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Abstract

Let p > 3 be a prime, and let R, be the set of rational numbers
whose denominator is not divisible by p. Let { P,,(x)} be the Legendre
polynomials. In this paper we mainly show that for m,n,t € R, with

m # 0 (mod p),
R == S ()
and

(3 (e

= (?) [pf (if) (3:) <§:> (W)k (mod p),

k=0

where (7) is the Legendre symbol and [z] is the greatest integer
function. As an application we solve some conjectures of Z.W. Sun
and the author concerning Zi;é (zkk) (3,1“) (gz) /mF (mod p?), where
m is an integer not divisible by p.

MSC: Primary 11A07, Secondary 33C45, 11E25, 11110, 05A10, 05A19
Keywords: Binomial coefficient; congruence; Legendre polynomial;
character sum; binary quadratic form

1. Introduction

Let {P,(z)} be the Legendre polynomials given by FPy(z) = 1,
Pi(z) =z and (n+1)Pyyi1(z) = 2n+1)zP,(x) —nP,—1(x) (n > 1).
It is well known that (see [B, p. 151], [G, (3.132)-(3.133)])

(1.1)

[n/2]
1 n\, k(2n—2k\ , o 1 d* o \n
Falz) = on kzo (k)( 2 ( n >$ S 2n.n! dgn ("= 1%,



where [a] is the greatest integer not exceeding a. From (1.1) we see
that
(1.2)

Po(—z) = (=1)"Py(2), Pam+1(0) =0 and Py, (0) = (zll)m (277?)

We also have the following formula due to Murphy ([G, (3.135)]):
(1.3)
" /n\ [n+k\ sz —1\k "2k (n+ K\ fx— 1Nk
P"(x)_z<k:>( k )( 2 ) _Z<k)< 2%k )( 2 ) '
k=0 k=0
We remark that (7) ("Zk) = (2kk) (";;Ck)

Let Z be the set of integers, and for a prime p let R, be the set
of rational numbers whose denominator is not divisible by p. Let
(%) be the Jacobi symbol. In [S4-S6] the author showed that for any
prime p > 3 and t € R,

(L4) Pas(t) = _(—;3) pi <x3 — 32+ 31:: +2t(t2 — 9)> (mod p),
=0

(1.5) Py (1)

(p) ! (:c3 +3(4t — 5)x + 2(262 — 14¢ + 11)
p

) (mod p),

6 p—1 3 3(3t+5)

_(Z))Z(x — 2pfc+9t+7) (mod p).
=0

In this paper, by using elementary arguments, we prove that for any
prime p > 3 and t € R,

(1.6) P[g](t)

3\ &= 7z — 32 + 2t
_<§> ;} <7p ) (mod p).

Moreover, for m,n € R, with m # 0 (mod p) we have

i 2 +mx+n
(1.8) 2(7)

(1.7) P[%]Of)

x=0 p
P 3 -3 .
—(—3m) 1 [g}(n;/n/ﬂim) (mod p) if p=1 (mod 4),
= i1
| T3)m 4l n;/n?) (mod p) if p =3 (mod 4)
and
(pz: <$3+mm+n)>2
=0 p
[p/6] 5 ,
_ (B 2k\ (3K (6K (4m® + 27n\ k
- ( p )Z <k><k><3k>(1234ms> (mod p).



It is well known (see for example [S2, pp.221-222]) that the number
of points on the curve y?> = 3 + max + n over the field F, with p
elements is given by

3 p-1 x3—|—maz+n
#E,(x°+mzx+n)=p+1+ e
P p
z=0

For positive integers a, b and n, if n = ax? + by? for some integers
x and y, we briefly say that n = ax? + by?. Recently the author’s
brother Zhi- Wel Sun[Sul Su3] and the author[S4] posed some conjec-
tures for Z ( )(3,5)( )/m modulo p?, where p > 3 is a prime
and m € Z Wlth p 1 m. For example, Zhi-Wei Sun ([Su3, Conjecture

2.8]) conjectured that for any prime p > 3,
(1.9
s~ (GG
= (90
0 (mod p?) if (1%) = —1,
(5~ 2) (mod 57) i (f5) = 1 and so0 dp = a* + 1957,

Using (1.8) and known character sums we determine Pz () (mod p)

for 11 values of x (see Corollaries 2.1-2.7), and Zi;é (Qkk) (Skk) (g’,z) JmF
(mod p?) for m = —153,203, —323, 2- 303, 663, —963, —3 - 1603, 2553,
—9602, —52803, —640320%. Thus we solve some conjectures in [Sul,
Su3] and [S4]. For example, we confirm (1.9) in the case ({5) = —1
and prove it when ({5) = 1 and the modulus is p.

Let p be a prime greater than 3. In the paper we also determine

pyy- ( )( ) /864% (mod p?) and establish the general congruence

(1. 10)
5 2 () ermr = 5 (2) (2 s

2. Congruences for Fyp(t) (mod p)

Lemma 2.1. Let p be an odd prime. Then

(i) (pg) E(_Z)k<2;> (mod p) for k:O,l,...,pgl,

(mod p) for k:(),l,...,[g],

(iii) ([5]2; k) - (_217)k <3:) (mod p) forp#3 and k=0,1,..., [2].

Proof. For k € {0,1,..., 251} we have (

— (3 2k
13 ) = ( k2) - (—i)’“(k)
(mod p). Thus (i) holds. Now suppose k € {0,1,.

s, [E]}. It is clear
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that

2k (2K)! - (-2)% - (2k)!
(6k)! B (6k)!
AF(2R)2(2k +2)(2k +4) - (6k) — gb(2k)12 . g2k . G
_ GG
42 ()

(,,21 B k> plo2k pdoh el 9k 4 1)(2k+3) - (6k — 1)

(mod p).

Thus (ii) is true. (iii) was given by the author in [S4, proof of Lemma
2.3]. The proof is now complete.
Lemma 2.2. Let p > 3 be a prime and k € {0,1,...,[&]}. Then

OE

1_(%%) » E G + k;
= (_1)[%} 2 4[6]—k< 2 ) < e ) (mod p).
51/ \gp + 0

Proof. For m,n,r € Z with m > n > r > 0 it is easily seen that
(™ (™) = (") ("=). Thus, using Lemma 2.1(i) we see that

n s n—r

() ™)

k
P p=1\ /-1 g
(7))
_ (_g)E1-2k (2K (b5 k! mo
=00 () G

If p=1 (mod 3), using Lemma 2.1(i) we see that

() (7l k)—( W) =)

B 1 ——31@)
= ( ——21@ —k)! (mod p).

Thus, from the above and Lemma 2.1 we deduce that

P

P P Lk
()%™
(7 )%™

(74)[%}—2k+3k (2:)(% — k)!(l%l — k)!
(SR (252 — 3k)1(25E + k)




() _ e GGG/ )
(5,15) (50) G¥)/(=27)*
= (=27)%(—)lel=F = (—1)l613%k 461~ (mod p).

— a(_s[B]-2k+3k (5 (2 = k(252 — k).
= e
2k (Bt —k ok
:3(_4)[%}+k(k)(p722k )53( 4) 1+ e i )(E )gk)/4 ( 9)
(50 () (50 () /(=2
= 3(-21)H(~4) B = () (mod p).

This completes the proof.

Theorem 2.1. Let p > 3 be a prime and m,n € R, with m #
0 (mod p). Then

p—1

3 (Lt
=0 p
p—1 3ny/—3m _
_(—3m)”4 P[g](;/mj) (mod p) ifp=1 (mod 4),
: —‘33m Py (=) (mod p) if p=3 (mod 4).

Proof. For any positive integer k it is well known (see [IR, Lemma
2, p.235]) that

pil k_{p—l(modp) iftp—1|k,
~ |0 (mod p) ifp—1¢tk.

b}



For k,r € Z with 0 <r <k < % we have 0 < k4 2r < 3(p;1)_
Thus,

SxmmE{P—l(modp) if k=p—1-2r,
2=0 0 (mod p) ifk#p—1—2r
and therefore

(2.1)
p—1

1) (p-1)/2 < (p— 1)/2> (p -1 27“) IR

= p—1-—2r r
-1)/2 —1-2r 13 op_p=l
—e-D 2 (Z?(p—l—)/2r> (p r )mp 7905 (mod p).

p—1 p—1
1 ST<Ty

If n =0 (mod p), from the above we deduce that

p! 4+ mx+n p! 3 ot
Z(i)EZ(w +mx +n) 2

=0 p =0

P\ p .
_ ) i m (mod p) if4|p—1,

0 (mod p) ifd|p—3.

Thus applying (1.2) and Lemma 2.2 (with & = [{]) we get

() =0 (&)
Pip)(0) = E<—3>P;1<231> oty a1
0 | if4|p—3.

Hence the result is true for n =0 (mod p).
Now we assume n #Z 0 (mod p). From (2.1) we see that

p] <:c3 + mx + n)

z=0 p



(), Z, (556

On the other hand, by (1.1),

3nv—3m
P ()
5] p
_e £ 28] — 2K\ /3ny/—3m\ [5]-2k
szzo<k S (%5 )
[1%} p p 1_(%1) 2 P
_ o-[2] (61N ke (208] — 2K (3nv=3m\ —2"— ¢ 27Tn®\[{z]-*
. kzo<k>< v ( n )G ) T (-5
= (—1)lzl2[5]
[1%} p P 1_(%1) 2. 1p P—(%l)
S (161 (Ple] — 2k (M) 2 (27n )[ﬂ—’f— :
o \ K (&) 2m? 4m?
_ S TEAYEAVEENE P
= 3(m,p) 7 () () ()BT
[45]
[g]) <2[g]—2k> 27n?\ [§1-k
X mod p),
k:0<k (] <4m3> ( )
where
(—3m)p%1 if p=1 (mod 4),
5(m7p)_ — %
( 3in3)m if p=3 (mod 4).
Hence, by the above and Lemma 2.2 we get
3nyv/—3m
5(m7p)P[g](27m2)
[$5] v _ r—(%) ,
= (Z(_l)[g]33k+1_§§)4[g}—k pTl 5 f (27n2)[3]—k)
P [B] -k 3]{:—1—1_2(5) 4m3
n 3 PP
()Y i
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Since

-5 PI_
@)(_1)[%}27[%1(_1)%133;{# 1w (27 01

p
— (—1)lt %@) o[E1-2(2]33(E)+(1—(5))/2
p
[Z]4[2] 3 P P r—(5) p+1
ivinakd —ap—1 = [F1+E] . (— (1B
i3] 6<p) 3 (1)12 6 (1)6 (1) 1
- (_1)2@ ~ 1 (mod p),

from the above we deduce that

stm. )Py (22
e 2] p-1 p‘é§)+k n?\[5—k
ORI
_ X ($3+m+”) (mod p)
= 2 » p

This completes the proof.

Remark 2.1 The congruence (2.1) was given by the author in

[S5].
Corollary 2.1. Let p # 2,3,11 be a prime. Then
33
(=) (- 33)" 7 “2q (mod p)
P 21v33\ | P
[%]< 121 ): if4|p—1,p:a2+bzcmd4]a—1,

0 (mod p) ifp=3 (mod 4).
Proof. By [S6, Corollary 2.1 (with ¢ = %) and (2.2)],

pzl (x3 — 111995—1— 14) _ (229) pzl <x3 — 4$)

pt3 . 2 2
_J(=1) %2 ifd|p-1,p=a+b"and4|a—1,
0 if p=3 (mod 4).

Thus, taking m = —11 and n = 14 in Theorem 2.1 we obtain the
result.

Corollary 2.2. Let p > 5 be a prime. Then

5
[((-1)%(2)5"% 2¢ (mod )
if8|p—1,p=c®+2d® and 4| c—1,
a0 = 1 (e
B\ 95 (5)5 7 2dv/10 (mod p)

if8|p—3,p=c*+2d® and4|d—1,
0 (mod p) ifp=5,7 (mod 8).

8



Proof. Using [S5, Lemma 4.2] we see that

”i <m3 — 30z + 56)
P

=0
p—1

—z)3 — 30(—x —1y\ A /2 — 302 —
_ (( ) 32( )—1-56):(1)1);0( 32 56)

0
) 3 2¢ ifp=1 (mod 8),p=c?+2d>and 4| c—1,
P
p
- (—1)1)8%3(§)2c if p=3 (mod 8), p=c*+2d* and 4 | ¢ — 1,
p
0 if p=5,7 (mod 8).
[S3, p.1317]
02 d
(1) =(=1)"5 *2 (mod p)
» if p=c?+2d* =1 (mod 8),
2 = 2o1d b d
(=17 - =(-1)’% — (mod p)

&
ifp:c2+2d253(mod8) with 4 | ¢ —d

Now taking m = —30 and n = 56 in Theorem 2.1 and applying the
above we deduce the result.
Corollary 2.3. Let p > 5 be a prime. Then

(_p—1,D
51171(];)214 (mod p)

if12|p—1,p=A2+3B%> and 3| A — 1,
P[%]( 25 > = —5p43(}5))2A\/S (mod p)

if12|p—7,p=A2+3B%> and 3| A — 1,
0 (mod p) ifp=2 (mod 3).

Proof. By [S2, Lemma 2.3] (or [S6, Corollary 2.1 (with ¢t = 5/3)
and (2.3)]) we have

p—1

Z (az3 — 15z + 22)

(2.3) =0 P
_{—ZA if3|p—1,p=A>+3B>and 3| A—1,
o

if p=2 (mod 3).
Thus, taking m = —15 and n = 22 in Theorem 2.1 we obtain the

result.
Corollary 2.4. Let p > 5 be a prime. Then

Ay (00)



10
[ —(2)10"5 L (mod p)

if12|p—1,4p=L*>4+2TM? and 3 | L — 1,
10

(— ; )10"7" Lv/10 (mod p)

if12 | p—7,4p=L> +27TM? and 3| L — 1,
0 (mod p) if p=2 (mod 3).

Proof. From [S5, Corollary 3.3] we know that

p—1

Z <m3 — 1202 + 506)

=0 p

2

()L if3|p—1,4p=L*+27TM? and 3| L — 1,
p

0 if p=2 (mod 3).

Thus taking m = —120 and n = 506 in Theorem 2.1 we deduce the
result.

Corollary 2.5. Let p > 7 be a prime. Then

}(ST)

2( )15° 7 Xe (mod p)

15
ifp=1,9,25 (mod 28), p=C* +7D? and 4 | C — 1,
2(%)15%31)\/105 (mod p)

if p=11,15,23(mod 28), p = C?* +7D* and 4| D — 1,
( 0 (mod p) if p=3,5,6 (mod 7).

Proof. Since (—x —7)3 —35(—x —7) + 98 = — (23 + 2122 4 1122),
from [R1,R2] we see that

(2.5)
pz_i (x3 —35x+98> p21 p-! (z + 2122 + 112:75)
x=0 p

&2

=0
_{( )p+120(§') if p=1,2,4 (mod 7) and sop:C'2+7D2,
0 if p=3,5,6 (mod 7).

Suppose p = 1,2,4 (mod 7) and so p = C? + 7D?. By [S3, p.1317],
(2.6)

(mod p) if p=1,9,25 (mod 28) and 4| C' — 1,
D
— 7)0 (mod p) if p=11,15,23 (mod 28) and 4 | D — 1.

Now taking m = —35 and n = 98 in Theorem 2.1 and applying all
the above we deduce the result.

Corollary 2.6. Let p be a prime such that p # 2,3,5,7,17.

10



(i) If p=3,5,6 (mod 7), then P[Z](1718V5%78 ) =0 (mod p).
(ii) If p = 1,2,4 (mod 7) and so p = C*+7D? for some C,D € Z,
then

2
( ]5)5)255 -2C' (mod p)

Py (171\/%)

if4d|p—1and4|C—1
852 255

—(= . )255°% - 2D/1785 (mod p)

L if4d|p—3and4|D—1.

Proof. From [W, p.296] we know that

- ((;U2 + 6z +2)(3z% + 16x))

p
=0
_2(;2)(%)0 — (§) if p=1,2,4 (mod 7) and p = C* + 7D?
_ p p
_(2) if p=13,5,6 (mod 7).

As (2% + 62+ 2)(32% + 162) = 2*(3 +34/x + 102/2% + 32 /23), we see
that

S( 2% + 6z + 2)(322 —|—16x))
= p
- Zl <3+34/95+102/a: +32/23 ) _”‘1 (3+34x+102x2+32x3)
_zzl p _x 1 p
9\ 22 6417 - 4z + 5L (4)2 + (4a)?
()% : )
- (2)p 1<:c3+541:2+17:c+6> (12)
p/ = p p
and
’§<m + 3y 2+17x+6)
=0 p
_S((x—f)?’ﬂ“if(x 1y2 4 17( )+6)
_x=0 p
:zi(xg_%$+s)gzsf):p1<(i)3_51965'i+524816>
=0 p =0 p
© 1(3: —59595—1—5586)
730:0 p

11



Now combining all the above we deduce that

pzl (x3 — 5952 + 5586)
x=0 p

B { (—1)%20(%) if p=C?+7D?=1,2,4 (mod 7),
0 if p=3,5,6 (mod 7).

(2.7)

Taking m = —595 and n = 5586 in Theorem 2.1 and then applying
(2.7) and (2.6) we deduce the result.

Corollary 2.7. Let p # 2,3,11 be a prime.

(i) If p=2,6,7,8,10 (mod 11), then P[%](g% 22) =0 (mod p).

(ii) Ifp=1,3,4,5,9 (mod 11) and hence 4p = u*+11v? for some
u,v € 7, then

A (53v2)

~2"T u (mod p) ifd|p—1and4|u—1,
(_2)%1” (mod p) ifd|p—1and 8| u—2,
—ZPT_QSU@(modp) ifd|p—3and4|v—1,
(=2)"F 0v/22 (mod p) if4|p—3 and 8| v —2.

Proof. It is known (see [RP] and [JM]) that

pi <x3 —96-11z+112- 112)

=0 p

2.8 3. u

25 e
p

0 if (

Ju if (1%) =1 and so 4p = u® + 112,
p
Sy = 1.
11)

Thus applying Theorem 2.1 we deduce that
(2

—(

)22 (3 )u (mod p)

if (%):1, 4]p—1 and 4p = u® + 1102,

7 — p=3 U
Py (55V22) = _(;)224(11)1“@ (mod p)

if (%):1, 4|p—3and 4p = u? + 110°,
p
)

= 1.
11

0 (mod p) if (

Now assume (&) = 1 and so 4p = v?+110v%. If u = v = 1(mod 4),
by [S3, Theorem 4.3] we have

( 11)[2] _ (%) (mod p) if p=1 (mod 4),

(*)E (mod p) if p =3 (mod 4).

12



If u=v=0 (mod 2), by [S3, Corollary 4.6] we have

i —(%) (mod p) if p=1 (mod 4) and 8 | u — 2,
il =
—(%)B (mod p) if p=3 (mod 4) and 8 | v — 2.
u

Now combining all the above we derive the result.

From [RPR], [JM] and [PV] we know that for any prime p > 3,

p—1

Z($3—8-19x+2-192>
=0 p
2
(13)(1%)“ i (1%) =1 and so 4p = u” + 1907,
p— . p
f(=)=-1
”i (373—80-4337—1—42-432)
=0 p
2
(5)(%)“ if (%) =1 and so 4p = u? + 4302,
0 it () =1,
(2.9) B 43
”Z (x3—440~67x+434.672)
=0 D
2
(E)(%)U if (%) =1 and so 4p = u? + 6702,
e/ D
0 f(=)=-1
pj(fc3—80-23-29-163x+14-11-19-127-1632>
=0 b
2
(5)(%)1‘ if (%) =1 and so 4p = u® + 16302,
o D
0 f(-=)=—L
if ({63

So, by the method of proof of Corollary 2.7 one can determine P[%] (3%\/ 114),

Py (S34505), Pie) (5585 v/22110) and Pe) (357463 \/1630815) (mod p).

Lemma 2.3. Let p be a prime greater than 3, and let t be a
variable. Then

=5 () (1) ()

SO

k=0

Proof. Suppose that k € {0,1,...,p — 1} and that r € {1,5} is

13



given by p = r (mod 6). Then clearly

(59
e+ k) +k—1)-- (5 —k+1)

k12
_(p+6k—1)(p+6k—6—7)--(p— (6k—6) —7)
- 62k - k12
= (_1)k(6"3*7“)(6k*6*7’)'--(6*7“) 7(r+6)-- (6k—6+7)
- 62k - |12
_ (=1)k - (6k)!
©(2-4---6k)(3-9-15--- (6k — 3)) - 62F - k12
(=1)* - (6k)! B (6k)! |
23k(3k)! . 3k 0L ggkpz  (—432)R(3K)!(2k)!K! (mod p).
Hence

e (D) (1)) B

Therefore p | () (%) for £ < k < p. Now combining (2.10) with
(1.3) yields the result.

Theorem 2.2. Let p > 3 be a prime and m,n € R, with m #
0 (mod p). Then

[p/6] B
o) 5 (%) () oy
3m Pl 3 —3mPr +n
_( ) ;) <—> (mod p).

p p

Proof. Replacing m by —3m? in Theorem 2.1 and then applying
Lemma 2.3 we deduce the result.

Corollary 2.8. Let p > 3 be a prime, and let ¢(n) be given by

g [T =" =" => cn)g" (ol <1).
k=1

Then

c(p) = Py (%) = (—1)% Z orGh (mod p).

Proof. It is easy to see that the result holds for p = 11. Now
assume p # 11. By the well known result of Eichler (see [KKS,
Theorem 12.2]), we have

{(z,y) €Fp x Ty y* +y=2® -} =p—c(p).

14



Since
{(z,y) €FpxFy: y° +y =2 — 2%}
:‘{(x,y)ewpxwp; (y+%)2:$3_x2+%}‘
=[{(z.v) €Fy xFy y2=w3—x2+i}’

p—1 3 2,1 P 1\3 1\2 | 1
Z x> —at+ Z (x+35)°—(x+35)°+ 5
x=0 p p

=0
p—1 3 1 19 p—1 3 1 19
oy (B S (W
x=0 p x=0 p
-1
6\ o~ /23 — 120 + 38
e (5 (Tt
p/ = P
we obtain
-1
6\ o= /23 — 120 + 38
(2.11) c(p) = —(7) 3 (—)
p/ = P

Using Theorem 2.2 we see that

e =-(3) 2 () = g () toa )

v/ = p

From (1.2) and Lemma 2.3 we have

19 p 19
LA NEENT _ Y
P[%]<8>_(1)6P[%]( 8)
[p/6]
B b= 6K\ (3k\ /1+19/8\k
== ;0(3k><k>( 864 )
[p/6] (6k\ (3K
= (-7 (i’ggéf) (mod p).
k=0

Thus the result follows.

Remark 2.2 Set ¢ = ™% and f(z) = ¢ [[re; (1—¢%)2(1—¢**)2.
It is known that f(z) is the unique weight 2 modular form of level
11.

Theorem 2.3. Let p > 3 be a prime, and let t be a variable.

Then
p—1

(2.12) P[%](t) = (2) Z( 3 _3z+2)"7 (mod p).
=0

Proof. Taking m = 1 and n = 2t in Theorem 2.2 and applying
Euler’s criterion we see that (2.12) is true for t = 0,1,...,p—1. Since
both sides of (2.12) are polynomials in ¢ of degree at most (p —1)/2,

15



applying Lagrange’s theorem we conclude that (2.12) holds when ¢
is a variable.

Theorem 2.4. Let p > 3 be a prime and let t be a variable.
Then

Py (1)

p1 tt?2 —9VI2 + 3 ‘
(=3 Ry (ST mod ) i lp- L

23T (2 — 9+ 3 ,
_( t2 +)3 [%]< ( (t23_3)2 ) (HlOd p) Zf4‘p_3

and
Py (t)

p=1 9t +7)y/6t + 10 ,
(6t +10) = P[%](( (St)+ SE ) (mod p) ifd|p—1,

6t + 10 9t + 7)v/6t + 10 .
(\/6t+7)10 [g}(( (3t)-|-5)2 ) (mod p) if4d|p—3.

Proof. By (1.1), both sides of the two congruences are poly-
nomials in ¢ of degree at most p — 3. By Lagrange’s theorem, it
suffices to show that the congruences are true for p — 2 values of
t € {0,1,...,p —1}. Now combining (1.4) and (1.6) with Theorem
2.1 we deduce the result.

Corollary 2.9. Let p > 3 be a prime and m € R, with m #
0 (mod p). Then

Ay (50)

p+1
4

m m2 o [p/4] m2 —

= () () = () 2 () (1) ()’
s P/ - o 9)2

= () 2 () (1) (™) a )

Proof. Taking t = (2m?—5)/3 in Theorem 2.4 and then applying
[S6, Lemma 2.2] and Lemma 2.3 we deduce the result.

Theorem 2.5. Let p > 3 be a prime and let t be a variable.

Then
( p-1 2t2 — 14t + 11
ifp=1 (mod 4),
Py = (5-4t)"F 22— 14t +11
- Prp Vh—4
VB — 4t ol Goaz VP t) (mod p)

if p=3 (mod 4).

Proof. By (1.1), both sides of the congruence are polynomials
in ¢t of degree at most p — 2. By Lagrange’s theorem, it suffices to

16



show that the congruence is true for all t € R, with ¢t # % (mod p).
Now assume t € R, and ¢t # 2 (mod p). Set m = 3(4t — 5) and
n = 2(2t* — 14t + 11). Then

2m2 (5 — 4t)2

3ny/=3m (2t — 14t + 11)\/5 — 4¢

Thus, by (1.5) and Theorem 2.1 we have

p—1
Pyt =~ (%) Z_;) (W)

2t2 — 14t + 11
w\% — 4t) (mod p)

if4)|p—1,

+1

(9(5 — 4t)) T 22 — 14t + 11
" Vb —14

9(5 — 4t) 51 G-ap ¥ {) (mod p)

if4|p—3.

(50005 = 40))"5" Py

&)

For p = 1 (mod 4) we have 0T (8) = (%)(g)
p = 3 (mod 4) we have 08F . 1(B) = (
the result follows.

Corollary 2.10. Let p > 3 be a prime and m € R, with m #
0 (mod p). Then

= 1 (mod p), For
)(%) = —1 (mod p). Thus

W

5— 2
P[§1< 4m )
(Mt 18m? - 27 BB ok (3K m? — 13k
( ) [%1< 8m? )Zkzzo(k><k>< 216 )
/6] 3
6k\ [ 3k +1)(3— k

( ) 2 (3k> < k > ((m 28 ')?(,Sm?»m) ) (mod p).

=0
Proof. Taking t = 5_f2 in Theorem 2.5 and then applying [S4,

Lemma 2.3] and Lemma 2.3 we deduce the result.
Corollary 2.11. Let p > 3 be a prime. Then

A (32)

3

S

—m
b
—m
p

Eod

_ 2a(312¢§)%(m0dp) ifd|p—1,p=a*+b* and 4 |a -1,
~ | 0 (mod p) if p=3 (mod 4).

Proof. Set t = (743v/3)/2. Then 2t — 14t + 11 = 0. Thus, from
Theorem 2.5 and the congruence for P (0) in the proof of Theorem
2.1 we deduce that

]<7j:3\/§>

Pre
2

17



p—1
(— 9:F6\f) g()=(3:|:2\/§)p41<21> (mod p)
7
= ifd|p—1,
—9F6v/3) 5T
_ j:9q26i/§ [%](0)_0(modp) ifd|p—3

p_1

It is well known that (,2,) = 2a (mod p) for p = 1 (mod 4) (see
4

[BEW, p.269]). Thus the corollary is proved.

Theorem 2.6. Let p > 3 be a prime and m,n € R, with m #
0 (mod p). Then

p—1

34+ mz+n
()
. [p/12] p 5p m3 n?
o 3 () () gt e
= " p/12 - p SN dymB 4 972
e 3 () () e oma
k=0
if 4| p—3.

Proof. Let P,Sa’ﬁ ) (z) be the Jacobi polynomial defined by
1 /n+a\/n+4 _

pled) k(e _ 1)nk

(a) = 2”,;0:( I R ER TR

It is known (see [AAR, p.315]) that
(2.13)

_ (07 2) . (07%) 2
Py, (x) = P, (222 —1) and Po,qi(x) = 2P, 2 (222 —1).

For k = 1,2,... let (a)y = ala+1)---(a+ k —1). Then clearly
(a)r = (=1)*K!(5%). From [B, p.170] we know that

n+«a n+«a —x\k
R G [ S e )
_(nra\s- W) a1y
( n > kzzo (_1];0‘) < 2 )
Thus,
(2.14) PP (z) = - (Z) (—n —kﬁ - 1> (1 ; :p)k’
k=0
Hence, if p = 1 (mod 4), then [£] = 2[{5] and so
3nv—3
Ao (“ o)

18



if p=3 (mod 4), then [£] = 2[{5] + 1 and so
3ny —3m
Ao (“ o)
_ 3n\/—3mP(o,%)<2. —27n? B 1)
5] 4m3

Now combining the above with Theorem 2.1 we deduce the result.

For a prime p and a € R, let (a), denote the unique integer
ap € {0,1,...,p— 1} such that a = a¢ (mod p).

Lemma 2.4. Let p > 3 be a prime and let t € R, with t #
0 (mod p). Then

|||
'U
o
— A
?TA
H
v
/"\
m“'
v
y—n
|
| =
~—
B

Proof. Taking a = —% in [S7, Theorem 2.2] and then applying

19



[S7, Lemmas 2.2-2.3] we see that

p—1

1 5
12 12 _ Nk
> () (e
Ly B AN /I b 1Nk
= () () () = g
'P%( t) (mod p) if 12 |p—1,
PSpgl (Vt) = P%(\/E) (mod p) if 12 | p — 5,
=\ Puo (Vt) = (\/Z)pP,%l(\/i) (mod p) if12p—7,
Pupi (VD) = (VI Pops (VE) = (VP Pos (VE) - (mod p)
if12 ] p—11.
To see the result, we note that (v/#)? = tp%l\/fﬁ = (%)\/Z (mod p).

Theorem 2.7. Let p > 3 be a prime and m,n € R, with mn #

0 (mod p). Then

pz_i(a:?)—i—maH-n)
=0 p
( pr o (=L (=2 Amd + 272,
_(—3m) 2 12 |2 T el d
= -1
2m ,—3m pi1 o — LN\ =3\ 4m3 4 27n?
<m _3m) 12 2 )2 Al Nk d
gy e S () () (g e
if4|p—3
p—1 1 7 3 2
p+l M p—1 — = —-=\ 4m° + 27n
sl 12 12 k d
() () M( ) () mod p
= -1
13,2 ps« — LN\ =L\ 4m3 + 27n?
N5 2 (5% 12 12 k d
SR M( 2) (7)) mod
if3|p—2.
Proof. Set t = —ijgj. Then 1 -t = %. Since
=13
27n? p-1 3 . p=1,m p=1 .
(_W) T (_E) 1 (5) if 12 | p—1,
27n? sp-1 —3m m.p=5,2 p=5 .
(— ) E(T)(—g) 1 (ﬁ) ¢ (modp) if12|p—35,
T, 2w 3m. 3 s npes ,
(— 4m3) 7 = ( I >(_E) 1 (5) ¢ (modp) if12|p—7,
27n? 11p—1 m._p=11 2 p—11 .
((~3g) 2 =(=5)"T ()% (modp)  if12|p—11,



using Lemma 2.4 and Theorem 2.1 we deduce the result.

3. A general congruence modulo p?

Lemma 3.1. For any nonnegative integer n we have

> (1) () Go) (5 e
-5 (GG h)

Proof. Let m be a nonnegative integer. For k € {0,1,...,m} set

Fum, k) = <2:> <3kk> (g:) (mk_ k) (—432)™F
ratms) = (57) (o) (=) Gion )

For k € {0,1,...,m + 1} set

Gi(m, k) = —k2(m + 2) (2:) (3:) (gz) <m +l; i k) (— 432yt

12k%(36m? — 36km + 129m — 62k + 114)
(m+2—k)?
" <3k> <6k> (3(m +1- k:)) (6(m +1- k))
k ) \3k m+1—k 3(m+1—-k))

For i = 1,2 and k € {0,1,...,m}, using Maple it is easy to check
that
(3.1)

(m +2)3Fi(m + 2, k) — 24(2m + 3)(18m? + 54m + 41)F;(m + 1, k)

+20736(m + 1)(3m + 1)(3m + 5)Fy(m, k)

Ga(m, k) =

Set Si(n) =>4y Fi(n, k) forn=0,1,2,.... Then

(m 4 2)3(Si(m +2) — Fy(m +2,m +2) — Fy(m+2,m +1))
— 24(2m + 3)(18m? + 54m + 41)(Si(m + 1) — Fy(m +1,m 4 1))
+20736(m + 1)(3m + 1)(3m + 5)S;(m)

m

= ((m +2)3F (m + 2, k)

k=0
— 24(2m + 3)(18m? + 54m + 41)Fy(m + 1, k)
+20736(m + 1)(3m + 1)(3m + 5) Fy(m, k:))
= (Gi(m,k +1) = Gi(m, k)) = Gi(m,m + 1) — G;(m, 0)
k=0
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=Gi(m,m+1).

Thus, for i =1,2 and m =0,1,2,...,
(3.2)
(m +2)38;(m + 2) — 24(2m + 3)(18m? + 54m + 41)S;(m + 1)
+20736(m + 1)(3m + 1)(3m + 5).S;(m)
=Gi(m,m+1)+ (m+23(F(m+2,m+2)+ F(m+2,m+1))
—24(2m + 3)(18m? + 54m + 41)Fy(m 4+ 1,m + 1) = 0.

Since S1(0) =
deduce Si(n)
proof.

For any prime p and integer n, if p® | n but p®™! { n, we write
p* [l n.

Lemma 3.2. Let p be an odd prime and k,r € {0,1,...,p— 1}
with k+r > p. Then

3k\ (6k\ [3r\ [6r\ 9
() () (7) () =0 tmoa 2

Proof. For any positive integer n we have (37:‘) = 3( - ) Thus
the result is true for p = 3. Now assume p > 3. By (2.10), p |
(3:)(371) for £ < n < p—1. Thus, if & > & and r > £, then
P GGG e < & then b > p—r > 3, p° | (6k)),
p || (2k)!, p? || (3k)! and so (3kk) (g’;) = % = 0 (mod p?).
Similarly, if & < &, then r > %p and so (3:) (g:) =0 (mod p?). Thus
the lemma is proved.

Theorem 3.1. Let p be an odd prime and let x be a variable.
Then

5 (3) (1) () etr-ss2 = (5 (5) ()Y ot

k=0 k=

S2(0) and Si(1) = 120 = S3(1), from (3.2) we

1 =
= Sy(n) for all n = 0,1,2,.... This completes the

Proof. For & < k < p we have p | (Qkk) and p | (3kk) (g:) by (2.10).
Thus p? | (zk) (3kk)( ) for £ < k < p. Hence, using Lemma 3.1 we

deduce that

=0
<5 )Gt
S (e

r

6k> (z(1 — 432x))*

=
=28

p—

(]

0

[

1

L k>

m=

22



-1
6k\ 1 u 3r\ (67 , 9
<3k>x Z <r> <3T>x (mod p?).
r=p—k
By Lemma 3.2, p? | (315) (gz) (3:) (g;) for0<k<p—landp—Fk <
r <p—1. Thus
p—1 p—1
3k\ [(6k\ 4 3r\ (60 , 9
()G 2 () ()7 =0 moary
k=0 r=p—k
Now combining all the above we obtain the result.

Corollary 3.1. Let p be a prime greater than 3 and m € R, with
m # 0 (mod p). Then

 ( k) (55 _ (K= (3% 1128
= R 2
2 —<2)( )( )( 864 )) (mod p7).
Proof. Taking = = oy irs/m W in Theorem 3.1 we deduce the

result.

Corollary 3.2. Let p be a prime greater than 3 and let t be a
variable. Then

S )y
= (t+ 1)(;‘1) (3:> (22) (%)k)

(S (D)) ot

k=0

(]

Proof. Putting z = % in Theorem 3.1 we see that

5 () () () ('
(X)) G+

k=0
23
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where f(t) is a polynomial in ¢ with coefficients in R,,. Taking deriv-

atives and then multiplying by % on both sides we deduce the
result.

Lemma 3.3. Let p be a prime of the form 4k + 1 and p =
a’ +b*(a,b € Z) with a =1 (mod 4). Then
2a (mod p)  if12|p—1and31a,
P[y](0)5< 2 >E —2a (mod p) if12|p—1and 3| a,
2b (mod p) if 12| p—>5and 3| a—b.

Proof. By Lemma 2.1(i) and the proof of Theorem 2.1,

A0 = () = ([]) =97 () mod )

p—1

By Gauss’ congruence ([BEW, p.269]), (,2,) = 2a (mod p) . By [S1,
Theorem 2.2 and Example 2.1], '

1 (mod p) if 12|p—1and 31a,
(_3)114;1 _ J —1 (mod p) if 12|p—1and 3| a,
b

—55%(modp) if12|p—5and 3|a—0b.

Thus the result follows.

We note that for primes p = 1 (mod 12), the congruence ( (%:11))//122)
= +2a (mod p) was given in [HW, Corollary 4.2.2].

Let p > 3 be a prime. By the work of Mortenson[M] and Zhi-Wei
Sun[Su2],

(3.3)
~1
p (2k) (Bk) (Gk)
kZO ) 1758’“%
B { (g)(4a2 —2p) (mod p?) ifp=a®+b>=1 (mod 4) and 21 a,
o (mod p?) if p=3 (mod 4).

In [Sul, Conjecture B16] Zhi-Wei Sun conjectured that
6k\ (3k
() (i)
864
0
0 (mod p?) if p=3 (mod 4),
(~1)#(2a - ) (mod p?)

i
L

£
I

= if12|p—1,p=a*+b*>and 4 |a—1,
ab

(5)(2b = ) (mod p?)

if12|p—5p=a®*+0b*and 4|a— 1.
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n [Sud], Zhi-Wei Sun confirmed the conjecture in the case p =
3 (mod 4).
Now we prove the above conjecture for primes p =1 (mod 4).
Theorem 3.2. Let p be a prime of the form 4k + 1 and so
p=a®+b® witha,b €Z and a=1 (mod 4). Then

2a72£(m0dp2) if12|p—1 and 31a,
a

= —2a+£ (mod p?) if12|p—1 and 3 | a,

2b—2—b(m0dp) if 12| p—5 and 3| a—0.

Proof. From Lemma 3.3 we have P[%](O) = 2r (mod p), where

a ifp=1(mod 12) and 31 a,
r=4q —a ifp=1(mod 12) and 3| a,
b ifp=>5(mod12) and 3| a—b.

By (2.10), p | (gZ) 3,5) for £ < k < p. Thus, applying Lemma 2.3
and the above we get

-1
o G ()
864k

= P[%}(O) = 2r (mod p).

et 301 G _

864k

-1 -1
D (Qk:) (Sk) (Gk;) D 3k) 2
kZ:O : 17;8"7% (EZ: 864+~ )

= (2r 4 qp)? = 41 + 4rgp (mod p?).

= 2r + ¢p. Using Corollary 3.1 we see that

Thus, applying (3.3) we obtain (§ )(4a? — 2p) = 4r% + 4rgp (mod p?).
Hence g = —2% (mod p) and the proof is complete.

4. Congruences for Z:%:lo (Qkk) (3,;“) (gZ) /mk

Theorem 4.1. Let p > 3 be a prime, m € R,, m # 0 (mod p) and

t=+/1—-1728/m. Then

(r—1)/2 r2k\ (3k\ (6k p—1

k=0 =0

Moreover, if P[%](t) = 0 (mod p) or Y '_ 0( 3 — 3z + 275)%1 =
0 (mod p), then

0 (mod p?)

(]
32
Il
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and

[p/6] ;. (2k\ (3k\ (6K
Z ]W =0 (mod p) for m # 1728 (mod p).
k=0
Proof. Forke{%,...,p—l}wehavep‘(Qk) ( )( )

by (2.10), thus p? | (2:) (3:) (gl]z) Since %(1—432 %%GD %7;8 = m,
by Theorem 3.1 we have

(4'1)(p_1)/2 m
S - (5 (2) ()

Using Lemma 2.3 and Theorem 2.3 we see that
R (3N (6K /1 —t\k
prd < k ) <3k:> (W)
3 L p—1
= P[%](t) = —(7> Z(w3 —3z+2t) 2 (mod p).

p =0

This together with (4.1), Corollary 3.2 and the fact that p | (Skk) (glg)
for £ < k < p yields the result.

Theorem 4.2. Let p > 3 be a prime and m,n € R, with m #
0 (mod p). Then

(pz: (x3 +rzaz+n)>2

=0

(p—1)/2 ) 2
_[(—3m 2K\ /3k\ /6k\ /4m3 + 27n2\ k
:( p ) kzzo <k><k><3k‘><1234m3>

[p/6] , )
= (& 2k (3K (6K (4m? 4 27n?\*
=5 £ ()0 () i)

Moreover, if ZZ;E(W%‘F") =0, then

2 9k (3K [6k (4m3—|—27n2>k’:0( od )
2o \ k) \k J\3k) \ 125 4m3 )~ moep
and

B2 () 2 ot e v
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Proof. We first assume that 4m? + 27n? = 0 (mod p). Clearly
—3m = ()2 (mod p) and so (%Tm) =1 Aszd3+mz+n =

2m

(z — 22)(z + 22)2 (mod p) we see that

p-l (x3 + mx + n)

I

M1
L
/N
—

3

|

3g
S—
SR
+
Nl
SE
S—

N
N———

|

o
I —
/N
8

|

3|¥
N—

z%— D (mod D)

Since m # 0 (mod p) we have n #Z 0 (mod p) and so Zg;é(r?’-i-mTrM) —
—(%) = #£1. Thus the result holds in this case.
Now we assume that 4m?> + 27n2 £ 0 (mod p). Set t = 3nv/—3m

2m?2
and m; = 417771%?1_‘;%2 Then t = /1 — 1728 /my. From Theorems 2.1
and 4.1 we have

(”z: (:c3 +77;:E—|—n)>2

=0
(p=1)/2 (2ky (3ky (6K
p=1 -3
= (—3m)p21P[%](t)2 = <Tm> W (mod p).
k=0 1
By (2.10), p | (%) (5F) for £ < k < p. If YPZg(ZHmIER) = 0, we

must have P[G](t) = 0 (mod p). Thus, applying Theorem 4.1 we see
that
(p—1)/2 (2k) (3k) (ﬁk)

Z k n*’zk k2 = 0 (mod p?)
k=0 1
and
[p/6] . 12k (3K (6K
Z w =0 (mod p) for n#0 (mod p).

This completes the proof.

Theorem 4.3. (See [S4, Conjecture 2.4].) Let p be a prime such
that p # 2,3,11. Then

(”i/ T () )

663k
k=0
0 (mod p?) if p=3 (mod 4),
= (%)4@2 (mod p) ifp=a*+b*=1 (mod 4) and 2ta
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and

[p/6] ;. (2k\ (3ky (6K

k
§ ()6(652(%)50 (mod p) for p=3 (mod4) with p#T.
k=0

Proof. Taking m = —11 and n = 14 in Theorem 4.2 and then
applying (2.2) we deduce the result.

Theorem 4.4. (See [S/, Conjecture 2.5].) Let p > 5 be a prime.
Then

(p—1)/2
pz (%) () )
203k
k=0

0 (mod p?) if p=>5,7 (mod 8),
(_—5)402 (mod p) ifp=c®+2d*>=1,3 (mod 8)
p

and

[p/6] k:(%) (3k> (6k)
> e =0 (mod p) for p=5.7 (mod 8) with p# 7.
k=0

Proof. Taking m = —30 and n = 56 in Theorem 4.2 and then
applying the formula for Zﬁ;é(%) in the proof of Corollary
2.2 we deduce the result.

Theorem 4.5. (See [S/, Conjecture 2.6].) Let p > 5 be a prime.

Then
(p=1)/2 (2ky (3ky (6K
> () () Gaw)
54000%
k=0
0 (mod p?) if p=2 (mod 3),
- (%))4142 (mod p) ifp=A*4+3B*=1 (mod 3)
and

L 6D |
E: 00k =0 (modp) for p=2(mod3) with p#1l.

Proof. Taking m = —15 and n = 22 in Theorem 4.2 and then
applying (2.3) we deduce the result.

Theorem 4.6. (See [S/, Conjecture 2.7].) Let p > 5 be a prime.
Then

(p—1)/2 2k (Sk) (Gk)

> 1

12288000)
k=0
modp if 3| p—2,
L2nmdm if 3| p—1 and so 4p = L* + 27M?
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and

[p/6] k(%) (Sk) (6k:)
kz (Z12283000) et =0 (mod p) for p =2 (mod 3) with p # 11,23.
Proof. Taking m = —120 and n = 506 in Theorem 4.2 and then
applying (2.4) we deduce the result.
Theorem 4.7. (See [S4, Conjectures 2.8-2.9].) Let p > 7 be a
prime. Then

P (2 (3 (5)

— (_15)3k
0 (mod p?) if p=3,5,6 (mod 7),
- (%)4(]2 (mod p) ifp=C*+7D?=1,2,4 (mod 7)
and
(p=1)/2 (2ky (3ky (6K
3 (&) (i) )
2553k
k=0
0 (mod p?) if p=3,5,6 (mod 7) and p # 17,
- (255)402 (mod p) ifp=C?*+7D*=1,2,4 (mod 7).

Proof. From (2.5), (2.7) and Theorem 4.2 we deduce the result.
Theorem 4.8. (See [Sul, Conjecture A26].) Let p # 2,11 be a
prime. Then

(»=1)/2 12K\ (3k\ (6k

(%) ) Gr)

e
0 (mod p?) if (17) = -1,

(—)z? (mod p) if (%) =1 and so 4p = 2 + 11y%.
p

Proof. Taking m = —96 - 11 and n = 112 - 112 in Theorem 4.2
and then applying (2.8) we deduce the result.

Similarly, from (2.9) and Theorem 4.2 we have the following re-
sult.

Theorem 4.9. (See [Su3, Conjectures 2.8-2.10].) Let p > 3 be a
prime. Then

2 (2 (35 (55)

— 3k
= (790
d p’ f (L) =1
Cfomear) rGH =t
(;6)x2 (mod p) if (1%) =1 and so 4p = * + 19y?,
p
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(p—1)/2 r2k\ (3ky (6k
> Ll

k=0
0 (mod p?) if (4%) =—1 and p # 5,
a (%)mQ (mod p) if (%) =1 and so 4p = 2> + 43y°,
(p=1)/2 (2ky (3ky (6K
> (&) () (o)
— 3k
£ (—5280)
0 (mod p?) if (%) =—1andp # 5,11,
=9 ,—330

(

) )z? (mod p) if (%) =1 and so 4p = x* + 67y>

and

(p—1)/2 (Zk) (3k) (6k)

Z k) \ k) \3k
— 3k
£2 (~640320)
0 (mod p?) if (%) — 1 and p # 5, 23,29,
= —10005
( ) )z? (mod p) if (%) =1 and so 4p = 2% + 163y>.

Remark 4.1 From [O] we know that the only j-invariants of ellip-
tic curves over rational field Q with complex multiplication are given
by 0, 123, —153, 203, —323,2-30%,663, —963, —3 - 1603, 2553, —9603,
—5280%, —6403203, coinciding with the values of m in (3.3) and The-
orems 4.3-4.9.
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