

Lemma 4.1. Let p be an odd prime. In Z,[x] we have

—1 p—1 r—1
1/14+ (x—1)P —aP R z" 1
Ga(z) = —( ( —g > D o) (mod p?)

b r=2 8:1

Proof. From Lemma 2.9 we know that (—1)* (")

1—p>F | 1 (mod p?) for
k <p—1. Thus

p—1 r—1 p—1 p—1 _1
x” 1 x” 1 (p—1 1 (=)™ (p
—(1-— E —) = (=1t = - " d



Since fo tr—tdt = settmg y =1 — xt we see that

-t

Sy (P [ UG,

k=1 k=1
l—aP+(z—1)P Ex(l-a)F-1
p i k=1 &
Now combining the above we obtain the result.
Lemma 4.2. Let p > 3 be a prime. Then
Lor A1 1
G2(2) = —qy(2 +p( TQ 21 st Qp EBP—?)) (mod p?).
Proof. From [S3, Remark 5.3] we know that
p—1 -
= 1 20y(2) — pgp(2)* + inqp(Q) — 11—219 By—3 (mod p°).
k=1 13?

Thus putting x = 2 in Lemma 4.1 and applying the above gives the result.
Lemma 4.3. Let p > 3 be a prime and n € N. Then

npGi1(z) = (=1)"2PG,(1/x) — Gpu(x) (mod p?).

Proof. Clearly we have

1 Pl Pl gk L zF
?Ga() = ; T ; p—F) kz_:l (k)" + n(—k)"1p
_ P21 (k + np)x* B " p! (k + np)x*
a ; (k)" 1(n?p2 — k%) — =1 gt
= (=1)"(npGpi1(x) + Gn(x)) (mod p?)

This yields the result.
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Theorem 4.1. Let p > 3 be a prime. Then

—1

. 2" 7

(i) Z - = —2q,(2) — EpQBp_g (mod p?).
k=1
p—1 Sk

. 2 2 7

(i) > 7= =02 +p(50(2" + £Bys) (mod p?).
k=1
p—1 1 P

(iii) ok = qp(2) — 5%(2)2 (mod p?).
k=1
= ! 1
k=1

Proof. Suppose x € Z, and = # 0 (mod p). From Lemma 4.1 we see that
xPGao(1/x)

—1 p—1 . r—1
l/aP+(1—x)P -1 =ab—(z—-1F _ P~ 1
E—( + E T-xp k>+pE - E g(modp2).

p p k=1 r=1 s=1

As

p—1—k p—1

1 1 k
(4.3) > - >

s=1 s=1 r—=

[V

_
3
Il
=)
Mw
'B
|I|
]~
S|
)
@)
o,
’3

we see that

p—1 2P r—1 1 p—1 Z‘k p—k—1 1 B p—1 xk k 1
r? s p— Z s =) Z S (mod p).
r=1 s=1 k=1 s=1 k=1 s=1
Thus
2PGao(1/x)
1 p—1 . kK
1/aP —(x—1)P —1 ~aP —aP k(e —1)k x 1
= - — d
ST R T ) e G 1 ed )

Hence applying Lemmas 4.1 and 4.3 we see that
2pGs(x) = 2PGo(1/z) — Ga(x)

1{2(1«1’—(1;—1)?—1 +’§<xp—xp Bz — 1)k (1—33)k—1>}

= - +
p P — k k
p—1 k k k—1
T 1 1
= Z_ Z d n?
(552 e



Therefore,

12— (-1 —1)
Gale) = ?{ P
(4.4) p=1
+ZE( _1+(1_x)lc P k(l’_l) )} (modp)
k=1

Taking x = 2 we find

p—1 p—1 1\k p—1
G3(2) = ]%{4(],,(2) +(2P-2)) % +) % =3 - .12k} (mod p).

k=1 k=1 k=1

It is well known that ZZ:% = 0 (mod p?) (cf. [L, p.353]). From [S3, Theorem
5.2(c)] we also know that

p—1 k =
1+ (1) 1 9o 25 3 [ 9 3
N2 =_ 922 _ = — _p’B,_ d p).
2 p 2.} 2¢,(2) + pgp(2) 3P 7p(2) 5P Bp-3 (mod p°)
Thus
1 9 Lk
(15) G(2) = 5 {205(2) 400y (2)° ~ 300y (2)° ~ {50 Bps =2 3 i } (mod p)
k=1
As
p—1 op—k B p—1 9k B p—1 2kz(p2 +kp+ ki2) _ p—1 Qk(pZ + kp + ]{32)
- - 1. 3 _ 1.3 = 3
(4.6) k=1 k 1 P k k=1 p*—k k=1 k

by (4.5) we have

2 7
p*G5(2) = 2¢,(2) + pgyp(2)® — §p2qp(2)3 ~ 5P Bp-s

+ p*Gs(2) + pG2(2) + G1(2) (mod p?).

Namely,

(17)  pGa(2) = ~Gi(2) — 20,(2) — payp (D + 570y (2)° + 159° By s (mod ).

According to Lemma 4.1 we have

p—1 g
Ga(-D =3 (~22) = Y T+ 3

1

=

-1 - r r—1

)—i—pz Z— (mod p?).

1 s=1

—

e
Il
| =
»

k=
27



As p > 3, by [S3, Corollary 5.2 and Theorem 5.1] or [L] we have

b

=, 1 — 1 1
= —2B,_3 (mod p) and Z 7= —§p2Bp_3 (mod p?).
k=1 k=1

Thus applying (4.3) we see that

p—l ) =1, bt 2h—1 4 —n ] p-2k=1
>Ry R s W 2 s
r=1 s=1 5 k:l =1 8 k=1 p Qk) s=1 s
p—1 p—1
N 2k— 2k N
1 1 1 1 1
=3 Z ST 23) = = b (med )
k:l s=1 s=1 k=1
and hence
p—1 ok
2 1 P
Gao(—1) = - ( —2¢,(2) — - gpQBp,g) + ZBp 3 (mod p*)

p—1 k p—1 p—1 = p—1
(-1) 2 1 1 1 1
GIN=) g = p L iy Ly
k=1 k=1 k=1 i=1 k=1
2k
1 2(23 -1) 2 1
= B 22+ 1) pBp—3 ngp—s = §po73 (mod p?)
Hence
p—1 2k 1 ) p2 2 5
—2qp(2) — Z ? — gp Bp_g + ZBp_g = pGZ(—l) = — p—3 (mod p )
k=1
This yields
Pk 7
G1(2) = - = —2¢,(2) — EpQBp,g (mod p?’).
k=1

So (i) holds. Substituting this into (4.7) gives

7 2
pG2(2) = —pgp(2)* + EPQBp—:a + gpgqp@):” (mod p?).

That is,
7

—Bp_3> (mod p?).

23

28

G2(2) =~ 2 + (5



From the above we know that
G1(2) = —2¢,(2) (mod p*) and Go(2) = —¢,(2)? (mod p).

Thus

LG —a(2) _ 20,y
2 Lok P 2(1 4+ pgy(2))

(4(2) + 506(2)%) (1 = P1p(2)) = 4p(2) = 54,(2)” (mod p?).

This proves (iii). From Lemma 4.3 we have
20Gs(2) = 2°G(1/2) — Ga(2) (mod 17)

Thus,

1\ _ G2(2) _ —4(2)°
G2<2> = = 2 |
This proves (iv) and hence the theorem is proved.

mod p).

Corollary 4.1. Let p > 3 be a prime. Then

p—1 2k—1

Z k: (mod p?).

k=1

qp(2)

Remark 4.1 Let p > 3 be a prime. By [DS, (5)] and [S3, Corollary 5.2(b)] we have

p—1 k 2
27 1 3 7 1 1 3 7
k=1 j=1
This together with (4.5) and Corollary 3.1 yields
-1
— 1 _ %@+ 3p5(2)° - §0°6(2)° — 50’ By
— k- 2k 1+ pg,(2)
1 1 7
= 4p(2) = 5p0(2)° + 3°6p(2)° — 15P* By
p—1 1
=4 Z (mod p?)
k=1
4|k+p



By the proof of Theorem 4.1, we also have

p—1 1
k2 .9k
k=1
2p—1
1 7 1 2 7
= (1 - pgy(2) (= 300(2)* = 3;PBp-s + 5(— (2 + 500,(2)° + £pBy-s))
— 1 2 1 3 7 2
= —5®(2)" + 5pgp(2)” + 5 pBp-s (mod p).
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