This is the accepted paper for publication in Taiwanese Journal of Mathematics (#4132).

Quartic residues and sums involving (4’“)

Zhi-Hong Sun

School of Mathematical Sciences, Huaiyin Normal University,
Huaian, Jiangsu 223001, P.R. China
E-mail: zhihongsun@yahoo.com
Homepage: http://www.hytc.edu.cn/xsjl/szh

Abstract

Let p be an odd prime and let m # 0 (mod p) be a rational p-adic integer In this
paper we reveal the connection between quartic residues and the sum Z[p/ 4 (%) —+, where

[x] is the greatest integer not exceeding z. Let ¢ be a prime of the form 4k + 1 and so
q = a® + b with a,b € Z. When p { ab(a® — b?)q, we show that for r =0, 1,2, 3,

[p/4]

3 r 2 (K 2 _ _ _ r
qul = (Z) (mod q) & Z < > <16q) = (—1)pT1a+pTl'qu <§> (%) (mod p),
where (%) is the Legendre symbol. We also establish congruences for [p/ 4 (Zk)

(mod p) in the cases m = 17,18, 20, 32, 52, 80, 272.

MSC: Primary 11A07; Secondary 11A15,11B39,11B65,11E25.
Keywords: congruence; Lucas sequence; quartic residue; quartic reciprocity; binary quadratic
form.

1. Introduction

Let Z be the set of integers, and for a prime p let Z, denote the set of those rational
numbers whose denominator is not divisible by p. Let ( p) be the Legendre symbol.
Suppose that p is an odd prime and a € Z,,. In [7] the author investigated congruences

[p/ 4 (zk)ak modulo p, where [z] is the greatest integer not exceeding z. For k €
0,1,. ..,p—l it is easily seen that p{ (2¥) if and only if 0 < k < Porf<k< 3p In
2k

this paper we reveal the connection between quartic residues and the sum Z[p/ 4 ( )

[3p/4]
k=(p+1)/2

for

We also investigate congruences for (4k)a modulo p.
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Let ¢ = v/—1. For an odd prime p let (%bi) , be the quartic Jacobi symbol defined in
[1,2,3,4,6]. Following [4] we define

c+1
b

Q. (p) = {ce Z,: ( )4 :z‘“} for r=0,1,2,3.

According to [4,6], Q,(p) (r € {0,1,2,3}) plays a central role in the theory of quartic
residues and nonresidues. In this paper, for an odd prime p and ¢ € Z, with c(c?+1) £
0 (mod p) we give simple criteria for ¢ € Q,(p) by proving that

1 (mod p)  if c€ Qolp),

/4 /4 1 —% (mod p) if ¢ € Q1(p),

(1.1) kZ:o <2k) (16(c2+ 1))k ~ ] =1 (mod p) if ¢ € Qa(p),

% (mod p)  if c € Q3(p)

and

Al ) 0 (mod p) if (CQZTH) =1,
(1.2) 2¢ Z <2k> m =4 1 (mod p) if c € Q1(p),
k=(pt1)/2 —1 (mod p) if ¢ € Q3(p).

Let g be a prime of the form 4m + 1 and so ¢ = a? + b® with a,b € Z. Let p be an odd
prime with p { ab(a? — b?)q. In this paper, using (1.1) and the theory of quartic residues
we show that for r =0,1,2, 3,

o = (2) (ot 0

(1.3) [p/4] a2 Pt p1 g1 anr
‘:’Z@Z)(mq)k ()Tt (V) () (modp)

k=0

[p/4] (4k

As consequences we establish congruences for ) ;.7 2k)# (mod p) in the cases m =
17,18, 20, 32, 52, 80, 272.

In addition to the above notation, throughout this paper we use (m,n) to denote the
greatest common divisor of integers m and n. If a,b,¢ € Z and p = ax?® + bxy + cy? for
some integers x and y, we briefly write that p = ax? + bxy + cy?. We also use [a, b, c]
to denote the equivalence class containing the form ax? + bxy + cy?, and use H(d) to
denote the form class group consisting of classes of primitive binary quadratic forms of
discriminant d.

2. Congruences for Ef:/ é} (;UZ) a® (mod p)

For any numbers P and @, let {U, (P, @)} and {V,,(P, @)} be the Lucas sequences given
by

5 Un+1(P7 Q) - PUTZ(P7 Q) - QUn—l(P; Q) n )7

> 1
> 1).
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It is well known (see [8]) that

Un(P,Q)
(2.1) ) P21_4Q{<P+\/§274Q)n_<P\/§274Q>”} i P40 20,
”(g)nil if P2~ 4Q =0
and
G e e G e

Lemma 2.1 ([7, Theorem 2.1]). Let p be an odd prime, P,Q € Z, and PQ #

0 (mod p). Then
[p/4]
4k 1 Q \*
2 <2k:> <@>

k=0

(];)UT(P’Q) (mod p)

and

[p/4] 9
Z 4k\ s P* \k ,

<2k> (@) = (_Q)i[Z]UpH—Tl) (P, Q) (mod p).
k=0

2

Lemma 2.2 ([7, Theorem 2.2]). Let p be an odd prime and v € Z, with x #
0,1 (mod p). Then

Ip/4
1 4k k
A a1 o5 2 <2k) (1) (modp) if4]p—1,
_ k=0
kZO <2k‘> (16$)k - 1 pT,;g [p/4] Ak .
(1-2) kgo <2k>(16(1—:v>)k (mod p) - if 4]p=3.

Lemma 2.3 ([4, Lemma 2.1]). Let p be an odd prime, m,n € Z, and m? + n? #
N 2,2
0 (mod p). Then (™Em) = ("™=F).
Theorem 2.1. Suppose that p is an odd prime, ¢ € Z, and c¢(c* +1) # 0 (mod p).
Then

" 1 (mod p)  ifc € Qolp),

2\ o [4k 2 k) ec(modp) ifceQip),

(2.3) (1;) kZ:o <2k> (16(02 + 1)> ] =1 (mod p) ifce Qap),
—c (mod p) if c € Qs(p)

and
1 (mod p) if ¢ € Qo(p),
wm ) ! (mod p) if c € Q1(p),
(2.4) kgo (2k> (16(c2 + 1))k = _1C (mod p) ifce Qa(p),
% (mod p)  if c € Q3(p).
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Proof. Clearly

(), = (0,59, = C) (=),

Thus, if (%) =1, then —% € Q. (p) if and only if ¢ € Q,(p); if (%) = —1, then —% € Qr(p)
if and only if ¢ € Q,/(p), where ' € {0,1,2,3} is given by ' = r + 2 (mod 4). Thus,
replacing ¢ with —1 in (2.3) we get (2.4). Hence (2.3) is equivalent to (2.4).

By [7, proof of Theorem 2.1], for P,Q € Z, with PQ # 0 (mod p),

/4]
(2.5) Voot (P, (P — 4Q)/4) = 2(2P ) <;”;) (%)k (mod p).

p k=0

Taking P = 2c and Q = c? 4 1 we see that

[p/4] 2
_.(c 4k\ c* + 1\

From Lemma 2.3 we have (”TJ”)?l = (%) for n? +1 # 0 (mod p). We first assume

p =1 (mod 4). Taking a = —1 and b = 2¢ in [5, Corollary 3.1(i)] we get
24 +4)"T (modp)  if c € Qo(p),
2c(4c? + 4)p4;1 (mod p)  if c€ Q1(p),
—2(4c + 4)p4;1 (mod p) if c € Q2(p),
—2¢(4¢® +4)"T (mod p) if ¢ € Qs(p).

Vp-1(2¢,—1) =
2

p—1

Combining the above with the fact 4 =9% = (%) (mod p) we obtain

(+1)'T (modp)  if c€ Qolp),
ey (23 ()G =1 D (modp) ifee Qup)
‘ P70 2k) \ 16¢ —(+ 1)1%1 (mod p) if c € Qa2(p),
—c(c® + 1)10771 (mod p) if c € Q3(p).
Putting x = CQC—J{l in Lemma 2.2 we see that
[p/4] 2 [p/4] 5
4k c koo, _p-1/cC 4k\ rc® + 1\
Z (%) (m> =(c"+1) = (—) Z <2k> (71602 ) (mod p).
k=0 p k=0

This together with (2.6) yields (2.3). Hence (2.4) is also true.
Now we assume p = 3 (mod 4). Taking P = 2c and ) = —1 in Lemma 2.1 we see that

[p/4]
24 (4k> (1 = (%) U%(Qc, —1) (mod p).

—16c2)k
= \2k 16¢2) D



By [5, Theorem 3.1(ii)] and Lemma 2.3,

2¢(4c* + 4)¥ (mod p)  if ¢ € Qo(p),
—2(4c% + 4)174;3 (mod p) ifce Qi(p

—2c(4c* + 4)1%3 (mod p) if ¢ € Q2(p),
2(4¢? + 4)1%3 (mod p) if ¢ € Q3(p).

Upt1(2¢,—1) =
2

Thus,
e + 1)p4;3 (mod p)  if c € Qo(p),
[pz: ( ) 1 B —(02+1)pT_3 (mod p) if c € Q1(p),
P —16¢:)" ) —e( + 1) (mod p) if ¢ € Qa(p),
(c® + 1)¥ (mod p) if ¢ € Q3(p).
By Lemma 2.2,

5 () e = )0 & (0 o ot

Now combining the above we obtain (2.4). Since (2.3) is equivalent to (2.4), the proof is
complete.

Remark 2.1 Let p be an odd prime, a € Zy, (5) = —1 and (“Tfl) = 1. Taking P =2
and @ = a+ 1 in [7, Theorem 2.3(i)] we see that

ok 1
;Z:O <2k> (16(a + 1))F = ° (med p).

Replacing a with é we see that for a € Z, with (%) = (%1) = —1,

[p/4]
];0 (3:) (16(a—i—1))k =0 (mod p).

Corollary 2.1. Suppose that p is an odd prime, ¢ € Z, and c(c* + 1) # 0 (mod p).
Then

[p/4] 02 [p/4] 62
<kzo <§:> <16(c2+1)>k) ( kzo (3:) M) = (2(;1)) (mod p).

Proof. By Lemma 2.3, ¢ € Qo(p) U Q2(p) if and only if (c +1) = 1. Thus the result
follows from Theorem 2.1.

Corollary 2.2. Suppose that p and q are distinct primes, m,n 6 Z (mn(m? +
n?)(m? —n?),pq) =1 and p = £q (mod 8(m? + n?)). Assume a € {1,-1, 2, —2}  Then

[p/4] n2
> (o) (i) = (ot



la/4] )
4k n .
- kZ:O <2k> <m> = a (mod q).

Proof. By [4, Theorem 2.1], ™ € Q,(p) & ™ € Q,(¢q). Now taking ¢ = ™ in (2.4) we
obtain the result.

Corollary 2.3. Let p be an odd prime. Then

%‘i] (4k>1 _ {1 (mod p)  if p==+1,+3 (mod 16),
2k)32F | =1 (mod p) if p= +£5,+7 (mod 16).

Proof. It is well known (see [1-3]) that

1 if p=41 (mod 16),

27 <1+i) _ i(’”?’” _ )i ifp=£5 (mod 16),
» Ja “1 if p= 47 (mod 16),

—i if p =43 (mod 16).

Now taking ¢ =1 in (2.4) we deduce the result.

Corollary 2.4. Suppose that p is an odd prime, ¢ € Zy, ¢ # 0,%1 (mod p) and
2 +1#0 (mod p). Then the congruence x* — 2(c* + 1)z + c*(c? + 1) = 0 (mod p) is
solvable if and only if

4 1
2 (2k> ECED (mod p).

k=1

Proof. By [6, Theorem 4.2], ¢ € Cy(p) if and only if z* — 2(c? + 1)2? + (> + 1) =
0 (mod p) is solvable. By Theorem 2.1, ¢ € Cy(p) if and only if Z[p/4 ( )m =
1 (mod p). Thus the result follows.

Corollary 2.5. Let p be an odd prime, d € Z, d # 0,+1 (mod p), (%l) =1 and
1—d=(-1)"2W (W =1 (mod 4)). Let dy be the product of all distinct odd prime
divisors of 1 — d, and let m = 8dy or ﬁ according as 2 1 s or 2 | s. Then p is
represented by some primitive form ax® + 2bxy + cy? of discriminant —4m?2d with the
condition that (a,2(1 —d)) =1 and (b ml) =1 if and only if

[p/4] m .
> <2k> Ao =y — 0 (mod ).

k=1

Proof. This is immediate from [6, Theorem 4.2] and (2.4).
It is known that

H(—128) = {[1,0,32],[4,4,9],[3,2, 11], [3, -2, 11]},
H(=768) = {[1,0,192], [12, 12, 19], 3,0, 64], [4, 4, 49],

[7,4,28],[7,—4,28], 13,8, 16], [13, —8, 16]},
H(—80) = {[1,0,20],[4,0,5],[3,2,7], 3, —2, 7]}



Thus taking d = 2,3,5 in Corollary 2.5 and doing some calculations for certain quartic
Jacobi symbols we see that for any prime p > 3,

[p/4]
4k 1
.2 2 =
(28) p=z"+32Y° & kgl <2k:> 16 = 0 (mod p),

[p/4]
4k 1
2 2 2 2 _
(2.9) p=2x°+192y° or 122° + 122y + 19y° < kg_l <2k‘) =L =0 (mod p),

[p/4]
o, ) R\ 1
(2.10) p=2*+20y° & k§:1 (2/43 o1 = 0 (mod p).

Lemma 2.4 ([4, Theorem 2.2]). Let q be a prime of the form 4m+1 and ¢ = a®+b?
with a,b € Z, 2| b and a+b =1 (mod 4). Suppose that p is an odd prime and p 1 bq. For
r=20,1,2,3 we have

- %)r (mod q) < % € Qr(p).

Theorem 2.2. Let q be a prime of the form 4m+1 and g = a® + b with a,b € Z and
a =1 (mod 2). Suppose that p is an odd prime and p 1 bq. Then

(—1) Bt et Lpf <4k) ( a? >k _ {il (mod p) ifp'T =1 (mod g),

+
— a e a
e \2k/ \16q Ty (mod p) if p'T = +% (mod q).

Proof. Clearly the result does not depend on the sign of a. We may assume a + b =
1 (mod 4). Taking ¢ = 7 in (2.3) we see that

1 (mod p)  if ¢ € Qo(p),
NI %(mod p) if ¢ e Qi(p),
;;) kzzo <2k;) (176q> I (mod p) if § € Q2(p),

(p)

a a
~3 (mod p) if § € Q3(p).

This is also true when p | a since (%)4 = (%) Now applying Lemma 2.4 we deduce the
result.

Corollary 2.6. Let p # 5 be an odd prime. Then

[p/4] <4k> 1 {:tl (mod p) ifp==41 (mod 5),

_ 14 — =
(=1) kZ:O 2k ) 80k i% (mod p) if p= =42 (mod 5).

Proof. Taking ¢ =5, a =1 and b = 2 in Theorem 2.2 we deduce the result.
Corollary 2.7. Let p # 13 be an odd prime. Then

[p/4]
) -

Proof. Taking ¢ = 13, a = —3 and b = 2 in Theorem 2.2 we deduce the result.

+1 (mod p) ifp=+1,+£3,49 (mod 13),
3
¥5 (mod p) if p=+2,45,46 (mod 13).
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Corollary 2.8. Let p # 17 be an odd prime. Then

1 (mod p) if p= 41,44 (mod 17),
—1 (mod p) if p= 42,48 (mod 17),

[p/4
2 1
» g:: < ) 279k E (mod p) if p= 46,47 (mod 17),

4

1
"2 (mod p) if p= 43,45 (mod 17).

Proof. Taking ¢ =17, a =1 and b = 4 in Theorem 2.2 we deduce the result.
Theorem 2.3. Let ¢ be a prime of the form 4m+1 and g = a® + b with a,b € Z and
=1 (mod 2). Suppose that p is an odd prime and p 1 aq. Then

[p/4] 2 +1 (mod p) ifp'T =
2k ) =

—1 g—1
(_1)%. 4 b —1
Z% 16 F- (modp) ifp's =

Proof. Clearly the result does not depend on the sign of W e may assume a +b=
1 (mod 4). When p | b, by [4, Theorem 2.2] we have ((—1)"z ) =1 (mod ¢). Thus
the result is true in this case. Now we assume p { b. Taking ¢ = ¢ in (2.4) and then
applying Lemma 2.4 we obtain the result.

Combining Theorem 2.2 with Theorem 2.3 we obtain (1.3).
Corollary 2.9. Let p > 3 be a prime. Then

/4] P
p-1 4k\ 1 (%1 (mod p) ifp= =1 (mod 5),
(=1) Z <2k) 20F { +2 (mod p) if p=+£3 (mod 5),

1) [”2/4] (4/<;>1 _ {il (mod p) if p=+1,+3,49 (mod 13),
ok ) 52k —
k=0

2
ig (mod p) if p=+2,45,+£6 (mod 13)
and
1 (mod p) ifp=41,+4 (mod 17),
lp/4] 4k\ 1 —1 (mod p) if p= 42,48 (mod 17),
2 (o :
k=0

)

1 )
17k 4 (mod p)  if p= 43,45 (mod 17),
—4 (mod p) ifp=+£6,£7 (mod 17).

Proof. Taking ¢ = 5,13,17 in Theorem 2.3 we deduce the result.
Theorem 2.4. Let p be an odd prime, a,b € Z, and ab(a® — b*) # 0 (mod p). Then

Ip/4 - ) ) -
,CZ()(;LZ)(C&;)k %(z){(‘”b)( ;b)—(a—b)( pb>}(modp)

and

[p/4] a2
2 @Z) (=)



1 a—2> a+b p—1 .
[l @ n (N ) mod ) 41,
) 1 ,.,a+b a—2b pt1 ‘

% ( ) ) —( p )}(bQ—ag) = (mod p) if 4] p—3.

Proof. By (2.1) we have

a? — b’ a =S a—b\ 5t
0 (570457 (597)
1 2 a b a/_b
TR ; )~ (a=0)( =)} (mod p).

Now taking P =a and Q) = @ in Lemma 2.1 and then applying the above we obtain
the first part.

Taking P = 2a and Q = a® — b? in Lemma 2.1 and then applying (2.1) we see that

5 (%) (s

= (b — CLQ)_[g]Uer(—Tl) (2a,a* — b?)
2

@) {at a2 b)p”;’l)}

2 — a2 o 1 ath - |
_ ()0 =) T G {la+ (= =) = (=) (= =)} (mod p) if4]p—1,
= 2 _ 42 b1 a o—

c p )(bZ_Cﬂ)T%{( ;b)—( pb)}(modp) it4]p-3.

This yields the remaining part.
Corollary 2.10. Let p be an odd prime, m € Zy, and m # 0,£1 (mod p). Then

[p/4] 4 m k 1 m—1 m 1
Z(2Z><_M> =il () - (5)) tmedw)

k=0
and
1 m p—1 .
2k 64m o 1

m p+l .
k=0 miﬂ((g)—i-l)m + (mod p) ifd|p—3.

Proof. Taking a = mTfl and b = mTH in Theorem 2.4 we deduce the result.
Corollary 2.11. Let p > 3 be a prime. Then

[p/4]
> (o)1 =2G) = () (o0

k=0

Proof. Taking a = 3 and b = 1 in Theorem 2.4 we obtain the result.



3. Congruences for E:p {;‘Ll) 12 (;UZ)ak (mod p)

Lemma 3.1. Let p be an odd prime and k € {1,2,..., %} Then
4(21 + k) 4k — 2
=2 d p).
<2<p;1+k>> (a1 1) (o

))_(p+2k)(p+2k+1) (2p—1)-2p(2p+1)--- (2p + 4k — 2)
a (=Dl pp+1)---(p+2k—-1)
2k(2k+1)---(p—1)-2-1-2---(4k — 2)
(p—1)'-1-2---(2k—1)
2. (dk —2)! _[(4k—2
T Rk—1)e _2<2k—1> (mod p).

Lemma 3.2. Let p be an odd prime, P,Q € Z, and PQ # 0 (mod p). Then

Proof. Clearly

[(p+1)/4]

=2 (0) S () (&) et

Proof. By (2.1) and the fact (pT;) = (_k%) = (_14)k (215) (mod p) for k € {0,1,..., %},

Ups (PP - 1Q)1) = 2 {(PE2VR)F (P25

2/Q 2 2
1 prl p51> LA*T 7 r
= P T((2 — (-2
2"2-2m§<r (2VQ) - (-2VQ))
1 ien et (2k—1) 2k—1
= 2 \p'r - 2(2
2"21,2@;(%—1) 22VQ)

[222]

()% (i’éii)wizm(i) 2

) (B

By [5, Lemma 3.1(i)], Up-1 (P,Q) = —(2)Ups (P, 27%2) (mod p). Thus the result fol-
2 2
lows.
Theorem 3.1. Let p be an odd prime, ¢ € Z, and c(c® +1) # 0 (mod p). Then

) P%” Ak 1 _ KHZ%/H Ak — 2 1
¢ 9%k ) (16(c2 + 1))k 2k — 1) (16(c2 + 1))

k=(p+1)/2 k=1

M-

k=1

10



0 (mod p) if(c%l) =1,
=41 (modp) ifceQi(p),
—1 (mod p) if c € Q3(p).

Proof. By Lemmas 3.1 and 3.2,

B/ ) (RS s 1
2 <2/€> (16(c2 + 1))k <2(1”1 + k)) (16(c2 + 1)) "7 **

k=(p+1)/2
(02 + 1) 4k — 2 1
P 2k — 1) (16(c% + 1))k
4

(c* 4+ 1)) (mod p).

Il
[\]

From (2.1) we see that
Ups (4(c2 +1),4(c* +1))

2\/027 { +1+c¢) 51—(\/024—1—0)%1}

40\/02
21(40 +4)T Uy 1(2c -1) ifd|p—1,
21C<4c F4) T Vo (26, -1) 4| p—3,
If p=1 (mod 4), by [5, Theorem 3.1(i)] we have
0 (mod p) if (CQITH) =1,
Up-1(2¢,-1) =
pT( ) (4 +4)" T (621)42' (mod p) if (CQZTH):—L
Thus,
(3p/4]
4k 1
—_— 4¢? 4 4 2c,—1
2 ) <2/~c)(16(c2+1)) = (46 +4)T Vs (26, -1)
k=(p+1)/2
0 (mod p) if (S£1) =1,
T () i (mod p)if (€)= 1,
p
If p =3 (mod 4), from [5, Corollary 3.1(ii)] we have
0 (mod p) if (£H) =1,
Vp 2¢,—1 ;
(e, =1) = (4¢? +4)”“(C;Z)4z' (mod p) if (1) = —1.
Thus,

%/:4] 4k 1 p-s
2, N2k (T6( 4 1)) -

11



—(C+ i)4i (mod p) if () = —1.

0 (mod p) if (<) =1,
= +

Note that (%Z)Z = (C%rl) by Lemma 2.3. Combining all the above we deduce the result.
Corollary 3.1. Let p be an odd prime, ¢ € Z, and c(c® + 1) # 0 (mod p). Then

[3p/4] 2 [(p+1)/4] 2
22 4k c k4,2 4k — 2 ¢ k
e ({9) k::(pz-i-l)/Q <2k> (16(c2 + 1)) - E(;S) kzzl <2k - 1> (16(c2 + 1))
0 (mod p) i (£) =1,
=4 1 (modp) ifce@p),
—1 (mod p) if c € Q3(p).

c+i _ (3 1—ct _ (2 _%“’i 2\ 1
Proof. Clearly ( and )y = (5)4( 5 )y = (5) (T)4' If (3) = 1, then —¢ € Qv(p)
if and only if ¢ € QT( ). If (%) = —1, then —2 € Q1(p) if and only if ¢ € Q3(p), and
—% € Qs3(p) if and only if ¢ € Q1(p). Thus, replacing ¢ with —1/c in Theorem 3.1 we

deduce the result.

Corollary 3.2. Let p be an odd prime, c € Z;, and (02;1) = —1. Then
) “”*Z”/ . <4k - 2) 1 ., [3”2/4} <4k) 1
_ 2 E— 2 k
2k —1) (16(c* + 1)) (ot 1)/2 2k) (16(c* + 1))

- %1( >16621+1)) (mod p).

Proof. This is immediate from Theorem 3.1 and (2.4).
Corollary 3.3. Let p be an odd prime, ¢ € Z, and c(c® +1) # 0 (mod p). Then

[3p/4] 9 [3p/4]

4k> ¢ E 2 (4k> 1
Z 2 =\ Z 2 7 (mod p)
(o 1)/2 2k (16(0 + 1)) <p> k(o 1)/2 2k) (16(c* + 1))

and

Kp*i/‘“ 4k — 2 ( ¢? )’f:_2<2)[(p§/4} k=2 L odp)
2o \ak-1)\16(@+1)) =\ & \ak-1) @@+ P

Proof. This is immediate from Theorem 3.1 and Corollary 3.1.
Corollary 3.4. Let p be an odd prime. Then

, [i’g/:‘l] <4k>1 _ [(pili/‘l} <4k B 2>1

b= (o1 1)/2 2k ) 32k pt 2k — 1) 32k
0 (mod p)  ifp=+1 (mod 8),

=<1 (modp) ifp==5(mod 16),

—1 (mod p) if p==+3 (mod 16).
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Proof. Taking ¢ = 1 in Theorem 3.1 and then applying (2.7) we obtain the result.
Corollary 3.5. Let ¢ be a prime of the form 4m + 1 and ¢ = a® + b* with a,b € Z
and a =1 (mod 2). Suppose that p is an odd prime and (g) = —1. Then

+1)/4)

bt dk—2\ /B \k b b
—1) 2 "1 — ) =F— d — p i1 =+-— d q).
(=1 kzl <2k—1><16q) T, (mod p) pr o=+, (modg)

Proof. As (1) = (2) = —1 we see that p { ab. Taking ¢ = § in Corollary 3.2 we see
that

[(p+1)/4]

(3.1) 4 Z (4’“_2)(16(1)'“—%( >(b2) (mod p).

Now applying Theorem 2.3 we obtain the result.
Corollary 3.6. Let q be a prime of the form 4m + 1 and q = a® + b*> with a,b € Z
and a =1 (mod 2). Suppose that p is an odd prime and (g) = —1. Then

. Poi i pt gt [(p+1)/4] A — a2 \k a . =1 ia 1
—_ 8 2 4 _ = J— 4 = —
(=1) ; % —1 (16q) =Ty (modp) <= pv =43 (mod g).

Proof. As () = (£) = —1 we see that p { ab. Taking c = b in Corollary 3.2 we see
that

[(p+1)/4] B 2 [p/4] a2
(32) 4 Z (32 - i) (T6q> - Z ( >(16q) (mod p).

Now applying Theorem 2.2 we obtain the result.
Corollary 3.7. Let p be an odd prime with p # 5. Then

D/ 0 o 0 (mod p) if p=+1 (mod 5),
= _ _ 1
; <2k - 1> 20% :t(—l)pTlpT (mod p) if p==+2 (mod 5).
Proof. When p = £1 (mod 5), taking ¢ = 5 in Theorem 3.1 we obtain the result.

When p = £2 (mod 5), taking ¢ = 5, a = 1 and b = 2 in Corollary 3.5 we obtain the
result.
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