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Abstract

If f(z,y) is a real function satisfying y > 0 and Zf;& (x 4+ ry,ny) = f(z,y) for
n = 1,2,3,..., we say that f(z,y) is an invariant function. Many special functions
including Bernoulli polynomials, Gamma function and Hurwitz zeta function are related to
invariant functions. In this paper we systematically investigate the properties of invariant
functions.
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1. Introduction

Let Z and Z* be the set of integers and the set of positive integers, respectively. For
a€ZandmeZ" let a(m) =a+mZ={a+km |keZ} If

ai(n)Uaz(ng)U---Uag(ng) =Z and a;(n;) Naj(n;) =0 forany i# j,

we say that {a1(n1),...,ar(ng)} is a disjoint covering system. In [9-11], Z.W. Sun showed
that if {a1(n1),...,ax(ng)} is a disjoint covering system and F'(z,y) satisfies
oz
1.1 F( , ):F y) f —1,2,3,...,
(1.1) TZ:O ——ny) = F(z,y) for n

then Z];:l F(%tes ) = F(x,y). If F(z,y) satisfies (1.1), T € Z* and g(z + T) = g(x)

Ns

for any x € Z, in [10] Z.W. Sun showed that

nT—1 , -1
Z F(—,nT)g(m—r): F(—,T)g(:r—r) for any n € Z.
r=0 nT r=0 T

In [11], Z.W. Sun also gave some examples of F(x,y) satisfying (1.1). As we will see,
many special functions can be used to construct functions satisfying (1.1).
If f(x,y) is a real function with y > 0 and

n—1

(1.2) Zf(a:—l—ry,ny):f(:v,y) for n=1,2,3,...,
r=0



we say that f(x,y) is an invariant function. This is because

n—1 n—1
I(@+y.y) = fla,y) zgof(x+Z+;y,y) —;ﬂ“;y,y) = fe+2.2) — f(@, D)

for any n € Z* and so

. yy Yy .

(13) by~ Sy = m (7L D)= p(@ ) = tm (fata.0)- f(z,a).
If the invariant function f(z,y) is an integrable function of = at any closed intervals, we say
that f(x,y) is an integrable invariant function. The set of integrable invariant functions
is denoted by I. If F(x,y) is a real function satisfying (1.1) and f(z,y) = F(x/y,y), then
clearly f is an invariant function.

Let [z] be the greatest integer not exceeding z. By the Hermite identity Zf;& [x4+1] =

x

[nx] for n € Z7T, [ﬂ] is an invariant function. The Bernoulli numbers {B,,} and Bernoulli
polynomials { B, (x)} are given by

Bo =1, g <Z> Bi=0 (n>2) and Bu(z)= éo <Z> Bra"* (n > 0).

Raabe’s theorem states (see [7]) that Zf:(} Bp(z+ L) =n'"""By(nz) (m>0,n>1).

Thus, ym_le(%) is an invariant function. More generally, if @ is a real number and F'(x)
is a real function satisfying

n—1
(1.4) ZF(.Cﬁ + %) =n"%F(nx) forany neZ"

and f(z,y) = y*F(7), then for any n € 7",

ng(x + 1y, ny) = g(ny)ap(;y + %) — (ny)*- n—aF(g) T

This shows that f(z,y) is an invariant function. We note that the functional equation
(1.4) has been investigated by several mathematicians including Bass, Kubert, Milnor and
Walum. See [2],[5],[8] and [12]. It should also be mentioned that (1.4) can be viewed as
a distribution relation. See [6, pp. 35-36,65-66].

In this paper, we systematically investigate the properties of invariant functions. In
Section 2, we point out basic properties and more examples of invariant functions. In Sec-
tion 3, we prove some interesting results for integrable invariant functions. In particular,
if f(x,y) is an integrable invariant function and %5 exists, then

z—y
fey) = / jyf(t,w d;

if g and h are integrable invariant functions and
x y
g*h(z,y) = /O g9(t,y)h(z —t,y)dt + / gt y)h(z +y —t,y)dt,

xT
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then g * h is also an integrable invariant function and

/Oyg * h(z,y)dr = /Oy g(z,y)dx - /Oy h(z,y)dz.

For m,n € Z* we have

Bm+n(g;):—<m;”>(/013 (z —1)B dt+m/ )= lB()dt)

—y" ' Bu(E)  —y ' Bu(%)  —y™ " Buia(E)

m! n! B (m+n)!

and so

2. Basic properties and examples of invariant func-
tions

Let R, RT and C be the set of real numbers, the set of positive real numbers and the set
of complex numbers, respectively. From the definition of invariant function one can easily
prove Propositions 2.1-2.4.

Proposition 2.1. Suppose that f(x,y) is an invariant function, a,b,c € R, ¢ > 0 and
F(z,y) = af(b+ cx,cy), then F(z,y) is also an invariant function.

Proposition 2.2. If f is an invariant function and % exists, then % s also an
invariant function.

Proposition 2.3. Let F(z,y) be the mapping from R x RT to C, and F(z,y) =
f(z,y)+ig(x,y), where f(x,y) is the real part of F(x,y). Ifo:& F(z+ry,ny) = F(x,y)
for any n € Z7, then f(x,y) and g(x,y) are invariant functions.

Proposition 2.4. Suppose that f(x,y) is an invariant function and m,n € Z+. Then

n—1 m—1
> fla+rmy,ny) =Y fz+rny,my).
r=0 r=0

Proposition 2.5. If f is an invariant function and F(x,y) = f(y — z,y), then F is
also an invariant function.
Proof. For n € Z™T,

n—1 n—1 n—1
Y Fle+ryny) =Y floy—(@+ry),ny) =Y fly—a+(n—1-r)y,ny)
r=0 r=0 r=0
n—1
=) fly—xz+kyny) = fly—x,y) = F(z,y).
k=0

This proves the proposition.

For z € R let {x} be the fractional part of x. That is, {z} = x — [z].
Proposition 2.6. Suppose that f is an invariant function and t € R. Let

fwn) =1 (=) and ) = (o=} ).
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Then both f1 and fo are invariant functions.
Proof. For n € Z* we have

Sfl(as + ry,ny)
r=0
- n—1 r ttx ttx
; ( {H':E;'ry}’ny):;]f(ny{ + 15 L+{ y }},ny>
=S (o ) = S A ) = (o)

This shows that fi(z,y) is an invariant function. Since fo(z,y) = fi(y — z,y), fo(x,y) is
also an invariant function by Proposition 2.5. This completes the proof.

Proposition 2.7. Let h(zx) be a real function, and let

[e o]

Zh( )COSQ?T? and g(x,y) Z ( )sm27rk—.

Yz )

Then f and g are invariant functions.
Proof. Suppose F(x,y) = % POt h(%) 2mi% For n € Z+ we see that

n—1 o)

ZF($+ry7ny)=Z : Zh( > omiblar)
r=0 0 k
A goms oms

r—=

1 ma
= — h<m>e2m v -n=F(z,y).
ny Yy

)

I
<
8EM8

m=1

By Euler’s formula e = cosf 4 isinf, we have F(z,y) = f(z,y) + ig(z,y). Thus the
result follows from Proposition 2.3.

Proposition 2.8. Let f(x,y) be a real function with y > 0. Then f(z,y) is an
invariant function if and only if (1.2) holds for 0 < x <y and (1.3) holds for all x € R.

Proof. If f(z,y) is an invariant function, then clearly (1.2) holds for 0 < z < y and
(1.3) holds for all 2 € R by Section 1. Now suppose that (1.2) holds for 0 < x < y and
(1.3) holds for all z € R. Since 3"—) f(z +ry,ny) = f(z,y) (n =1,2,3,...) implies that

n—1 n—1
Y fla+y+ryny) = fle+ny,ny) — flz,ny) + > fle+ry,ny)
r=0 r=0

= flx+y,y) — flx,y) + f(z,y) = flx+y,y) (n=1,2,3,...)

and
n—1 n—1
S fla—y+ryny) = fle—yny) — flz—y+ny,ny) + Y fla+ry,ny)
r=0 r=0



=fle—yy)— fl@y) + flz,y) = fla —y,y) (n=1,2,3,...),
we see that f(x,y) is an invariant function, which completes the proof.

Proposition 2.9. Suppose that g(x) and h(x) are real functions with g(1) =1 and
h(0)(h(2) — h(1)) # 0, and f(z,y) = g(y)h(}) for x € R and y > 0. Then f(z,y) is an
invariant function if and only if the following conditions hold:

h(y+1) — h(y)

(i) 9(y) = @) —hD)

. =z _ h(2)—h(1)

(ii) ;h( - ) _h(n—i—l)—h(n)h(aj) forneZ",
(iii) g(ny) = g(n)g(y) forneZ™.

Proof. We first assume that f(x,y) is an invariant function. Clearly, f(xz + y,y) —

fla,y) = (W(5 +1) = h(5))g(y). By (1.3), the value of f(z +y,y) — f(z,y) does not
depend on the choice of y. Hence, (h(§ +1) —h(7))g(y) = (h(z + 1) — h(x))g(1). Taking

x =y yields (i). For n € Z* we see that

gh@;;yry)g(ny) = h(g)g(y) and so gh(m/yfnﬂd _ h(g) 9(y)

Taking y = 1 and then applying (i) gives

n—1
T+ g(1) h(2) — h(1)
;h( . ) = S h(@) = h(z).

(n+1)—h(n)

This proves (ii). By the above, for n € Z*+, >>"20 h(%) = h(0) (( Y. Thus,

Yy

9ly) _ X))
g9(ny) h(0) g(n)

Conversely, if f(z,y) satisfies (i),(ii) and (iii), for n € Z* we have

Zf (z +ry,ny) = g(ny Z;) (x/erT) =9(n)g(y)- h(z(i)l) f(flbzn)h(zj)
= g(y ( ) (z,y).

This shows that f(z,y) is an invariant function, which completes the proof.

and so  g(ny) = g(n)g(y).

Remark 2.1 If g(x) is a continuous function for = > 0 satisfying g(1) = 1 and
g(nx) = g(n)g(z) for n € Z", one may show that g(x) = z® for some a € R.

Now we list some typical examples of invariant functions.

Example 2.1. % el.

Example 2.2. y" !B, (3) €1 (meZ").

Let {E,(z)} be the Euler polynomials given by E,(z) = 5 Ln/g] (51) 2z —1)""2F Eyy,
where {Es;} are the Euler numbers defined by Fy = 1 and Eg, = — Zle (ZT)EQk_QT



(k > 1). From [7, p.30], Ep(z) = n™ Zf:_&(—l)TEm(xT”). Thus, for z,y € Z and
m,n € Z* with 2{ ny, setting f(z,y) = (~=1)"y"Ep () we have

n—1 n—1
x+ry T
> flatryny) = 3 () ) B () = (<17 B (©) = f(.p).
r=0 r=0 Yy Yy
Example 2.3. [7] € [ and {{} — el
Since [7] € I and § — 3= Bi(3) € I we have {7} — el
Example 2.4. For a € R let
1 it " ez,
flz,y) = D
0 if ¢ 7.
)

Then f € I. Thisis because (a—x)/y € Z implies that there is a unique r € {0,1,...,n—1}
such that (a —x)/y = r (mod n) for n € Z7.

Example 2.5. For a > 0 and a # 1, we have aﬁil el.

This is because

n—1 n—1
aac+ry x x

a a
2.1 = "= f €7,
2.1) TE_:Oa”y—l a”y—lrz:oa aw—1 "

Example 2.6. Let » > 0, 7 # 1 and 6 € R, and let

r® Yeos(x — y)0 — r*coszl r®Ysin(z — y)0 — r¥sinzf

= d =
f(z,y) 1 — 2r¥cosyd + 12 and g(.9) 1 —2r¥cosyl) + r?v
Then f(z,y),g(z,y) € I.
By Euler’s formula,
(re'?)® _ r*(coszf + i sinxf) _ r*(cosxzf + i sinzd)(rYcosyf — 1 — i sinyf - r¥)
(re®®)y —1  rYcosyf — 1 + i sinyf - rv (rvcosyl — 1)2 + r2%sin’yd

= f(x,y) +ig(z,y).

Now, from Proposition 2.3 and (2.1) we deduce that f(x,y),g(x,y) € I.
1 2
Example 2.7. Let r > 0, r # 1 and f(z,y) = log (1 —2rvcos 277%—%—7"@. Then f € 1.
For n € ZT and z € C,

14+24--4n—1
n

(—1)me?™ (z"—=1)=1-2".

—~
—_
N
@

N
3
S
SE
S~—
Il
~—~
|
@
DN
3
.
3.

S~—

—~
N
CDI

DN
3
.
3.
S~—
Il

1 A 1 s T4y 1 T
L onjz “1 1o 1 opje
Set z = rmve” " mv. We get [[}2 (1 —rmve™™ » ) =1 —rve™™ v. Thus,

n—1 .
Z log |1 — rn%/ezm'x:#| =log|1 — r%e%l%].
=0



That is,

n—1 .
Zlog (1 — 27“”%/008 QWM + 7""2?4) log (1 — 2rycos o’ + ry)
— ny y
‘]7
1
r¥sin2r
Example 2.8. Let r > 0, r # 1 and f(z,y) = = . Then f € I.

y(1—2r%cos 27F%+T%)
This is immediate from Example 2.7 and Proposition 2.2.

2
Example 2.9. Let 0 <7 <1 and f(z,y) = A= 5. Then f € 1.
y(1—2rY cos QW%—I—T?)

Set -
1 1 1 1 E onikz
F(l”,y):—12** +* rve®™
yi—rmdn) W WY

By Example 2.1 and the proof of Proposition 2.7, Y =~ ! o Flx +my,ny) = F(x,

n € Z1. Note that

1 1
1 1 1 —rvcos2m® + i sin27% - rv
F(z,y) = 1 . 7 9y ly yz
y(1 —rvcos2my —isin2m - rv) Yy y(1 —2rveos 2m +1v)
1
1—rs ‘ Nsin27r§
= T >— + 1

2y(1 —2rvcos 2r2 +rv)  y(l—2rvcos 2r +7v)

We see that f(x,y) € I by the above and Proposition 2.3.
Example 2.10 ([11]). For y > 0 let

log‘2 sin WE‘ it £ ¢ 7,
Yy Yy

f(xay): X
—logy it — e Z.
Y

Then f € I.

y) for

1

Yy

Now we give a straightforward proof of Example 2.10. For x # 2k (k: € Z) we know

that log |2sinZ| = — °7° | €252 Thys, for % & Zwe have log |2 sinw%‘ =—- Zk 1

cos2k7r
Ckly

Since § ¢ Z implies %;y ¢ Z forn € Z* and r € {0,1,...,n — 1}, from the above and
Proposition 2.7 we deduce that 3.2 f(z 47y, ny) = f(z,y) for any n € Z*. Now assume
that % € Z. Forn € Z* there is a unique r € {0,1,...,n—1} such that % = w € Z.

Hence,
n—1 n—1 a:/y o n—1 -
Zf(x—i—ry,ny) = —logny + Z log}2 sin7r ‘ :—logny—i—ZlogQ sin—.
n n
=0 r=0 k=1
nf(z/y+r)

Since

n—1 n—1 ; n—1

km gikm/n _ g—ikm/n 2kmi " —1
2 1 —_— = = 1 _ - n = 1' =
[T2sin""=]1 i [T (e = lim = =,
k=1 k=1 k=1

7



we get

n—1 n—1

k

g f(xz + ry,ny) = —logny + log H 2 sin—t — —logny 4+ logn = —logy = f(x,y).
n

r=0 k=1

Example 2.11 ([11]). For y > 0 let
1
Zeotnl it L ¢ 7,
)Y Y Y
f(x’ y) - . €T
0 it — e Z.
Y

Then f € 1.
The Gamma function I'(z) is defined by

I'(z) = /000 t*le7tdt (x>0) and T(z+1)=2T(z) (z#0,-1,-2,...).

For the properties of I'(x) see [1], [3] and [7].
Example 2.12 ([11]). For x € R and y > 0 let

yI(2) v
log’ y it L g0, -1,-2,...},
\2my Y
flzy) = .
Y
log —-—\/2my if = €{0,—1,-2,...}.
(=3t y
Then f € I.
For s > 1 and = ¢ {0,—1,—2,...} the Hurwitz zeta function ((s,z) is defined by
(22) o)=Y
' -

From [1, pp.51-52] we know that ((s,z) has a continuation to the whole complex plane
with a simple pole at s = 1. That is,

(1= —iTSs s—1 . —zz
(2.3) C(s,2) = ( S)ie / *° dr for s # 1,
C

21

where C' starts at infinity on the positive real axis, encircles the origin once in the positive
direction, excluding the points 2kmi (k € Z), and returns to positive infinity. In particular,
for Re s < 0 and z € (0, 1], Hurwitz showed (see [3, p.26]) that

~2I(1 - s)

(2.4) ((s,z) = S (sin% E k‘s_ICOSQTFkl‘—i—COS% E ks_lsin27rkraz>.
T
k=1

k=1

From (2.2) and (2.3) one may easily deduce that
(2.5) ((s,x+1)—((s,z) = —x~° fors#1.
It is well known (see [3, p.27]) that

Bun(z)

m

(2.6) (1—m,z)=— for meZzZt.

8



Example 2.13. For s < 0, we have y~°((s, f) € I by (2.4), (2.5) and Propositions
2.7-2.8. For s > 1 define f(z,y) = y~°C(s,}) for y>0and § ¢&{0,-1,-2,...}. Then
Zf;ol (x +ry,ny) = f(x,y) for any n € Z*.

Example 2.14 Let h(z) be a real function and Y 32, h(z + ky) = f(z,y) for z € R

and y € R*. Then f is an invariant function.
For n € Z* we see that

n—1

Zf(“ry,ny:izh(ﬁrwkny > h(w+my) = f(x,y).
m=0

r=0 r=0 k=0

3. Main results for integrable invariant functions

Suppose that a(x),b(z) and f(x,y) are real functions of = and their derivatives exist.
The famous Leibniz’s formula states that

d @ d d bz) 9
B g | 0= 1) ) — 0@ o) + [ s na

Theorem 3.1. Suppose that f(x,y) is an integrable invariant function.
(i) We have

T+y
/ ft,y)dt = lim+ af(z,a).

a—0

(ii) We have
Pt u,9) ~ f(y) = - lim af(z,a)

T a—0t

If % is a piecewise continuous function of x, we also have

flx+y,y) — f(z,y) = lim a@f(:v,a)'

a—0t ox

(iii) Ifg—g exists, then
faw) = [ iy d
x,Yy) = = f(ty) dt.
Oy
(iv) If % and g—i exist, setting g(x,y) = %Z’y) we have

WEI) _ g —y.y) ~ (o).

Proof. Since S0 f(z + Ly,y) = f(z, ) for n € Z*, we see that

1
/Of(x+uy,y)du: lim Zf T+ yy lim lf(ac,%)

n—+oo N n—>+oo n

and so

n—+oo n n a—0+

z+y 1
/ f(t,y)dt:y/o fx 4+ uy,y)du = lim —f( 7)— lim af(z,a).

9



This proves part(i). By part(i) and (3.1), we obtain

z+
fo+v) = S = 5 [ Sty = 5 tim af(e.0)

T a—0t

If % is a piecewise continuous function of x and h(z,y) = %, we see that

z+y
f+vg) = Faw) = [ eyt = lim ab(o,a).

a—0t

This proves part (ii).
Suppose that % exists and g(z,y) = a%f(:zc,y). By part (i),

g [Tty d1
(%//z f(t,y)dt = 7y m af(x,a) =0.

Y a—0+

By (3.1),

6 T+y Tty
ay/ f(t7y)dt=f(w+y,y)+/ g(t, y)dt.

Thus,
Tty T—Y
flx+y,y) = —/ g(t,y)dt andso f(x,y) =/ g(t,y) dt.

This proves part (iii).

Now suppose that 2 5 and exist and g(z,y) = & (z’y) By (3.1) and part (iii), we
obtain part (iv).

Summarizing the above proves the theorem.

of (ar Y)

Theorem 3.2. Suppose that f € I and g(z,y) = By

(i) If g(z,y) is an even function of xz, then
) = Sey) and [ o=} tim af0.0)
(i) If g(x,y) is an odd function of x, then
y
fly—zy)=—f(z,y) and / f(t,y)dt = lim af(0,a) =0.
0 a—07t
Proof. 1f g(—z,y) = (—=1)™g(x,y), from Theorem 3.1(iii) we see that

fy—ay) = / o(t,y)dt = fwmﬂmm—emjwﬂwwm—@wwmw

L/ftyﬁ / F(y 1) u/fty

and so [ f(t,y)dt = fo f(t,y)dt. This together with Theorem 3.1(i) (with
x = 0) yields the result

Hence,

10



Remark 3.1 From Theorems 3.1-3.2 and Examples 2.7, 2.10 and 2.12 (with y = 1)
one may deduce the following known integrals:

(Euler) /2 log sin zdx = —g log 2,
0

2rlogr ifr > 1,

Poissio log(1 — 2rcosz + r2)dz =
(Poission) /0 g1 = 2reosz +17)dz {0 0 <r<l,

a+1
(Raabe) / logT'(x)dx = a(loga — 1) + log V27 (a > 0).

Theorem 3.3. Suppose that f € I and %g]; exists. For fizedy > 0, f(x,y) is a function
of x with bounded variation at any closed interval [a, b)].

Proof. Suppose g(z,y) = df Then f(z,y) = fm Y g(t,y)dt by Theorem 3.1(iii). For
a=x0<x1 < - <xn—bweseethat

|
—

n

n—1 Tit1—Y zi—y
S lfa) — fa) =3 | [ gttt [ gt a
i=0 ; Ti4+1 T

T Ti+1—Y
[ st [ gt

Tit1 T~y

Tit1 n—l Tip1—Y
/ g(tvy)dt‘ +Z‘/ g(t,y)dt’
Zq i=0 Ti—yY

Tit1 n=l iy

[t S [ gteiae

i=0 V' %i i=0 VLY

b b—y
- / ot y)lde + / gt y)ldt.
a a—y

Theorem 3.4 (Product Theorem) . For g,h € I define

I
3 - 3 -
\ ||M| I
— o — o

IN IN
IMLIM

This proves the theorem.

g% h(z,y) = /O " (. w)h(a — b y)d + / " gt y)hle +y— 1, y)dt.

/Oyg * h(x,y)dr = /Oy gz, y)dz - /Oy h(z, y)da.

Proof. Set f(x,y) = g h(z,y), hi(x,y) = h(y — x,y) and

filz,y) = /0h1(y{} )

Since h(x,y) € I, we have hy(x,y) € I and hy(y{= o~ 1>y) € I by Propositions 2.5 and 2.6.
Hence, for n € Z™ we have

t
Zfl T+ ry,ny) = Z/ h1 +xy+ ry} ny)g(t,ny)dt

Then gxh € I and

11



/ (A ) ot

n=1 .(r41)y
:;/Ty ({7}3/) (t,ny)d
n—1 y
S -

Thus f; € I. For 0 <z <y we see that
v t+
f1(967:9)=/0 hl(y{Tx},y)g(t,y)dt
y—=o t+ v t+
2/0 ha(y - yx,y)g(t,y)dH/ I (y (= = 1), ) g(t, y)dt
y—x

Y

Yy—x Yy
- / ha(t + 2, 9)g(t, y)dt + / hi(t+ 2 — yoy)g(t y)dt
0 —x

Yy—x Yy

— [ bttt [ b2y o gt
0 y—x

=gxh(y—z,y) = fly—z,y)

and so f(z,y) = fi(y — z,y). Hence, for n € Z* and 0 < z < y,

n—1 n—1
Y fa+ryny) = Aly—z+n—1=rynm) = hly—=zy) = f(2,y).
r=0 r=0

Set F(x,y) = F(z +y,y) — F(z,y). Then

f(x,y)::f(x—%y,y)—-f(x,y)

T4y
_ / ot (e +y — t,y)dt + / gt y)h(z + 2y — ty)dt
0 z+y

- /I g(t,y)h(z —t,y)dt — /yg(t, y)h(z+y—t,y)dt
0

= /Oxg(t,y)(h(l‘ —t+y,y) — h(z—t,y))dt
T+y
+ / (Mx+y—ty) —hxz+2y—ty))g(ty)dt
)

= /x g(t,y)h(x —t,y)dt + /x(h(x —ty) —h(z+y—ty)g(t+y,y)dt
0 0

= — /017 h(z —t,y)g(t,y)dt.
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For F(z,y) € I and n € Z", we see that

n—1 n—1
F(z,ny) = F(x +ny,ny) — F(z,ny) =Y Fx+y+ry,ny) — Y _ Fla+ry,ny)
r=0 r=0

= F(z+y,y) — F(z,y) = F(z,y).
Hence, for any z € R and n € Z™,

I e — tny)glt my)dt = — / R - tya(tw)de = Fa,y).

Therefore, if Zf;é f(z+ry,ny) = f(x,y), then

n—1 n—1
S faty+ryny) =D f@+ry,ny) + f@+ny,ny) — f(z,ny)
r=0 r=0

= f(@,y) + fx +y,y) — f(,y) = f(z+y,y)

and

n—1 n—1

d fa—ytryny) =) fl@try,ny) - f@—y+ny,ny) + flz - y,ny)
r=0

o

F(@,y) — (F@—y+ny,ny) — F(z — yony))
fle,y) = (fle—y+y,y) — fle—y,y) = flz—yy).

Since we have proved that E:};& (z 4+ ry,ny) = f(z,y) for 0 < z < y, we must have
Zf;& (x 4+ ry,ny) = f(z,y) for any € R and y > 0. Hence f(z,y) € I.

e . . OH _
For fixed y > 0 let H(z,y) be a primitive function of h(z,y). That is, 5~ = h. Set

g* H(x,y) = /Ox H(z —t,y)g(t,y)dt + /yH(w +y—t,y)g(t,y)dt.

Then ”
g*x H(y,y) = /O H(y—t,y)g(t,y)dt = g = H(0,y).

Appealing to (3.1) we see that

0 z Y
529 * H(z,y) = /0 h(z —t,y)g(t,y)dt + /z h(z 4y —t,y)g(t,y)dt
+ H(0,y)g(z,y) — H(y,y)g(z,y)

=g*h(z,y) —g(z,y) /Oy h(x,y)dx

and so
v 9
0=g*H(y,y)—g*H(0,y)=/0 %Q*H(w,y)dw

= /Oy g*h(x,y)dx — /Oy h(x,y)dx /Oyg(a:, y)dx.

13



This completes the proof.
Conjecture 3.1 Suppose f,g,h € I. Then (f xg)*xh = f*(g=h).
Theorem 3.5. Suppose f € I and

Fla,y) = / " f(ty)de + ; /0 Y p (e )t
Yy

Then F € I and d%F(:v,y) = f(z,y).
Proof. By Example 2.2 (with m = 1), % — % € I. Set

G(z,y) = /Ow (x —t %)f(t,y)dtjt /y (Ly—t _ 1>f(t,y)dt.

Y @ Y 2
Then G € I by Theorem 3.4. It is clear that

Gla) = [ (== 3) s+ [ i (2= 3) [ senat - Fo),

By Theorem 3.1, [ f(t,y)dt is a constant and so (-2 L) JY f(t,y)dt € I. Hence F(z,y) €

I. By Leibniz’s formula (3.1), 8xF (z,y) = f(x,y). Thus the theorem is proved.

For m,n € Z*, from [7, pp.26-27] we have
d

(3.3) Bom+1 =0, Bp(1—1t)=(=1)"Bp(t), %Bm(:r) = mB,—1(x),
(3.4) / By (t)dt = ”“Eﬁ‘f"*l = ((-1)"*! - 1)5’_1:1 =0,

_ (_1ym—1 Bm+n
(3.5) /0 Bn(0)Ba(0)dt = (1" S

For the generalization of (3.5) see [4]. Now, clearly

! _ _(_1\m ! __Bm+n __Bm-i-N(l)
66) [ Ball—0B.0dt = ()" [ Bu®B0d - s =~

Theorem 3.6. For any positive integers m and n we have

(3.7)  Byn(z) = — <m+”> /B (z —)B (dt+m/ x—tmlB()dt>

and
_ymile(%) . _ynilBN<§) - _mernile—i—n(%)
m! n! B (m+n)!

Proof. We first prove (3.7) by induction on m. Since By(z) =z — 3,
and (3.4) we see that

1
di(/ Bi(z —1)B dt+/ By(t)dt)

14
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1 T
N /0 By(t)dt — By(z) = —Bp(z) = . (_ BZ:{(1)>

By (3.6), f Bi(1—t)By(t)dt = —Boll) - Therefore,

n+1

/1 Bi(z — t)By(t)dt + /1 Bo(t)dt = — Br1@).
0 x

n—+1

This shows that (3.7) is true for m = 1.
Now assume that (3.7) holds for m = k (k € Z*). Appealing to (3.1) and (3.3), we
see that

1

< /Bk+1:13—t S0t + (k1) [ (o= 0" Ba(e)ar)

T

/ (k4 1)By(x — t)Bp(t)dt + (k + l)k‘/l(x — ) B, (t)dt
0 T

. k+1 . d By, n(x)
By (3.6),
! ' k _ _Biria(l)
| B =op,ma+ t+1) [0 -0tB.0a - CEOn
Therefore,
B nlx 1 !
—f%j)): | Benta=0B.wa+ (1) [ @ =0 B0

This shows that (3.7) is true for m = k + 1. Hence (3.7) is proved by induction.
From [7] we know that By, (z + 1) = By, (x) + ma™ 1. Thus, using (3.7) we deduce

Bn(3) Bn(y)
m—1 Y n—1 Y
S (e =)
t z—t t z+y—t
) :}cymBn(y)'ymlem(y)dt+ yynlen(y)'ymlem( ),
0 ! m/! . n m!

O e R I R CSE
] 255 G [ 5 ()
( _

ym+n—1

m!n! (
(

B
1 " L m—1
= - / B — —u)Bn(u)du—i—/ m(— —u) Bn(u)du>
m!n! 0 y 2 y
L Bl Bl
m!n! () (m+n)!’

This completes the proof.
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Remark 3.2 Theorem 3.6 implies that for my,--- ,my € ZT,

(3 8) _yml—le1($) . . _ymk—lek(g) B _ym1+m+mk_1Bm1+---+mk(%)
’ mq! my! (my+ - +my)!

For o, 8 > 1, from (2.4) one may deduce that

. Cl—a, )yt CL=B,2)y""  ((1—a—p, 5yt
(3.9) M) T T@ih)

This can be viewed as a generalization of Theorem 3.6. By (2.4) and Euler’s formula
et =cost+isint, fors>1and 0 <z <y,

10 y(1-n ) = UL (F S () E Y

Suppose a, 8 > 1 and
(A —a gyt CA-B 5" /%‘ y i - a5 Y-8, )
I(a) I'(8) o I(a) INE)
/y e B A -6
@ I(e) INE))
By the proof of Theorem 3.4, (2.5) and [1, (1.1.13)],

dt

flz,y) =

flx+y,y) = f(x,y)

T ol T — T —
- [l T (- )
¢

4 fya-l g1 _
:_/Ora)< yt) 1'?1{(/3)<gj>6 ar
T (e a—1 s—1 xa+ﬂ—1 1 o B
:‘A (ng ‘&m“:‘nwnml<“”)lwlm

- 1a1D :ry<a+5>(<(1‘o“5’”§) —C(l—a—ﬁ,%)).

On the other hand, for 0 < z < y, in view of (3.10) we have

1 .
1) = s ([ (5 32 () eennst o 37 ()bt
oo




00
« (e iBm Z (ﬁ)fﬁe2m'ny _'_e“;” Z (E)*,B —27rin%)dt)
n=1 Yy n=1 Y
1 ion m —a 27rzm— > m —a —27rsz
(2m)a+By / (¢ mZ: ) mZ: ) ’)
; ° . i 0 .
X (e‘lf?r Z (E)_Be%m? +e'F Z (ﬁ)_ﬂe_%m?)dt
n=1 Yy n=1 Yy

1 —atBin otBin —a=Bin a=f;
= G (¢ T e L L 4 ),

ne [ () ) (X () e
b [(S )T (S )
w= (S () ) (X () e
e [ ) ) (S (5) e

Thus,
0o 0 oo
. —a/n\ =P orimz 27rz (n— m) . (a+5) 27rzn
= E E ; e ; vdt =y E <y) ,
m=1n=1
00 0 00
_ 2 :2 : —a/n\ =P _orimz 2mi(m—n)t . } : n\~(@+8) _oripe
I2 = ; . (§] vdt = Yy (;) s

3
[
H
3
I
-

3
I
A
3
I
—

= &
I I
(]2 108
(]2 108
~—~ o~

|3 =3 =]3 <3

3
I
~
3
I
~

Therefore, by (3.10),

This shows that (3.9) holds for 0 < x < y. Applying the previous formula for f(z+y,y) —
f(x,y), we deduce that (3.9) holds for all z € R.
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Clearly (3.9) implies that for mq,...,my > 1,

C(l —my, %)yrmfl C(l — mo, %)ymzfl C(l — oy, %)ymkfl
I'(ma) T'(my) T ()
C(l —m1—mg — - — Mg, §>ym1+m2+---+mk—1

F(m1+m2+--~+mk)

and so (3.8) holds for my,...,m; > 1 by (2.6).
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