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Abstract

Let {E,} be the Euler numbers. In the paper we give a general congru-
ence modulo 2(m+2)n involving for E} and for Fomy.p, where k, m,n are positive
integers and b € {0,2,4,...}.
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1. Introduction

The Euler numbers {E, } are given by

2et > t" T
a1 2By (<g)

It is well known that

n

2n

Ey=1, FEs,1 =0, 2)(2T>E2T:0 (n=1,2,3,...).
r=

The first few Euler numbers are shown below:

Ey=1, By=—1, B, =5, Eg = —61, Eg = 1385, Ejo = —50521,
Eiy = 2702765, E1q = —199360981, Ejg = 19391512145.

Let N be the set of positive integers. For m € N and b € {0,2,4,...}, in 1875
Stern (see [1],[6]) showed that

(1.1) Fomypy = 2™ + Ep, (mod 2™T1).
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Let [x] be the greatest integer not exceeding z. In 2005, Z.W.Sun [5] showed
that for any k,n € N,

32k+1 4 32k 271

(1.2) — = (=177 (25 + 1)%[
=0

3
L} (mod 2")
271
and deduced (1.1) from (1.2).
For k,m,n € N and b € {0,2,4,...}, in [4, Corollary 7.4] the author showed
that

n—1
n—1-r k—1-—r k mn+n—a
(1.3) Eompyp = Z(—l) ! ( > <r> Eamyyp (mod 2 * ),

n—1—r
r=0

where o € N is given by 2271 < n < 2°.

In Section 2, we give several basic lemmas. In Section 3, using (1.2) and
some results in [2,3,4] we mainly deduce a general congruence modulo 2(m+2)n
involving for Ej and for Eomyy, where b,k € {0,1,2,...}, 2| b and n € N, see
Theorem 3.2. As consequences, we show that for m > 4,

5 B {Eb +5-2™k (mod 2™™) if b= 0,6 (mod 8),
T\ By - 3 2™k (mod 27T) if b= 2,4 (mod 8)
and N 2
1+ 688k — 384
Fi = d4 .
%= T 1376k _ 11842 _ 1536k8 od 4096)
2. Basic lemmas
Lemma 2.1. For n € N we have
2m—1 .
137 +1
> (=1Y 1[7} =2
j=0
Proof. For j € {0,1,...,2" — 1} we have
0 ifj <&,
3] + 1 . n__ . n+1_
(2.1) ] = Q1 i g < 25
2 if 2l <j<on
Thus
i 3541
1yl
>y ]
7=0
((2n+1-2)/3 on_1
do=t2 Y (-1 a2,
) =y j=(2n+141)/3
) ety 21
do=1t2 Y (1Y 24
j=(27+1)/3 j=(2n+1-1)/3
—0+2=2.



Lemma 2.2. Let b€ {0,2,4,...} and n € N. Then

. (Z) (—1)F(3 + 377" By = 0 (mod 297+2).
k=0

Proof. By Lemma 2.1 we know that (1.2) is also true for k¥ = 0 and n € N.
Thus, replacing n with 3n and k with k£ + b/2 in (1.2) we see that for k €
{0,1,2,...} and b € {0,2,4,...},

251

ok 1 35 +1 .
B43 2 NEy=2 ) (1) 125 + )T [27} (mod 2°7+2).
7=0

Therefore,

M=

<Z> (—D)*(3 + 3721 By iy,

k=0
251 . n

=9 Z (,1)j—1 [3]2;; 1] Z <Z>(1)k(2j + 1)2k:+b
j=0 k=0

23n_1

2 Y o [P0 e vy

Jj=0
237 1

— 93n+l Z (_1)]'71 [3]'2;‘1 1:| (1 - (2; + 1)2>n(2j I 1)b (mod 23n+2).
=0

Since
(1(2j+1)2)n: 1-(2j+1)* G+
8 - 8 B 2
B {1 (mod 2) if j =1,2 (mod 4),
~ L0 (mod 2) if j=0,3 (mod 4),

using (2.1) and the fact 237;*1 = 23n+31*1 = 3 (mod 4) we see that
23n—1 . .
3171 (25 +1)2\n,
[ (R g
j=0

= Z (=1)"71 = 0 (mod 2).

3n _ 3 3n+1_
2 1§j<2 1

j=1,2 (mod 4)

Now combining all the above we obtain the result.
Lemma 2.3. Let b € {0,2,4,...} and n € N. Then

n n 32k+b+1 +1
3 <k> (~ 1 By = 0 (mod 2)
k=0



Proof. Lemma 2.1 of [3] states that for any functions f and g,

> (1) 0tas

k=0
EOEOE (5 )vmg (o

Set f(k) = 3+3;2k7b FEopqp, and g(k) = 3260, Then

=0 <> = ; () (~1)i8%+ = (1 - 9)'3" = 0 (mod 2%)
and

nirr <n—§+r>( )]f( ) =0 (mod 23(n78+7'))

j=0 J

by Lemma 2.2. As 23(n—s+7) . 935 — 93043 = () (mod 23"), from the above we see
that

n n 32k+b+1 41
z<k)<_1>k4Em

k=0

. kzo REere

- (0)(s < ) _: (")) ()
=0 (mod 23").

This proves the lemma.

3. Main results

Theorem 3.1. Let b,k € {0,1,2,...}, 2| b and m,n,t € N. Then

32m kt+b+1 +1

1 Eompiip
’I’L*l m
— 1= k 32 rt+b+1 1
= n 1- T( T) < >+ E2m7.t+b (mOd 2(m+2)n)
r:O n—1—r)\r 4
Moreover,
32mkt+b+1 41
TEQMkt'f‘b
_ - )= 1—r — 1= (B) 3 4+ 1E
- 7“:0 n—1—7r)\r 4 2mrieb



k nomy_qyr32titiel g .
4+ o(m+2)n <n> (—t)" >_r—0 (r)( )23n 4 2r+b (mod 2(m+2)n+2)'

32k+b+1

Proof. Let f(k) = 3L Fy p and Aj, = 27 kzr 0( )(=1)"f(r). From

Lemma 2.3 we know that 22k | Ag. Putting p =2 and f(k) = 32HZﬁE%_H, in
a formula in [4, p.88] we have

n

> (1) vrsente

r=0
oam—lpt
=2" A+ > (=2 (—1)F 4,
k=n-+1
k .
s(k,7)j Sn)n! i el
xZ(—l) (k') “ok=d i 2= (am=1p)d,
j=n

where {s(n,k)} and {S(n, k)} are Stirling numbers given by

n

w(@—1)-(z—n+1)=> (=1)"Fs(n,k)a"

k=0
and

:ZS(n,k):U(a:—l)---(x—k-l-l)-

k=0

By [4, Lemma 4.2], for j,k,n € N, S(k’J) J9k=J and MW " are rational 2-
integers. Thus, by the above and the fact 22k | Ay we have

Z <n) (_1)Tf(2m—17«t) = o(m+2)nyn ﬁ (mod 2(m+2)n+2).

r 22n
r=0

From [2, Lemma 2.1] we know that

e = S (F2I 20 () e

r=0
EOrE (e
>

—1)*

For r > n+1 we have (m+2)r
the above we obtain ). ( )

etk = S (A7) (B sy

r=0

(m+2)(n+1) > (m+2)n+2. Thus applying
f(2m1st) = 0 (mod 20m+2)7+2) and so

k n m n An m n
- (n)(—t) . 9(m+2) g (mod o(m+2)n+2y

So the theorem is proved.



Taking m =t =1 and b = 0 in Theorem 3.1 we have the following congruence.
Corollary 3.2. For any nonnegative integer k and positive integer n we have

g+ 4 e (= L= (R 3T
P R () ()
r=0

Theorem 3.3. Let b,k € {0,1,2,...}, 2| b and m,n,t € N. Then

En—l(_l)n—l—r (kflfT) (lﬁ) %EerH—b

r=0 n—1—r

3b+1 1 k 32mt_1 r
Sl 4 gerr s (k) (Calilas) s

(mod 2(m+2)m),

Eompiyp =

Proof. As 32" —1 = (32" — 1)(32" + 1), by induction we see that 22 |
(32" — 1) and so 2™*2 | (32" — 1). Thus

1 m 1 m
7<32 Rt+b+L 1) _ 7(1 43P (1 4 (327 - 1))k>)

4 4
41 3 E R o
— 32 t 1 r
()
3b+1+1 3b+1 n k omy
= —1) o(m+2)ny,
Tt Zl <r> (3 )" (mod )

Note that 1(32"F+0+1 4+ 1) = 1(3+ 1) = 1 (mod 2). Applying the above and
Theorem 3.1 we obtain the result.
Corollary 3.4. For any nonnegative integer k and positive integer n we have

Zn—l(_l)nflfr (k—l—r) (l;:) %EQT

r=0 n—1—r
1433, (§)23—2

Proof. Putting m =t =1 and b = 0 in Theorem 3.3 we deduce the result.
Taking n = 1,2,3 in Corollary 3.4 we have:
Corollary 3.5. For any nonnegative integer k we have

(mod 23™).

Egk, =

Eo = T ok (mod 8),
1— 8k
ok = sk ¢ 202 (mod 64),
1 — 168k + 160k>
Esp, + (mod 512).

= 1+ 110k — 168k2 + 64k

We note that different congruences for Eoi, (mod 64) and Es, (mod 256) have

been given by the author in [4, p.111].
Corollary 3.6. For any k € {0,1,2,...} and n € N we have

=) T G ) () B

Ey = r=0 nolor mod 24"
1+350 (F)azr-15r ( )
and n—1 _1 n—1l—r (k—1—0\ (k 347-+3+1E
— ZT:O ( ) (nflfr) (r) 4 4r+2 dn
B2 = P e (mod 2%").
7427 ZT‘:l (r)4 5
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Proof. Putting m = 2, t = 1 and b = 0,2 in Theorem 3.3 we deduce the

result.
Taking n = 3 in Corollary 3.6 we deduce the following result.
Corollary 3.7. For any nonnegative integer k we have

1 + 688k — 384k?

Fi = 4
= T 316k — 1184k — 1536k (mod 4096)
and " 12
—7 — 1232k + 640
Buprn = d 4096).
W2 = ST T1630k2 — 153600 (O )

Putting m = 3 and £ = 1 in Theorem 3.3 we have:
Corollary 3.8. Let k € {0,1,2,...}, b€ {0,2,4,...} and n € N. Then

S (=1 (R () B B

3b+i+1 + 3Ly (l;) 25r—290)57

S— (mod 2°™).

Theorem 3.9. Let b € {0,2,4,...} and k,m € N with m > 4. Then

Ey+5-2™k (mod 2™)  ifb=0,6 (mod 8),

E m =
2kt {Eb —3.2"k (mod 2™ ifb=2,4 (mod 8).

We also have
Ey — 24k (mod 128) ifb=0,6 (mod 8),

E =
Shtd { By + 40k (mod 128) ifb=2,4 (mod 8).

Proof. Suppose m > 3. Taking n = ¢ =1 in Theorem 3.1 we see that

32mk+b+1 +1

1 Eompyo
(31) 3 41 2, 173%14+1 303 41 A

For 7 > 3 we see that 4”73 /r is a 2-integer. Thus,

=2m. (—4) + 271 2m —1)(—4)? = =3 - 2™*2 (mod 27F°).

Therefore,
327"k = (1 -3.2mt2% =1 — 3k - 22 (mod 2m79)
and so
32mk+1+1 +1 = (1—3k- 27’132)3“1 +1 = 3b+14+ L 302 9™k (mod 2MmF4).



This together with (3.1) yields
(3.2)
3b+1 +1
4

= 2mk? . 3b+2E2mk b — 2m+2]€ 8 (

(Eompts — Ep)

3b+1+1E B 3b+3+1
4 4

Eb+2) (mod 2™*4).

It is clear that

P41 31+8)P2+1 _301+5-8+ (")) +1
4 4 - 4
b 1)_{Z’)b—|—1(mod32) if b=0,2 (mod 8),
~ 36— 15 (mod 32) if b=4,6 (mod 8)

b
=1+4+3b+ 24—
+3b+ 2(2

and so

3b+3+1{3(b+2)—|—1:3b—|—7(mod32) if b=0,6 (mod 8),
4 |3(b+2)—15=3b—9 (mod 32) ifb=2,4 (mod 8).

From Corollary 3.5 or [4, Corollary 7.7] we know that

_{b+1(mod32) if 4] b,
T 1b-3 (mod 32) if4|b—2

and so
b+ 3 (mod 32) if4]|b—2,
Epyo = .
b—1 (mod 32) if4]b.
Thus,
(3.3)
3b+1 +1 3b+3 +1
1 b=~ L2
(3b+1)(b+1) — (3b+T7)(b— 1) = 8 (mod 32) if b=0 (mod 8),
) Bb+1)(b—-3) - (3b—9)(b+3) =24 — 8b (mod 32) if b =2 (mod 8),
(3b—15)(b+1) — (3b—9)(b— 1) = —24 (mod 32) if b=4 (mod 8),
(3b — 15)(b— 3) — (3b+ 7)(b+ 3) = —40b + 24 (mod 32) if b= 6 (mod 8)

and therefore

13 41 3% +1
§< 1 b — 1 Eb+2) =1 (mod 4).
Substituting this into (3.2) we obtain

3b+1 +1

4 (E2mk+b - Eb) =2"k. 3b+2E2mk+b - 2m+2]€ (mod 2m+4).

Since (3**! 4+ 1)/4 is odd, we deduce

2k

(3.4) Eompip — Ep = m(

372 Eympp — 4) (mod 2mT4).



From the previous argument we have ?’b%ﬂ =3b+1 (mod 16) and

P _{ka+b+1(mod16) if b=0 (mod 4),
T 2mE 4+ b — 3 (mod 16) if b= 2 (mod 4).
Thus,
1 1 _{1—3b£1+b(m0d16) if b=0 (mod 4),
(BT +1)/4 ~ 3b+1 |13 —-3b=—3(1+b) (mod 16) ifb=2 (mod 4).

We also have
b .
b2 _ 9 '1)8124 =9 (mod 16) if b=0 (mod 4),
81°T =1 (mod 16) if b=2 (mod 4).
Hence, by the above and (3.4) we have
5 o { (140b)-2"E(9(2™k +b+ 1) —4) (mod 2™F)  if 4|0,
P TEET U S3(1 4+ b) - 2k((2Mk + b — 3) — 4) (mod 2™TY) if 4| b— 2.

For m = 3 we have 22™ = 2m%3_ For m > 4 we have 2"+% | 22, Therefore

(1+Db)-2™k(9 + 5) + 2m+3[3]k (mod 2™)  if 4 |b,
Eompip — Ep = m3
—3(140b)-2™k(b—T7) + 2m+3[%]k (mod 2™ if 4| b — 2.

It is easily seen that

5 (mod 16)  if 8 b,

14+b)(95+5) =9 +14b+5=2b+5=
( A ) {—3(mod16) if8|b—4

and
5 (mod 16) if 8b—6,

—3(1+b)(b—T7) = —-3(b—2)>+6b+33=—2b+1=
(1+0)(0=7) (6-2) {3(m0d16) if 8] b—2.

So the result follows.
Corollary 3.10. Let b € {0,2,4,...} and k,m € N with m > 3. Then

Eka+b = Eb +5- 2k (mod 2m+3)'
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