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Let {F,} be the Fibonacci sequence defined by Fp =0, Fy =1, F,,11 =
F, + F,—1 (n >1). It is well known that Fp_(é) =0 (mod p) for any odd

p

prime p, where (—) denotes the Legendre symbol. In 1960 D. D. Wall [13]
asked whether p? ]pr( 5) is always impossible; up to now this is still open.

In this paper the sum Z (Z) is expressed in terms of Fibonacci
k=r (mod 10)

numbers. As applications we obtain a new formula for the Fibonacci quo-

tient Fp_(é)/p and a criterion for the relation p | Fi,,_1)/4 (if p =1 (mod 4)),

where p 7ép5 is an odd prime. We also prove that the affirmative answer to
Wall’s question implies the first case of FLT (Fermat’s last theorem); from
this it follows that the first case of FLT holds for those exponents which are
(odd) Fibonacci primes or Lucas primes.

1. Introduction to Fibonacci and Lucas numbers. For later con-
venience we introduce in this section some basic properties of the Fibonacci
sequence {F,} and its companion — the Lucas sequence {L,}.

The {F,} and {L,,} are given by

FOZO,Flzl,Fn+1:Fn—|—Fn_1 (n:1,2,3,)
and

LOIQ,lel,Ln+1:Ln+Ln_1 (’I’L:]_,2,3,)
It is well known that

Fn:u and L,=ao"+ 3"
a—p

where o = (1 4+ +/5)/2 and 3 = (1 — v/5)/2 are the roots of the equation
22—z —1=0.
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From the explicit formulae of F,, and L,,, one can easily obtain
THEOREM A. Forn =0,1,2,... we have
(1) L, = 2Fn+1 - Fna SF, = 2Ln+1 - Ln;
(i) L2 — 5F2 = 4(—1)";
(iii) Fop = F,Ly, Loy, = L2 —2(=1)".
Here, part (i) can also be proved by induction, part (ii) is formula 10.14.7
of [2, p. 149], part (iii) can be found in [4, p. 61].

Let (n1,...,nk) and [nq, ..., ng] respectively denote the g.c.d. and l.c.m.
of positive integers nq,...,ng. For Fibonacci numbers we have the nice

THEOREM B. Let m,n be positive integers. Then

n

(i) Fon =Y <7Z> Fr i FLE; =0 (mod F,),
=1

(i) (Fn, Fn) = Fnn)-

Here part (i) is due to H. Siebeck (cf. [1, p. 394]), a generalization was
given by Sun [11]. Part (ii) is a theorem of E. Lucas (see Theorem III of
[1, p. 396]), a proof can be found in [2, pp. 148-149].

Concerning divisibility we have
THEOREM C. Let p be a prime.
(i) If p # 2 then Fp,(%) =0 (mod p).
(ii) Let \,m,n be positive integers. Suppose p*||F,, (i.e. p*| F,, and
p MUY EL). Then p|n if and only if pMt | Fpn.

Proof. The first part is well known (cf. [1, p. 394]), for a proof one may
see [2, p. 150].
Now let us consider part (ii). By part (i) of Theorem B,

Fon =nF" " F,, (mod F2).

Since m > 1 (because p|Fn), (Fn-1,Fmn) = Fum—1,m) = 1, M| F,, and
p 1| F2 | we have

P Fpn = pMH |nF$:11Fm S pln.
This concludes the proof.

Remark 1. It follows from Theorem C (and the fact 2| F3) that any
prime-power divides some positive Fibonacci numbers. Let d = p?l o
(p1 < p2 < ... < py) be in standard form, and suppose p;\ F,, for each
i=1,...,7. Since F,, divides F},,, . n,], pf‘ | Finy,omy) forallda =1,
and hence d| Fj,, .. n,- Thus, any positive integer d is a divisor of some
positive Fibonacci number.
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2. On the sum Z (Z) . For integers m > 0,n > 0 and r we
k=r (mod 10)

n
n
k=0

k=r (mod m)

let

where [ -] is the greatest integer function. By using the properties of binomial
coefficients one can easily prove that
_ +1 _

From this we have

LEMMA 1. Let m, n be positive integers and r, s, t be integers satisfying
r+s=0 (mod m) and r+t =2 (mod m). If n is odd then

Ap(rin+2) = An(s,n) + 24,,(r,n) + Ap(t,n) .
Proof.
Ap(s,n) +24,,(r,n) + A (t,n)
= (T 24 s(m) + 2T 0 p21406m) + Tinj2geemy) — 42"

= ({512 r(m) + 2L (n1)j2r(m) T Tl 1) 22 (my) — 2"
= T (1) j2r410m) + Tlnm1)s240(m) T L1y f2400(m)
+ Tl 1) j2r—1(my) — 277

= m(TE forrarom) T Too by 2any) =2 = An(rn+2).
Now we can give
THEOREM 1. Let p > 0 be an odd number.
(a) If p=1 (mod 4) then
A10(0,p) = Ly1 + 5P E 1y 0,
Avo(2,p) = —Lp1 + 5(p+3)/4F(p_1)/2 :
Avo(4,p) = —Lp_q — 5(p+3)/4F(p_1)/2 ,
A1o(6,p) = Lypsr — 5P AF0y)0.
(b) If p=3 (mod 4) then

A10(0,p) = Lyi1 + 5P AL 0y,
Avo(2,p) = —Lp_q + 5(;0+1)/4L(p_1)/2 :
Avo(4,p) = —Lp_q1 — 5(1o+1)/4L(p_1)/2 :
A1o(6,p) = L1 — 5PFVAL 0y s
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(C) A10(8,p) = —2Lp.
Proof. One can easily verify the following simple facts:

A10(0,1)28:L2+5F1, A10(0,3):22:L4+5L2;

A(2,1) = —2=—Lo+5F), A1(2,3)=2=—Ly+5L;;
Ap(4,1) = —2=—Ly—5F), Ap4,3)=-8=—Ly—5L;
Ayo(6,1) = —2 =Ly — 5F, A1(6,3) = —8 = Ly — 5Ly
A1p(8,1) = =2 = 2L, A1(8,3) = —8 = —2Ls..

Thus Theorem 1 holds for p =1, 3.
Now let us suppose the odd p is not less than 3, and assume that the
theorem is true for p. Applying Theorem A we get
3Fpr1)/2 + Flp-1)/2 = 2Fp1)/2 + Fipts) 2
= 2F(p+5)/2 = Flp+3)/2 = Lp3)/2
3Lp+1)/2 + Lip-1)/2 = 2Lp+1)/2 + L(pt3)/2
=2Lp15)/2 — Lptays2 = 5 pray/2
2Fp-1)/2 F Fprny/2 = 2Fp13)2 = Fipry 2 = Lty /2
2Lp-1)/2 + Lpt1y/2 = 2Lpr3) /2 = Liptay /2 = 5Fpy) 2 -
By Lemma 1 and the (inductive) hypothesis we have

A10(0,p+2) = A19(0,p) + 2410(0,p) + A10(2, p)
3(Lps1 + 5P F 1) j2) = Lpoy + 5Py o

= Lp+3 + 5(p+3)/4L(p+3)/2 ifp=1 (mod 4) s
3(Lpt1+ 5P/ AL, 1y/0) = Ly + 5P/ AL,y

= Lpps+ 5P/ AF 50 if p=3 (mod 4).

(Note that 3Lp+1 - Lp—l == 2Lp+1 + Lp == Lp+1 + Lp_;,_z = Lp+3.) AlSO,

A10(2ap + 2) = A10(87p) + 2A10(27p) + AlO(Ovp)

—2Lp = 2Ly + 2 5P IAE 1y 4 Ly + 5PHIAF )
= —Lpy1 +5PHAL 1y ifp=1 (mod 4),

=2Lp = 2Lp1 + 2 5Ly + Lypyr + 5L 0y 12
= —Lpy1 +5PH/AE 1) if p=3 (mod 4);

A10(4vp + 2) = A10(6ap> + 2A10(47p) + AlO(Sap)
Lpi1 — 5(p+3)/4F(p+1)/2 — 2L, 1 —2- 5(p+3)/4]_r?(p_1)/2 - 2L,
= —Lpp1 —5PT/AL 0y if p=1 (mod 4),
Lypy1 —5WH/AL 1o — 20,4 —2-50FD/AL )0 — 2L,
=—Lpt1 — 5(p+5)/4F(p+1)/2 if p=3 (mod 4);
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Ayo(6,p+2) = A1o(4, p) +2410(6, p) + A10(6,p)
—Lp1 = 5P 1y o+ 3Ly 0 = 3 5FFARG, Ly

= Lyi3 —5PT)/4L, 3y if p=1 (mod 4),
~Lp—1 = 5PV ALy s+ 3Ly41 = 3-5FTDAL Gy g

= Lyp3 — 5P/AF 150 if p=3 (mod 4);

A1o(8,p +2) = A19(2,p) +2410(8,p) + A10(4,p)
—Lp1 + E’<70+3)/4F(10—1)/2 —4Ly = Lp1 — 5(ers)/le(p—l)ﬂ
=—202L,+ Ly—1) = —2Lp42 if p=1 (mod 4),
—Lp1 + 5(][)“)/41;(23—1)/2 — 4Ly = Lp1 — 5(p+1)/4L(p—1)/2
=—-202L,+ Ly—1) = —2Lp42 if p=3 (mod 4).
This shows that the theorem holds for p + 2.
By the above, Theorem 1 is proved by induction.

Remark 2. For the values of A,,(r,n) (r € Z,n € Z") in the cases
m = 3,4,5,6,8,12, one may consult [6]-[10].

3. Congruences with Fibonacci numbers

LEMMA 2. Let p be a prime and let m > 0 and r be integers. Then

p—1

D — (_1)k_1 2
Ty =P Z Y + ¢ (mod p*)
k=1

k=r (mod m)

where € denotes the number of elements in {0,p} which are congruent to r
modulo m.

Proof. Since

(7 = 0 D=2 - 0 = (1)1 (mod ).

k
we have
-1
<pl<: > = (-1)* (mod p) foreveryk=1,...,p—1.
Therefore
p—l p—1 k—1
_— p(p—1\ _ (-1) 2
TT(m)—&H— Z k(k—1>:€+p Z — (mod p?).
k=1 k=1
k=r (mod m) k=r (mod m)

By Lemma 2, provided that p is a prime we have

op _ 9 Té)(l) —92 p-l (—1)k-1
= = ———— (mod p
’ » ; ? ( )
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which was first given by G. Eisenstein (cf. [1, p. 105]).
THEOREM 2. Let p # 2,5 be a prime and let

pfl 1
Ky(r) = s
k=1
k=r (mod 5)
Then
pK,(0) = —pK,(p)
1+ (_1)[(12—5)/10]5(17—1)/4}7(%(r))/2 (mod p?)
if p=1 (mod 4),
(r+(3))/2 (M4 P°)
{ if p=3 (mod 4);
—pKp(4p)
(—1)[tp=5)/10] <Z>5("”/4F(p( 52 (mod p?)
if p=1 (mod 4),
5
(—1)lp=5)/10] <)5(p‘3)/4L(p_<g))/z (mod p?)

p
\ if p=3 (mod 4);

K,(3p) =0 (mod p).
Proof. Note that

3|

1+ (=1)e-9)/10l5-3)/4F,

pKy(2p)

3|

Ky(p—r) =

So we have
Kp(0) = —=Kp(p) (mod p),  Kp(2p) = —Kp(—p) = —K(4p) (mod p),
K,(3p) = —K,(—2p) = —K,(3p) (mod p) hence K,(3p)=0 (mod p).
By Theorem 1, if an integer m is not divisible by 5 then
A10(8 + 2m,p) — A10(8 — 2m,p)
+2.5PH/AE s i p=1 (mod 4),

( )
£[A10(0,p) = A19(6,p)] = ¢ £2.5F+V/AL Ly if p=3 (mod 4)
when m = £1 (mod 5);

Y

+2.50T/MAE 1) if p=1 (mod 4),
£[A10(2,p) — Aro(4,p)] = ¢ £2-5FHV/AL, 1y if p=3 (mod 4),
{ when m = £2 (mod 5)
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_ S DB 0. 50D ) i p=1 (mod 4),
(_1)[2m/5} -10 - 5(p*3)/4L(p+(%))/2 if p=3 (mod 4) .

For my = (p+ (—1)P*t1Y/25)/4 and my = 3m; we have

2)-(2)-0)-() (2)-0))

(_1)[2m1/5] - (_1)(17*1)/2 : (_1)[(17*5)/10] ,
(_1)[2m2/5] — (_1)[6m1/5]

—1=1-(-1) ifm; =1 (mod?5),
1=(-1)-(-1) ifm =-1 (mod?5),
1=1-1 if m;y =2 (mod 5),

—1=(-1)-1 ifm; =-2 (mod 5)
_ (—1)ms) <3m1> _ _(C1)rV/2 . (Lq)l-9)a0 (
5

and therefore

(—1)p—1)/2

10 [A10(8+2m17p> _A10(8_2m17p)]

ma - 4
(—n)Ema Plse=VAE L miy) )
— (_1)[(p—5)/10]5(p—1)/4F(p+(%))/2 if p=1 (mod 4),
27’711 —3)/4
—(=L)PmlEE=AL L y
— (_1)[(p—5)/10]5(p—3)/4L(p+(%))/2 if p=3 (mod 4);

(—1)+1)/2
T[AIO(S + 2m2,p) - A10(8 - 2m2,p)]
_(_1)[2m2/5}5(:0—1)/4F(p+(%))/2

= (—1)[(»=5)/10] (2)5(791)/4F(p(2))/2 if p=1 (mod 4),

_ s
(—1)Bme/Slpe=SAL  (ma ),
= (—1)[(»=5)/10] (2)5(1’3)/4L(p(2))/2 if p=3 (mod 4).

To complete the proof, we notice that

1 _
(-1 (D!
PEO)=p D )
=1 k=1
10| k+5 10|k
= Tf5(10) - (Té’(lo) —1) (mod p?) (by Lemma 2)

=1+ T5+5(10) - Téo(lo) =1- (T;f(lo) - T5p(10))

1

bS]

p

=

5

p

)
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B _\(p=1)/2[p - TP

—_1)p—-1)/2 1 34 (=1)t+D)/2
SOV (230, SHCNIE )

=1
+ 10 2 2

1-— 34 (—1)P-1/2
—A10< 2p+ ( 2) '5719)]

—1)—1)/2 —1)p+1)/25
P il [A10(8+p+( ) ,p)

10 2

+ (=1)t1)/25
—A10<8—p ( ; ,pﬂ

(—1)(P=1)/2

=1
+ 10

[A10(8 4 2my,p) — A10(8 — 2my, p)]

and that
-1

pKp(2p) =p P > —

k=1 k=1
k=2p+5 (mod 10) k=2p (mod 10)

bS]

= T2pp+5(10) - T2pp(10) (mod p?)  (by Lemma 2)

= T§p+5(10) - Tfp(l(]) = _(Tgp(l(]) - Tfp+5(10))

= (—1)FD/2[P —T" ]
— +1)/2 _1(p+1)/2
QP+W.5(1O) —HWKWU)

—1)+1)/2 41 14 (=1)t1)/2
27( ) [A10<p+p+ =L ‘5710)

10 2

+1 1+ (—1)ptD/2
—Alo(p2—2p+ ( 2) -5,p)}

—1)+1)/2 4 (=1)t1)/25
e PWANEIC L

10
—_1\»+1)/2
_Aw<8_p+( 1; 5_3’p>]
(—1)(p+1)/2

= T[A10(8 +2ma,p) — A10(8 — 2ma, p)].

COROLLARY 1. Let p # 2,5 be a prime, and g,(5) = (5~ —1)/p.
(a) If p=1 (mod 4) then
5

— —5)/10
Fipi (g2 = (D7 }(p

)5 D, 0) + $aul5) - 1] (mod 17)
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and
Flp-(2)/2 = (-D)=10507 0K, (2p) (mod p?).
(b) If p=3 (mod 4) then
)

Lips(ayyo = (-1)079/10 (p)5<p+”/4[p<f<p<o> +34,(5)) — 1] (mod p*)

and
Lip— ()2 = (~)IE=DA050+H04p ¢, (2p) (mod p?) .
Proof. Observe that

= 3o () 2)
Q) ()« (o i

Now let us prove part (b). (Part (a) can be proved similarly.) Suppose
p =3 (mod 4). From Theorem 2 and the above observation we have

(2015005, + 1a,(5)

= 50K, (0) + 5pg,(5))/5P /2 (mod p?)

_ 1)/ (1 (D@D

N (2>5<p1>/2 _ 1) /5<p1>/2 (mod p?)

5
(DI <p>5<p+1)/4

and

5
S0+ () = <p>5<p+1>/4pr(2p)/5<p1)/2 (mod p?)

5 5
_ (>5<p+1>/4 <(_1)[(p—5>/101 ()5<p—3>/4L(p_(2))/2)/5@—1)/2 (mod p?)

p p
= (_1)[(1)—5)/10]1‘/(1)_(%))/2 .
This yields the desired result.
COROLLARY 2. Let p # 2,5 be a prime. We have
(i) 2K5,(0) — Kp(2p) + 54,(5) = 0 (mod p).
(ii) If p=1 (mod 4) then
Lip(5y) /2 = (1) 0=1050= D438, (2p) — K, (0) — 1] (mod p?),
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B 5\
Lip—(3y)/2 = (=1){=2/10 <p>5(p D/4(1pg,(5) — 2) (mod p?).

(iii) If p=3 (mod 4) then
Flpy ()2 = (~)7M050=9/4 53K, (2p) — K,(0)) — 1] (mod p%)
Fip-(z))/2 = (-1){79/10 (;) 5=9/4(1pgy(5) = 2) (mod p*).
Proof. By part (i) of Theorem A one has

Lp-1)/2 = 2Fps1)/2 = Fip—1)/2
Lpr1y2 = 2Fp13)/2 = Fipr1)/2 = 2Fp-1)/2 + Fipy1y /2
5F(p-1)/2 = 2L(p41))2 = Lip-1)/2,
5Fpi1y2 = 2Lpy3ys2 = Lipy1ys2 = 2Lp-1)/2 + Lipt1)/2 -
It follows from Corollary 1 that
5

(—1)le=5)/10 <p>5[(,,_1)/4] p(2K,(0) + 4,(5) — Kp(2p)) — 2]

b 2
p>F<p—<;';>>/2 = Lip—(2))/2 (mod p°)
if p=1 (mod 4),
={ -
5 <2L(p+<;’;>>/2 - ( )L@—(;))/z) = Fp—(2))/2 (mod p?)

P
if p=3 (mod 4)

2F 12y — (

and that
(— )=/ M5 [e=D/4 (21, (2p) + K, (0) + 3¢,(5)) — 1]

2F (- (3))2 + (2>F<p+<;’;>>/2 = Lpi(3))/2 (mod p?)
_ if p=1 (mod 4),
é <2L<p—(;’3>>/2 + (2)L(p+<i>>/z> = Flpi(2))/2 (mod p?)
if p=3 (mod 4).
For (i)—(iii) to hold it is sufficient to prove
5N 5(-1/2 _ (5)

206,(0) Ky (29) + (3) = (2) 2 (= 4ay(5) (mod ).

ie.,

(1= p(2K, (0) + 4,(5) — Kyp(2p))]50 /2 = (;) (mod 2)
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To show this we note that

A[1 = p(2K,(0) + ,(5) — Kp(2p))]57 D/

[ ((-ppe-onm (2)5@2”/4[@»(2&(0) + a6
—K,(2p)) —2]] —5-0% (mod p?) if p=1 (mod 4),

5((-1)10-9719 (2 )59/ 128, 0) + ,(6)

— K,(2p)) — 2]) — 0% (mod p?) if p=3 (mod 4)

2 2 2 . _
_ {L(P(Z))/Q — 5F(/p7(%))/2 (mod p*) ifp=1 (mod4),
= 2 72 2

SEG_(5y)/2 ™ Lip—(zy)/2 (mod p7)

if p=3 (mod 4)
(By COI'OH&I'y 1, p|F(p—(%))/2 lfp =1 (mod 4), p | L(p—(%))/Q lfp =3 (HlOd 4))

(1) -Dr2p2 _ 52
=(=1) (Lo—(20/2 = 5Fp-(2)/2)

= 4(—1)(}’_1)/2"'(1”_(%))/2 (by Theorem A)

(1) G)/2 4<5> '
p
This concludes the proof.
COROLLARY 3. Let p # 2,5 be a prime. Then

Fpo) S S

1 1
5 =-2 Z EE2 Z (mod p).

k

k=1 —
k=2p (mod 5) 5|pt+k
Proof. By Theorem A and Corollaries 1, 2 we have

5
= o = = = — ( 71)/2
Fp*(i) - F(pf(ﬁ))/2L(pf(%))/2 = 2<p>5 ? PE,(2p)

= —2pK,(2p) = 2pK,(—p) (mod p?).
This yields the desired result.

Remark 3. For the Fibonacci quotient F,,_(s)/p (p # 2,5 is a prime),
H. C. Williams [14] obtained the following formula:

F L=lp/5] 4k
? Z ( k:) (mod p) .
k=1

Compared with Williams’ result, our Corollary 3 seems simple and beautiful.

~3) _2"
D )
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4. A criterion for p| F{,_1)/4. Let p # 5 be a prime of the form 4k +1.
By Corollary 1 if p =13 or 17 (mod 20) then

Fp-1y/aLlp-1)/4 = Fp-1)/2 = Fpi(2)) 2

)
= —(-1le=2/10 <p>5<p—1>/4 #0 (mod p)

and thus p{ F(,_1)/4; if p=1o0r 9 (mod 20) then
Fo-1/alp-1)/a = Fp-1)/2 = Fp—(3))/2 = 0 (mod p)

and hence either p | F(,_1)/4 or p| L(p—1)/4-

LEMMA 3. Let p=1 or 9 (mod 20) be a prime. Then

Pl Fp—1)/a if and only if (=5)(P=D/% = (—1)[(P+3)/10] (1nod p).

Proof. By Theorem A we have

2Fp41)/2 = Flp-1)/2 = Lp-1y72 = Ly _1)a — 2(-1) 7D/
=5F(,_q)4+2(-1)P D/,

Since p = 1 or 9 (mod 20), p|F,_1y/2 follows from Corollary 1. If

Pt Ep-1)/a then p|L1y/a (because Fip—1)/2 = Fip-1)/4Lp-1)/a) and
hence (by the above)

2F41y/2 — 0= 0% = 2(=1)P=D/* (mod p).
If p| Fip—1)/4 then we have
2Fpi1)2 — 0=5-02 4+ 2(=1)P~D/* (mod p).
Now it is clear that
plFporya il Fppayp = (=1)P"Y/* (mod p).
By Corollary 1

_ 5 _
Fip1)j2 = Flpy(sy) o = —(=1)1072/10) <p>5(p D

— (_1)[(p+5)/10]5(p—1)/4 (mod p).
Therefore
Pl Fpoys iff (=5)PD/% = (—1)[@+9)/10] (mod p).

THEOREM 3. Let p be a prime such that p =1 or 9 (mod 20) and hence
p = 2% + 5y? for some integers x, y. Then p| Fip—1y/4 if and only if 4| xy.

Proof. Since p is a prime different from 5, without loss of generality
we may suppose that x and y are positive integers. Obviously p, z, y are
pairwise coprime.
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Observe that 22 = p — 5y?> =p (mod 5). If p=1 (mod 20) then z = 1
or —1 (mod 5) and hence

YYo= (fl)[(p+5)/10] .
5)
If p =9 (mod 20) then 22 = p = 4 (mod 5), z = 2 or —2 (mod 5) and

therefore
) = —1= (—)le» 0],
5

Suppose = = 2%u (2fu), y = 2°v (2{v). Since

<x> = (22)P~ D/ = (5y2)-D/4 = (_5)-1)/4 (i) (mod p),

o ()G )
G
-0l

SORCLR
() ()-0)
— (1) (p) oo <5> _ (—1)aH BB -1/8 | (_1){(p+5)/10]
Applying Lemma 3 we get

Tsivw =i
Q’@\@

o g

2

-1
3 =0 (mod 2).

Case 1. x is odd. In this case a =0, 8 > 0. (y must be even.) If 5 =1
then p =22 +5y2 = u? + 2002 =1+20-1 =5 (mod 8) and hence

p|F(p_1)/4 iff a+ (Oé +ﬂ)p

21 21
oz—l—(a—i—ﬁ)p 3 _P 3 =1 (mod 2).

If 8>2then p=2a?+5y? =u?+5-22%02=1+5-0=1 (mod 8) and thus

2 2
p°—1 p -1
(ot 8= ="

Case 2. z is even. In this case a > 0 and § = 0. (y must be odd.) If
a=1then p=4u®>+502=4-1+5-1=1 (mod 8) and

B=0 (mod 2).

2_1 2_1
PPl
8 8

a+ (a+p) =1 (mod 2).
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If « > 2 then p=22%2 +502=0+5-1=5 (mod 8) and

a+(a+ﬁ)p28_1 :a<1—|—p28_1> =0 (mod 2).

Combining the above we get
2 _

8

1
p\F(p_l)/4<:>a+(a+ﬂ)p =0 (mod2) s a+p>2<4|xy.

This completes the proof.

Remark 4. In a quite different way E. Lehmer [3] proved Theorem 3
in the cases p =1, 9 (mod 40).

5. Connections with Fermat’s last theorem. Fermat’s last theorem
(FLT) states that for every n = 3,4,5,... there are no integer solutions to
the equation

" +y"=2"  xyz#0.
Since the case n = 4 was settled by Fermat, without loss of generality we
may consider FLT with odd prime exponents. Let p be an odd prime, if
aP 4+ yP = 2P has no integer solution with p{fxyz then we say that the first
case of FLT (FLT1) holds for the exponent p, otherwise FTL1 fails for p.

In 1909 A. Wieferich (cf. [5]) proved that if 2°P=! 2 1 (mod p?) (p is an
odd prime) then FLT1 holds for the exponent p. In 1914 H. S. Vandiver [12]
obtained the following result.

LEMMA 4. If FLT1 fails for an odd prime p, then we have

(a) p|gp(5), i.e. E)pl’1 Ell (mod p21),
(b) 5Kp(0):1+§+§+...+m50 (mod p).

Now we are ready to give

THEOREM 4. Suppose that FLT1 fails for an odd prime p. Then
(i) Fp_(%) =0 (mod p?),

.. )
(ii) Lp_(%) 2<p> (mod p*),
1

1
— =0 d p).
2+ +. +[p/10] (mod p)
Proof. Since FLT holds for the exponents 3, 5 we have p > 5. By
Lemma 4 and Corollary 2,

K,(0)=0=g,(5) (modp) and K,(2p)=2K,(0)+ 1¢,(5) =0 (mod p).
Therefore part (i) follows from Corollary 3.

(iii) 1 +
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As for part (ii), note that

(r=(2)/2 _ 52

—(5))/2
Gy + 200G

_ T2
Lyp-3) = Lip-(z)),2 = 2(-1)

(by Theorem A). If p = 1 (mod 4) then p? | F(p_(%))/Q (by p| Kp(2p) and
Corollary 1) and hence

5 5
Ly (5y=5-0+ 2(—1)P=G)/2 = 2<p> (mod p?).

If p = 3 (mod 4) then p*|L,_(s)) 5 (by p|Kp(2p) and Corollary 1) and
P
thus

L, (3=0- 2(—1)P=G)/2 = 2<2) (mod p*).

This proves part (ii).
Concerning part (iii) we have

TUE P
2 3 7 [p/10]

p/5),  [p/3] Ip/5) Ip/5)
(=DF (=DF (=D)F

1
:;k—i_; p EZ . E_Zp—k: (mod p)

k=1 k=1

(by Lemma 4)

-1 _ —1 _ —1—[p/5]
_ pz (—1)'“:_<p ﬂfzp (—1)*
k k k
k=p—[p/5) k=1 k=1
-2 5 Ip s

(by Eisenstein’s and Williams’ results)
=0 (mod p) (by Wieferich’s result and part (i)).
This concludes the proof.

Remark 5. By Theorem 4, FLT1 is implied by the positive answer to
Wall’s question (see [13]). According to Williams [14], pZJ(Fp_(g) for every
odd prime p less than 10°.

Let d € ZT. By Remark 1, d is a divisor of some positive Fibonacci

number. Let n(d) denote the least positive integer n such that d divides F,.
From Theorem B we have

A| oo & d| (B, Faga) < d| Flpnay) < (myn(d)) = n(d) < n(d) |m
and

n(d) |m = Fyay | Fn = d| Fr = n(d)[m.
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LEMMA 5. Let p # 2,5 be a prime. Suppose p|F,, and ptm. Then
n(p) =n(p?) iff p*|Fn.
In particular, n(p) = n(p?) if and only if p? | F,_(s).
Proof. Since p| Fy, we have n(p) |m, F) | Fp. If n(p) = n(p?®) then
p* | Fo(p) and hence p? | F,.

Observe that p{ % If n(p) # n(p?) then p||F,,) and hence by Theo-
n\p
rem C we have pQJ(Fn(p).#.

To end the proof we note that p divides F,_(3y-

LEMMA 6. Let m and n be integers greater than one. Then F,, > F2 F?2.

Proof. By Theorem B,

n n
n n—i 1% n
Fon =Y <i>Fm_1FﬁnFi and  Fo, =) <Z>F

i=1 i=1

From Theorem A it follows that

n

3 <”> Fy = Fy, — <711) — F,L, —n=F,(2F,41 — F,) —n
1

=2
=F,(F, +2F, 1) —n>F>.

(Note that Fy < F3 < Fy < ... and that 2F,F,,_y > F, > Fo + (n — 2) =
n —1.) So we have

n n
Foun >y (Z‘) FriRL R > (7;) FF2 > F2F2
1=2 =2

Remark 6. Provided that ny,...,n; (k> 2) are integers greater than
one (by Lemma 6), we have
2 2 2
Fnlmﬂk > Fnl...nk,ank 2 Fnlmﬂk—ank
2 2 2 2
>Fny oo, P, > 2 Fy L F

Now we are able to give
THEOREM 5. FLT1 holds for any odd prime of the form
anl...nk/[FTLl?’ . ’F’I’Lk] .

Proof. Suppose that p = Fon, . ny/[Fnys---5 Fn,] is an odd prime.
Without loss of generality we may let ny > no > ... > ng > 1.

Now we claim that p||Fyun, ..n, . In the case ny = ... =ny =1 this holds
trivially (since p = Fypn, .. n, ). For the other cases we will obtain the result
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by showing
Fony.omy, > Fil ng > [Fhy,- - ,Fnk]2 (and hence p? > Frny.ny) -
In fact, if ny > 1 =ng = ... = ng then m > 1 (since F,,, = pF,, > F,,)

and hence by Lemma 6

2 12 2 2 2
an1...nk:an1 ZFin >F2Fn1:Fn1:Fn1"'F ;

ng ?

ifny >ny>...>2ns>1=ng1 =...=nyg (s > 2) then by Remark 6
Frngoone = Frnyoomy = Foyoon, > Fo o Fa = F2 .. F? .

n

This completes the proof of the claim.

Since FLT holds for the exponents 3, 5 we assume p > 5. By the claim
Pl Fny..my - Since n(p) [mny...ng and F,p) | Fran,..n, We have p[|F, )
and hence n(p) # n(p?). Applying Lemma 5 we get pZTFp_(%). From this
and Theorem 4 it follows that FLT1 holds for the exponent p.

EXAMPLES. Since 7 = 21/3 = Fg/F4, 61 = 610/(2 : 5) = F15/[F3, F5], by
Theorem 5 FLT1 holds for the exponents 7 and 61.

COROLLARY 4. FLT1 holds for all (odd) Fibonacci primes and Lucas
primes.

Proof. Observe that F,, = F,.1/F; and that L, = F5,/F,. Applying
Theorem 5 we obtain the desired result.

Acknowledgement. The authors thank the referee for his valuable
advice to make the paper readable.

Added in proof. Prof. A. Schinzel informs us that part (iii) of Theorem 4 has been
claimed earlier by L. Skula, Fermat’s Last Theorem and the Fermat quatient at the 9th
Czechoslovak Conference on Number Theory (Rackova Dolina 1989).
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