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Abstract

Let Z and N be the set of integers and the set of positive integers, respectively. For
ap,ag,...,ag,n € Nlet N(ay,ag,...,a;n) be the number of representations of n by
a1z +azwi+- - ~+ak.xi, and let (a1, a9, .. ., ax;n) be the number of representations of n by

a1 xl(%*l) +ao 12(12271) +-- -—I—akw (z1,...,zk € Z). In this paper, by using Ramanu-

jan’s theta functions ¢(gq) and ¥(gq) we reveal many relations between t(a1,ag, ..., ax;n)
and N(ay,az,...,a5;8n+ a1 +---+ ag) for k = 3,4.

Keywords: theta function; triangular number; quadratic form; the number of representa-
tions
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1. Introduction

Let Z and N be the set of integers and the set of positive integers, respectively. Let

7ZF =7 xZx---xZand N°=NxNx ---x N. For aj,as,...,a; € Nand n € NU{0}
— ~~
k times k times
set
N(al,ag,...,ak;n):‘{(xl,...,mk)EZk]n:alx%—i—agx%—i—---—l—akxi}},
t(a17a27"'aak;n)
r1(r1 —1 To(zo — 1 Tp(xp — 1
=H($1,-~,$k)€zk‘n=a1 1(21 )+a2 2(22 )+--~+ak k(g )H’
2 2 2
t'(a1,as,...,ax;n)
z1(x; — 1 To(xg — 1 Tr(ze — 1
:H(xl,...,:ck)ENk|n:a1 1(12 )—l-ag 2(22 )-I-'”—l-akk(; )H



The numbers m(xgl) (x € Z) are called triangular numbers. Since m(xgl) = (ﬂg)(*x) we
have
(1.1) t(ar, ag, ... ap;n) = 2% (a1, a9, ..., ap;n).
For ay,as,...,a,n € N it is clear that
ri(ry —1 To(xe — 1 rp(xE — 1
0= 1(71 )Jra2 2(x2 )+~-—|—ak k(zr — 1)
2 2 2
= 8nda;tag+ - +ap=a1(2z — 1)? +as(2x0 — 1)? + -+ 4+ ap(2z) — 1)
Thus,
(1.2) t(ay,ag,...,ak;n) :H(xl,xg,...,mk) e zZF | 8n+aj +ag + -+ ag

= alx% +a2x§ +---+akmz, 2J[a:1x2---xk}’.
For later convenience we also define
t(aiy...,ag;n) = N(ay,...,ap;n) =0 for n ¢ {0,1,2,...}.

Let a1,...,a; € N and

i — 1) (i1 — 2)(i1 — 3 i — 1)
Clar,...,a5) = 2" + 2’“‘1(“(“ )(“4' a=3) | alh 5 )iz | inis )
where i; denotes the number of elements in {a,...,a;} which are equal to j. In 2005

Adiga, Cooper and Han [1] showed that for n =0,1,2,...,

N(ai,...,ap;8n+a1+- +ag)
C(al,...,ak)

In 2008 Baruah, Cooper and Hirschhorn [3] proved that for n =0,1,2,...,

(1.3)  t(a1,a9,...,a1;n) = fora; +---+a, <T.

t'(a1,az,...,ax;n)

14 N ce, 03 8 8) — N ce, 032 2
( ) _ (ala y A BT + ) (al? ) Ak 2N + ) fora; + -+ ap = 8.
C’(al,...,ak)

Ramanujan’s theta functions ¢(q) and ¢ (q) are defined by

Z q" —1—|—2Zq and (¢ Zq""+1/2 (lg] < 1).

n=-—o00 n=0

It is evident that for |¢| < 1,

(1.5) ZN a1, ... an)g" = p(g™) - p(q™),

(1.6) Zt ar,...,a;n)q" = (") P(g™).

From [3, Lemma 4.1] or [4] we know that for |¢| < 1,

(1.7) ¥(q)* = o(Q)(¢?),



(1.8) o(q) = o(q*) + 2qv(¢®),

(1.9) 0(0)* = o(a®)® + 4q¥(q")* = o(¢")? + 4¢°¥(¢®)* + 4qv(q")?,
(1.10) V(@) = o(d®)0(q") + ap(a®)(¢"?).

By (1.8), for k =1,2,3,...,

(1.11) o(q") = o(q™) + 26"V (¢*) = 0(¢"%") + 24" (¢**F) + 24" ¥ (¢*").

Let a,b,c,d,n € N. In 2011, the author [9, Theorem 2.3] found two general relations
between t(a, b;n) and N(a, b; 8n+a+b). Recently, using (1.7)-(1.11) the author and Wang
(see [11,15]) revealed new connections between t(a,b,c,d;n) and N(a,b,c,d;8n+a+ b+
¢+ d). They do not need assuming a + b+ ¢+ d < 8. More recently Yao[14] confirmed
some conjectures posed by the author in [11]. In [12], using Ramanujan’s theta functions
the author showed that for a =1 (mod 2),

(1.12)

2
§N(a,3a,b;8n+4a+b) if4]b—2,
2
t(a,3a,b;n) = §N(a,3a, b;8n + 4a + b) — 2N(a,3a,b;2n+a+b/4) if 8| b,
2
g(N(a,3a,b;8n—|—4a+b)—N(a,3a,b;2n+a+b/4)) if 8| b—4.

Let a,b,c,d,n € N. We have interest to find more transformation formulas for
t(a,b,c;n) and t(a, b, c,d;n) like (1.12), which yield infinite families of identities. Such
formulas are better than (1.3) and (1.4), which only involve finite families of identities.
By doing calculations for t(a,b,c;n) (a <3, a < b <15, b < ¢ < 30) and t(a,b,c,d;n)
(a<3,a<b<9, b<e<20, ¢ <d<30) with Maple, the author discovered new trans-
formation formulas for t(a,b, c;n) and t(a, b, c,d;n) yielding infinite families of identities.
To prove the results, we use elementary arguments and Ramanujan’s theta functions. The
method via Ramanujan’s theta functions can be found in [1,3,11,15].

In Section 2 we list some basic lemmas. In Section 3 we show that for a,b,n € N with
24a,

2N (4a,12a,b; 8n + 4a + b) if 210,
t(a,3a,b;n) =< 2N(2a,6a,b/2;4n + 2a + b/2) ifd|b—2,
2N(a,3a,b/4;2n+a+b/4) — 2N (a,3a,b;2n +a+b/4) if 4 |b.
If 8ta,8tband 41a—+ b, we state that
t(a,b,c;n) = N(a,b,c;8n +a+b+c) — N(a,b,4¢;8n+a+ b+ c).
Let a,b,¢,d,m,n € N with 2¢m and a + b+ ¢ < 7. Using (1.3) we prove that

_ 8
C(a,b,c)
— N(am,bm,cm,4d; 8n + am + bm + cm + d))

t(am,bm,cm,d;n) = (N(am, bm, cm, d; 8n + am + bm + cm + d)

Let a,b,c,d,n € N with 2  a. In Section 4 we establish many general formulas for
t(a,b,c,d;n). As typical examples, we have

t(a,a,b,b;n) = N(a,a,b,b;4n + a + b) — N(a, a,2b,2b;4n + a + b);
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t(2a,2a,b,b;n) =
if 21 b, then

t(a,a,2b,4b;n) =
t(a,2a,4a,b;n) =

if 4| a—b, then
t(a,2a,b,2b;n) =

N(a,a,b,b;4n + 2a + b) — N(a, a, 2b, 2b; 4n + 2a + b);

b
N(a,a,b,Qb;4n+a+3b)—N(a,a,b,Qb;Qn—i—a+3 )

)

7

(N(a, a,a,2b;16n + 14a + 2b) — N(a, a,a, 2b;4n +

7a+b)>

| =

N(a,2a,b,2b;8n + 3a + 3b) — N(a,2a,b,2b;4n + 3(a + b)/2);

if 2tacand d=2,¢ (mod 4), then
t(a,3a,c,d;n) = 2N (4a,12a, ¢,d; 8n + 4a + ¢ + d);
ifa=b=c=d=41 (mod 4), then

t(a,b,c,d;n) = N

We also show that

a—f—b—l—c—i—d)'

(a,b,c,d;8n+a+b+c+d)—N(a,b,c,d;2n—|— y

1
t(1,1,1,6;n) = 6(N(l, 1,1,6;32n +36) — N(1,1,1,6;8n +9)),

t(1,1,1,7;n) = 4N
t(1,2,6,6;n) = 2N

The three formulas were also discovered with the help of Maple. In addition, we determine

t(1,1,6,6;n), £(2,2,3

1,1,1,7;4n + 5) — 2N(1,1,1,7; 8n + 10),

(
(1,2,6,6;8n + 15) — N(1,2,6,6;16n + 30).

,3;n), t(1,1,7,7;n) and pose two challenging conjectures.

2. Basic lemmas

In this section we list some useful lemmas, which will be used to prove main results in
the paper. Inspired by (1.3), we first present a general formula for t(aym,...,arm,d;n)

under certain conditions.

Lemma 2.1. Let aq,.

number ¢ such that

t(ai,...,ag;8) =cN(ay,...,ax;8s+ a1 +---+ax) for s=0,1,2,...,

then

t(aym,...,agm,d;n) = C(N(alm, cooapm,d;8n 4+ (ap + - - 4 ap)m + d)

Proof. Clearly

—N(alm,...,akm,4d;8n+(a1+~-+ak)m+d)).

t(aym,...,agm,d;n)

= Z t(aym,...,agm;n — dw(w —1)/2)

wWEZ

- > t(al,.._,ak;"—dw(w—l)/z)

wEZ,m|n—

(w=1) m
w(w—
d 2

cyag,d,myn € N with k > 2 and 2 m. If there is a rational



n—dw(w—1)/2

=cC Z N(al,...,ak;S

w(w=1)
2

+ar+---+ ak)
weZ,m|n—d

:czN(alm,...,akm;8n+a1m+~--+akm+d—d(2w—1)2)

WEZL
:c(ZN(alm,...,akm;8n+a1m—|—---—i—akm—i-d—de)
WEZL
—ZN(alm,...,akm;Sn—l—alm—i—---—|—akm+d—d(2w)2)>
WEL

=c(N(aim,...,agm,d;8n + aym + - + apm + d)
—N(alm,...,akm,4d;8n+a1m+-~+akm+d)).

This proves the lemma.

Lemma 2.2 ([9, Theorem 2.3]). Suppose a,b,n € N, 81a, 8tb and4{a+b. Then
t(a,b;n) = N(a,b;8n +a+b).

Lemma 2.3 ([9, Theorem 2.3]). Suppose a,b,n € N, 2ta, 8|b—4 and4|a+ g.
Then t(a,b;n) = N(a,b/4;8n +a+b).

Lemma 2.4 ([12, Theorem 6.2]). Suppose that a,b,c € N with 24 ab and 4 | a — .
If c=a (mod 4) or ¢ =4 (mod 8), then t(a,b,c;n) = N(a,b,c;8n+a+ b+ c).

Lemma 2.5 ([12, Theorem 6.3]). Let a,b,c € N with2ta, 2|b,2|c, 8tb, 81¢
and 81 b+ c. Then t(a,b,c;n) = N(a,b,c;8n +a+b+c).

Lemma 2.6. Let a,b € {1,3,5,...} andn € N. Then

1
t(a,2a,4a,b;n) = 1 (N(a, a,a,2b;16n + 14a + 2b) — N(a,a,2a,b;8n + 7a + b))

Proof. By [11, Theorems 2.6, 2.15 and Lemma 2.1],

t(a,2a,4a,b;n)
1
= Zt(a, a,4b, 2a;4n + 3a)

= % (N(a, a,4b, 2a; 8(4n + 3a) + 4a 4+ 4b) — N(a, a,4b, 8a; 8(4n + 3a) + 4a + 45))

= %(N(a, a,2b,a;4(4n + 3a) + 2a + 2b) — N(a, a, 2b, 4a; 4(4n + 3a) + 2a + Qb))

= %(N(a, a,2b,a;4(4n + 3a) + 2a + 2b) — N(a, a,b,2a;2(4n + 3a) + a + b))
This yields the result.

In order to prove a formula for ¢(1,1,1,7;n) in Section 4, we need the following two
useful lemmas.
Lemma 2.7. For |q| < 1 we have

0(9)* =p(¢"%)® + 64 0 (¢"%)*¥(¢**) + 12¢%0(¢"%)(¢*)? + 8¢ (¢*?)?
+ 6q0(¢®)*0(q®) + 24¢°%(¢*) ¥ (¢')? + 12¢%0(¢'%) ¥ (¢%)?
+24¢%¢(¢%)?¥(¢*?) + 8¢°¥(¢®)*.



Proof. By [11, Lemma 2.2],

0(0)® = 0(g")® + 6q0(¢ ) (q")? + 12¢*0(¢")* ¥ (¢®) + 8¢*¥(¢®)*.

e(q") = ©(¢"%) + 24" (¢%),
¥(g")? = o(g")Y(d®) = (p(a"%) + 2¢*(d**) ¥ (q®),
q8 1

8 =
¢ )0(a")? = o(a")*¥(¢®) = ((¢°)” + 44" ¥(a'%)*)0(¢%).

,4;

Thus,
0(0)® = (0(¢"%) + 2¢"¢(¢°%))* + 6q(2(¢®)* + 44™(q"%)*) v (¢®)
+12¢%((q'%) + 20 0 (¢*) ¥ (¢®) + 8¢° v (¢®)?.

This yields the result.

Let (%) be the Legendre-Jacobi-Kronecker symbol, and let [¢"]f(q) be the coefficient
of ¢" in the power series expansion of f(q).
Lemma 2.8. For |q| < 1 we have

p(@)e(a") = o(a®)e(a™) = 200(a)e(a") — 44°0(¢)P(a™) + g v (a")p(¢*).
Proof. Suppose n € N and n = 2%ng (21 ng). Set
R(n)={(z,y) €ZXZ|n= 22+ 7% and T(n) = Z <_7> = Z (i)
k|n,2tk k|no
By [4, pp.302-303],

W) =3 () 1L = (B e = S T

n=1 n=1 k=1 n=1

By [5, Theorem 9.1] or [13, Theorem 4.1],

22(%7) if 24n,

kln

= [¢"1(2q¥(9)¥(q") — 4¢*%(¢*)¥(a") + 4 ¥ (a") ¥ (¢*)).
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If 4 | n — 2, then

[4"](2(0)e(q") — e(a*) ("))

If 4 | n, then
0" (@)eld") = ela)ela™)) = Rin) — R(3)
2> (3) 22 (F) 2 X () 22 () s

22(l7> if8|n—4
K2

;
=93 (1) =2r(m) =27(m) — a7 () +47(%)

k|no
= [¢"1(2q¥ () (q") — 4a*¥(¢*)¥(a") + 4¢* ¥ (q") ¥ (¢*)).

Summarizing the above we see that for any n € N,

["(e(@)p(a") — p(@®)e(a) = [a"1(2a () (q") — 4°Y () (d") + 4 (¢ v (¢®)),

which yields the result.

For a complex number z with Im(z) > 0, Dedekind’s eta function is defined by

oo
n(z) = o3 H (1 - eQ“mZ>.

n=1

Martin and Ono [7,8] listed all eta-quotients that are weight 2 newforms. There are such
eta quotients only for levels 11, 14, 15, 20, 24, 27, 32, 36, 48, 64, 80, 144. See the
following table.

level eta-quotient

11 n(z)%n(112)*

14 n(2)n(22)n(7z)n(14z)
15 n(2)n(3z)n(5z)n(152)
20 n(22)*n(102)?

24 1n(2z)n(42)n(62)n(122)
27 n(32)*n(92)?

32 n(42)%*n(82)*

36 n(62)*

18 n(4z)*n(122)*

n(22)n(62)n(82)n(24z)

7



8
64 1(82)

1(42)%n(162)?
<0 1(42)°7(202)°
1(22)?n(82)?n(102)?n(402)?
n(122)?
M Emey

Let -
fN (Z) _ Z an (n)e%rinz
n=1

be the weight 2 eta-quotient newform of level N. Let p > 3 be a prime. In [8], Martin
and Ono determined ay(p) for N = 27,32,36,64, 144 in terms of binary quadratic forms.
In [10], using a result of Eichler the author stated that

ot =-(2) ¥ (),

p p

where (%) is the Legendre symbol.

Now we state the following two conjectures, which were discovered by doing calcula-
tions on Maple.

Conjecture 2.1. Let p > 3 be a prime. Then

it =—(2)5 (T
=0
& (a® — 30— 322
= HE )

az(p) = (=1)'% aso(p) = (%) > ("’“3‘1;”5‘”),

a(p) = (-1)'T ass(p) = - (%) )3 (W)
=0

Although it is well known that the number of points on elliptic curves over the finite
field F}, is concerned with modular forms, the author has not found Conjecture 2.1 by
searching related literature.

Conjecture 2.2 . For n € N we have a14(2n) = —a14(n) and so a14(2%) = (—1)* for
k € N. In addition, ag4(3%) = (—1)* for k € N.

For a,b,n € Nlet o(n) be the sum of positive divisors of n, and let (a, b) be the greatest
common divisor of a and b. In order to obtain formulas for t(1,1,6,6;n), t(2,2,3,3;n)
and ¢(1,1,7,7;n), we need the following two lemmas.

Lemma 2.9 ([2, Theorems 1.12 and 1.21]). Let n € N and n = 2%3°n; with
(6,n1) = 1. Then

20(n1) 4+ 2ag4(n) if 24 n,
N(1,1,6,6;n) = < 4o(n1) ifd|n—2,
4(2% = 3)o(n1) if4|n
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and
20(n1) — 2ag4(n) if 21 n,

N(2,2,3,3;n) =< 4o(n1) ifd|n—2,
4(2% = 3)o(nq) if 4 | n.
Lemma 2.10. Suppose n € N and n = 2°7%ny with (ny,14) = 1. Then
4 8 .

ga(nl) + g(—l)"_ ar4(n) if a =0,
N(1,1,7,7;n) = 1 3
g(20“+1 —3)o(n1) + g(—1)”—1a14(n) if o> 0.

Proof. Let ¢(n) be given by

g [J =@+ DA =g+ ¢"T) =D e(n)g" (lgl <1).
n=1

n=1
By [6, p.172],
4 8
—o(ny) + =c(n if =0,
N(1,1,7,7;n) = i )+ 5 <
§( ot _3)g(ny) + gc(n) ifa>0.
Note that
> aum)(—¢)" = —q¢ [J(1 - (=91 = M)A = (—9)™)(1 - ¢"*")
n=1 n=1
=—q ﬁ(l + q2n—1)(1 _ q2n)2(1 +q14n—7)(1 _ q14n)2
n=1

= — Z c(n)q".

n=

—_

We see that c¢(n) = (—=1)""laj4(n) and so the result follows.

3. Formulas for t(a,b,c;n)

In this section we state some general formulas for t(a, b, c;n) (a,b,c,n € N), which imply
infinite families of identities. Based on (1.3) and Lemma 2.1, we first present the following
general theorem.
Theorem 3.1. Let ay,...,ax,d,m,n € N with2tm, k>2anda; +---+ar < 7.
Then
2k
t(aym,...,agm,d;n) = E(N(alm,...,akm,d;Sn—l— (a1 + -+ ap)m+d)
— N(a1m,...,apm,4d;8n + (a1 + - + ax)m + d)),

where

C =2k 4 2kt <2> + 28724 iy — 1)ig + 28 Liyis

9



and i; is the number of elements in {a1,...,ar} which are equal to j.
Proof. By (1.1) and (1.3),

2k
tlat,...,ag;n) = EN(al,...,ak;Sn—i—al—i—---—i—ak).

Hence applying Lemma 2.1 yields the result.

Corollary 3.1. Let a,b,n € N with 2{a. Then
2
t(a,3a,b;n) = g(N(a, 3a,b;8n + 4a + b) — N(a,3a,4b;8n + 4a + b)).

Proof. Putting £k =2, a3 =1, as =3, m = a and d = b in Theorem 3.1 yields the
result.

Theorem 3.2. Suppose a,b,c,n € N, 8ta, 84b and 41a+b. Then
t(a,b,c;n) = N(a,b,c;8n +a+b+c)— N(a,b,4¢;8n+a+ b+ c).

Proof. By Lemma 2.2, t(a,b;n) = N(a,b;8n+a+b). Now applying Lemma 2.1 (with
m = 1) gives the result.

Theorem 3.3. Suppose a,b,e,n €N, 24a, 8 |b—4 and 4 |a+ %. Then

t(a,b,c;n):N(a,g,c;Sn—l—a—i-b—i-c) —N(a,g,4c;8n+a+b+c).

Proof. Using Lemma 2.3 we see that

t(a,b,c;n) = Zt(a, b;n —cz(z—1)/2)

2€Z
B b z(z—1)
—%N(a,4,8(n02)+a+b>
:ZN(Q,%;8n+a+b+cfc(2271)2>
2EZL
:ZN(Q,§;8n+a+b+cfcz2) 72N<a,z;8n+a+b+cfc(22)2)
2€Z 2€Z
:N(a,g,c;8n+a+b+c> —N(a,§,4c;8n+a+b+c>.

This proves the theorem.

Apart from (1.12) and Corollary 3.1, we present another general formula for ¢(a, 3a, b; n),
where a,b,n € N and 2 { a, which is found by doing calculations with Maple, and proved
by using identities involving Ramanujan’s theta functions. Compared with (1.12), we do
not need to assume that b is even. The result provides infinite families of identities.
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Theorem 3.4. Let a,b,n € N with 21a. Then
2N (4a,12a,b;8n + 4a + b) if 210,
t(a,3a,b;n) = < 2N (2a,6a,b/2;4n + 2a + b/2) if4]b—2,
2N(a,3a,b/4;2n +a+b/4) —2N(a,3a,b;2n+a+b/4) if4|0.
Proof. Clearly the result is equivalent to
(3.1) t(a,3a,b;n) = 2(N(4a,12a,b;8n + 4a + b) — N (4a, 12a,4b; 8n + 4a + b)).
By (1.8) and (1.10), ¢(¢") — ¢(¢*) = 2¢"4(¢>) and

)e(g'??)

(%) + 2" (¢™)) (e(0") + 20"24(4"))

q Ga) ( 48a)+4q16aw(q32a)w(q96a)+2q4as0(q48a)1/](q32a)+2q12a¢(q16a)1/}(q96a)
qlﬁa) (48a)+4q16aw(q32a)w(q96a)_’_2q4aw(q8a)¢(q24a).

o(g*

= (¢
o(
o(

Hence

Z(N(4a, 12a,b;n) — N (4a, 12a, 4b; n))q"
n=0

= p(a")e(q"*) ((a") = #(a™)
= 2¢"0(q™)(2(q"°)p(q"*) + 44" (¢ (™) + 20"V (¢* ) (d*)).

Therefore

> (N(4a,12a,b;n) — N(4a, 12a,4b;n))g" = 4¢*4(¢* ) (q***)(¢™)
nE4a+ZL:(()m0d 8)

and so

e.¢]
Z(N(4a, 12a, b; 8n + 4a + b) — N (4a, 12a, 4b; 8n + 4a + b))¢®™ = 4 (¢®) ¥ (¢***) ¥ (¢*).
n=0

This yields

Z(N(éla, 12a,b;8n + 4a + b) — N(4a,12a,4b; 8n + 4a + b))q"
n=0

= 40 (a" (" 3% 30,0

= q 5 (I a, ’I’L

Comparing the coefficients of ¢" on both sides gives (3.1). Thus the theorem is proved.

Comparing (1.12) with Theorem 3.4 we deduce the following result.
Corollary 3.2. Suppose a,b,n € N with 21a. Then

N(a,3a,2b;8n + 4a + 2b)

11



3N (2a,6a, b; 4n + 2a + b) if 210,
=4 3N(a,3a,b/2;2n 4+ a + b/2) if 4|b,
3N(a,3a,b/2;2n + a + b/2) — 2N (a,3a,2b;2n +a+b/2) if4|b— 2.

Based on calculations for ¢(1, 1, 6;n), we make the following conjecture.

Conjecture 3.1. Let n € N. Then n is represented by I(I;l) + y(ygl) + 6Z(z;1) if
and only if n Z2-32""1 —1 (mod 3%") forr =1,2,3,....

Conjecture 3.1 has been checked for n < 10°. Suppose m = z2 4142 +62% for z,y, 2 € Z
and m = 37" "Img with r > 2 and 3 mg. Since 2° +y? = 22+ y?> + 622 = m =0 (mod 3)
we see that 3 | z and 3 | y. Hence m = (32)? + (3y)? + 622 for some z,y,2 € Z. Since
9 | m, we must have 3 | z and so m = (32)? + (3y)? + 6(32)? for some z,y, z € Z. That
is, g = x? 4 3% + 622 for some z,y,z € Z. Repeating the procedure, we derive that
3my = gz = 2?2 +y? + 622 for some z,y, 2 € Z. Hence 3 | 22 + 2. This yields 3 | x and
3 | y. Therefore, 3mg = 622 (mod 9) and so mg = 222 (mod 3). Since 3 { mo we must
have 31 z and so 22 = 1 (mod 3). Hence mo = 2 (mod 3) and m = 3*""1my = 2. 321
(mod 3%7). This shows that m is not represented by x2+%2+622 for m = 3*"~! (mod 32").
If n = x(g_l) + y(y2—1) + 62(22_1) for z,y,z € Z, then 8n 4+ 8 = z? + y? + 62° with odd
integers x,y and z. Hence 8(n + 1) # 32"~! (mod 3%") for every positive integer . This
yields n # 2-3%~! —1 (mod 3?7) for r =1,2,3,.. ..

4. Formulas for t(a,b,c,d;n)

In this section we establish new formulas for ¢(a, b, ¢,d;n) (a,b,c,d,n € N), which involve
at least two parameters and so imply infinite families of identities. Such results are based
on calculations with Maple. In the proofs, we use elementary arguments and suitable
identities for Ramanujan’s theta functions. We also determine (1,1, 6,6;n), t(2,2,3,3;n),
t(1,1,7,7;n) and pose two conjectures.

Theorem 4.1. Suppose a,b,c,d,n € N;21{abc and a =b = c (mod 4). Then

t(a,b,c,d;n)
= N(a,b,c,d;8n+a+b+c+d)— N(a,b,c,4d;8n+a+ b+ c+ d).

Proof. By Lemma 2.4, t(a,b,c;k) = N(a,b,c;8k + a + b+ ¢) for any k& € N. Now
applying Lemma 2.1 (with m = 1) yields the result.

Corollary 4.1. Let a,b,c,d,n € N witha=b=c= =41 (mod 4) and d =4 (mod 8).
Then
t(a,b,c,d;n) = N(a,b,c,d;8n +a+ b+ c+d).

Proof. By Theorem 4.1,
t(a,b,c,d;n) = N(a,b,c,d;8n+a+b+c+d) — N(a,b,c,4d;8n+a+ b+ c+ d).
If8n+a+b+c+d=az®+by?> + cz? + 4dw? for z,y, z,w € Z, then
a(@+ P+ ) =ar + P+’ =a+b+c=3a (mod 4)
and so 22 + 32 + 22 = 3 (mod 4). This yields 2 { zyz and so
ar’ + by +cP=a+b+c#E8n+a+b+c+d—4dw? (mod 8),
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which is a contradiction. Hence, N(a,b, c,4d;8n+a+b+c+d) = 0 and the result follows.

Theorem 4.2. Suppose a,b,c,d,n € N, 2t abcd and a =b=c=d (mod 4). Then

t(a,b,cjd;n):N(a,b,c,d;8n+a+b—i—c—l—d) —N(a,b,c,d;Qnﬂ—w).

4
Proof. By Theorem 4.1,

t(a,b,c,d;n) = N(a,b,c,d;8n+a+b+c+d) — N(a,b,c,4d;8n+a+ b+ ¢+ d).
If 8n+a+b+c+d=ax®+ by? + cz? + 4dw? for some z,y, z,w € Z, then
a(@? + P+ ) =ar byt e’ =8nta+btctd—4dw? =0 (mod 4)

and so 4 | 22 + y? + 22. This implies that 2 | 2,2 | y and 2 | 2. Hence 2n + % =
ax?® + by? + cz? + dw? for some z,y, z,w € Z. Therefore,

btetd
N(a.b.e.ddi8n 0+ bt d) = N(a,be,di2n L),

4

So the result follows.

Theorem 4.3. Suppose a,b,c,d,n € N;21a,2|b,2|¢,81b,81c and8+tb+ c. Then

t(a,b,c,d;n)
= N(a,b,c,d;8n+a+b+c+d)— N(a,b,c,4d;8n +a+ b+ c+ d).

Proof. By Lemma 2.5, t(a,b,c;k) = N(a,b,¢c;8k + a + b+ ¢) for any k € N. Now
applying Lemma 2.1 (with m = 1) yields the result.

Theorem 4.4. Suppose a,c,d,n € N and 21 ac. Then
t(a,3a,c,d;n) = 2N (4a,12a,¢,d; 8n + 4a + ¢+ d) — 2N (4a, 12a, ¢, 4d; 8n + 4a + ¢ + d).

Proof. By Theorem 3.4, for m = 0,1,2,... we have t(a, 3a,c;m) = 2N (4a, 12a, ¢; 8m+
4a + ¢). Thus,

t(a,3a,c,d;n) = Z t(a,3a,c;n — dw(w —1)/2)

WEZL
=2 Z N(4a,12a,¢;8(n — dw(w — 1)/2) +4a + ¢)
wEZL
= ZZN(4a,12a,c;8n—|—4a+c+d—d(2w— 1)?)
weL
= 2ZN(4a,12a,c;8n—|—4a+c+d—dw2)
wWEZ
-2 Z N (4a,12a,¢;8n + 4a + ¢ + d — d(2w)?)

WEZL
=2N(4a,12a,c¢,d;8n + 4a + ¢+ d) — 2N (4a, 12a, ¢, 4d; 8n + 4a + ¢ + d))
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Corollary 4.2. Suppose a,c,d,n € N, 2t ac and d = 2,¢ (mod 4). Then
t(a,3a,c,d;n) = 2N (4a,12a,¢,d; 8n + 4a + ¢ + d).
Theorem 4.5. Let a,b,d,n € N with 2t ab. Then
t(a,3a,2b,d;n) = %(N(a, 3a,2b,d; 8n + 4a + 2b + d) — N(a, 3a, 2b, 4d; 8n + 4a + 2b + d))

Proof. By (1.12), t(a, 3a,2b; k) = %N(a, 3a, 2b; 8k+4a+2b) for any nonnegative integer
k. Now the result follows from Lemma 2.1.

Theorem 4.6. Let a,d,n € N with 2ta. Then

t(a,3a,9a,d;n) = (N(a, 3a,9a,d; 8n + 13a + d) — N(a, 3a, 9a, 4d; 8n + 13a + d))

N | =

Proof. By [12, Theorem 3.3], #(1,3,9;m) = %N(1,3,9;8m + 13) for m = 0,1,2,. ...
Thus applying Lemma 2.1 gives the result.

Theorem 4.7. Let a,b,c,n € N with 2{ab and n = %5° (mod 2). Then
t(a,3a,4b,2c;n)
2
=3 (N(a, 3a,4b,2¢; 8n + 4a + 4b + 2¢) — N(a, 3a,4b,8¢; 8n + 4a + 4b + 20)).

Proof. By [12, Theorem 4.3], for m = %% (mod 2) we have

2
t(a,3a,4b;m) = gN(a, 3a,4b; 8m + 4a + 4b).
Thus,

t(a,3a,4b,2c;n)

2
= E t(a,3a,4b;n — 2cw(w — 1)/2) = 3 g N(a,3a,4b;8(n — cw(w — 1)) + 4a + 4b)
WEZ wWEZ

2
=3 > " N(a,3a,4b;8n + 4a + 4b + 2¢ — 2c(2w — 1))
wWEZ

2
= §Z:N(a,3a,4b;8n+4a—i—4b—i—2(:—2(:w2)
wWEZ

2
-3 Z N(a, 3a, 4b; 8n + 4a + 4b + 2¢ — 2¢(2w)?)
wWEZ

2
= g(N(a, 3a,4b,2¢; 8n + 4a + 4b + 2¢) — N(a, 3a, 4b, 8¢; 8n + 4a + 4b + 2¢)).

Theorem 4.8. Let m,n € N.
(i) If there is a prime divisor p of 2m + 1 such that (8"%5) = —1, then

1
t(1,2,2,4m + 2;n) = §N(1,1,4,4m+2;8n—|—4m—|— 7).
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(ii) If there is a prime divisor p of 2m + 1 such that (8"%9) = —1, then

t(1,4,4,4m + 2;n) = iN(l, 1,4,4m + 2;8n + 4m + 11).
Proof. By [11, Theorem 2.7],
t(1,2,2,4m+2;n) = t(1,1,8,8m+4;2n), t(1,4,4,4m+2;n) = %t(l, 1,8,8m+4;2n+1).
Now applying [12, Theorem 3.2] and [11, Lemma 2.1] yields the result.

Theorem 4.9. Let a,b € {1,3,5,...} and n € N. Then
t(a,a,2b,4b;n) = N(a,a,b,2b;4n + a + 3b) — N(a,a, b, 2b; 2n + (a + 3b)/2).
Proof. By [11, Lemma 2.1 and Theorem 2.15],

t(a,a,2b,4b;n) = N(a,a,4d,2b;8n + 2a + 6b) — N(a, a,4b,8b; 8n + 2a + 6b)
(a,a,2b,b;4n + a + 3b) — N(a, a,2b, 4b;4n + a + 3b)
(a,a,b,2b;4n + a + 3b) — N(a, a, b, 2b;2n + (a + 3b)/2).

=

This proves the theorem.

Theorem 4.10. Let a,b € {1,3,5,...} andn € N. Then

N(a,a,2a,b;2n 4+ a +b)

1 b
= g(N(a,a,a,2b;4n+2a—|—2b)+2N(a,a,a,2b;n+ a—; ))

and

1 Ta+b
t(a,2a,4a,b;n) = E(N(a, a,a,2b; 16n + 14a + 2b) — N(a, a,a,2b; 4n + @t ))

Proof. By [11, Theorems 2.1, 2.15 and Lemma 2.1],

;(N(a,a,a,2b;4n+2a+2b) — N(a,a,a,2b;n + a—21—b))

= t(a,a,2a,4b;n)

= N(a,a,2a,4b; 8n + 4a + 4b) — N(a, a, 8a, 4b; 8n + 4a + 4b)
= N(a,a,a,2b;4n + 2a + 2b) — N(a, a,4a, 2b; 4n + 2a + 2b)
= N(a,a,a,2b;4n + 2a + 2b) — N(a, a,2a,b;2n + a + b).

This yields the first part.
Set n’ = 4n + 3a. By Lemma 2.6,

t(a, 2a,4a,b;n) = ~(N(a, a,a,2b; 16n + 14a + 2b) — N(a, a,2a,b; 8n + 7a + b))

N e

(N(a, a,a,2b;4n’ + 2a + 2b) — N(a,a,2a,b;2n' + a + b))
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By the first part,
N(a,a,2a,b;2n’ +a+b)

1 b
= g(N(a,a,a,2b;4n/—|—2a+2b)+2N(a,a,a,2b;n/—}- a—2|— ))

Hence
t(a,2a,4a,b;n)

1
=1 (N(a, a,a,2b;4n’ + 2a + 2b)

1 b
B g(N(a,a,a,Qb;4n/—|—2a+2b)+2N(a,a,a,2b§n,+ a;— ))>

This yields the second part. The proof is now complete.
Theorem 4.11. Let a,b € {1,3,5,...} and n € N. Then
t(a,a,6a,b;n) = %(N(a, a,3a,2b; 16n + 16a + 2b) — N(a, a,6a,b; 8n + 8a + b)>
Proof. By [11, Theorems 2.5, 2.15 and Lemma 2.1],

t(a,a,6a,b;n)
t(a,a,6a,4b;4n + 3a)

N(a,a,6a,4b;8(4n + 3a) + 8a + 4b) — N(a, a, 24a, 4b; 8(4n + 3a) + 8a + 4b))

N(a,a,3a,2b; 4(4n + 3a) + 4a + 2b) — N(a, a, 12a, 2b; 4(4n + 3a) + 4a + 2b)>

/N 7/ N

NN =N =N =

— (N(a, a,3a, 2b: 4(4n + 3a) + da + 2b) — N(a, a, 6a, b; 2(4n + 3a) + 2a + b)).
This yields the result.

Theorem 4.12. Suppose a,b,n € N with 24 a. Then
t(a,a,b,b;n) = N(a,a,b,b;4n + a +b) — N(a, a,2b,2b;4n + a + b)
and
t(2a,2a,b,b;n) = N(a,a,b,b;4n + 2a + b) — N(a, a,2b, 2b; 4n + 2a + b).
Proof. By (1.9), for |¢| < 1,

i(N(CL, a, b7 b7 n) - N(a7 a, Qba 2b7 n))qn

n=0

e(q")*(e(a")? — ©(¢*)?)

(p(g*™)? + 4% (¢®)? + 49 (q*)?) - 4¢"y(¢*)*.

Thus,

Z(N(a, a,b,b;dn + a +b) — N(a,a,2b,2b;4n + a + b))q4n+a+b = 16(]““’1/}(qA“l)Qw((fu’)2

n=0
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and

> (N(a,a,b,b;4n + 2a+ b) — N(a, a,2b,2b;4n + 2a + b))¢"" %0 = 164* 09 (%)% (¢")?,

n=0

It then follows that

Z(N(a, a,b,b;4n + a + b) — N(a, a, 2b, 2b; 4n + a + b))¢"
n=0
o0
= 16¢(¢*)*¥(¢")* = > _t(a,a,b,b;n)q"
n=0
and
Z(N(a, a,b,b;4n + 2a + b) — N(a, a,2b,2b; 4n + 2a + b))q"
n=0
= 169(¢*)*¥(¢")* = > (2a,2a,b,b;n)q".
n=0

This yields the result.

Corollary 4.3. Suppose a,b,n € N, 24 a and b =2 (mod 4). Then
t(a,a,b,b;n) = N(a,a,b,b;4n + a + b).
Proof. Suppose 4n + a + b = ax? + ay?® + 2bz% + 2bw? for some x,y, 2z, w € Z. Then
a+b = a(x?+y?) (mod 4). This yields 22 +y* =1 (mod 2) and so b = a(z?+y*>—1) =0

(mod 4), which contradicts the assumption. Therefore N(a, a,2b, 2b;4n+a+b) = 0. Now
the result follows from Theorem 4.12.

Corollary 4.4. Let a,b € {1,3,5,...} and n € N. Then
t(a,a,b,b;n) = N(a,a,b,b;4n +a +b) — N(a,a,b,b;2n + (a +b)/2).
Proof. By [11, Lemma 2.1],
N(a,a,2b,2b;4n + a+b) = N(a,a,b,b;2n + (a +b)/2).
Now the result follows from Theorem 4.12.
Theorem 4.13. Let a,b,n € N with 2{ab and 4 | a —b. Then
t(a,2a,b,2b;n) = N(a,2a,b,2b;8n + 3(a + b)) — N(a,2a,b,2b;4n + 3(a + b)/2).

Proof. By (1.8)-(1.10),

> N(a,2a,b,2b;n)q" = 0(q*) o () (q") (™)

n=0
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= (p(q") + 24" (@) (0(a®*) + 20" (¢"°)) (2(¢™) + 26" (¢*")) (0 (¢*) + 2¢7%(¢'))
= (p(a™ (@) + 2¢°0(d*) Y (¢™*) + 26 (") (¢"%*) + 4¢** ¥ (q**) ("))
% (2(a")p(a™) +2¢"0(¢*)0(a™) + 2670 (a* )0 (") + 4470 (™) (¢")).

4n+2+4(—1)(a=1)/2

For a = b (mod 8) collecting the terms of the form ¢ yields

Z N(a,2a,b,2b;4n + 2 + (—1)(‘1_1)/2)q4n+2+(_1)((171)/2

4.1 n=0
*1) = 4¢°*0(q"")o(¢* ) (¢*) ¥ (¢"%) + 4¢%0(q" ) (q**) b (¢* ) (¢")

+4g" () () () (a") + 47 T p(a" V(e (6™ ) (a™).

An+42—(—1)(e=1)/2

For a = 5b (mod 8) collecting the terms of the form ¢ yields

Z N(a,2a,b,2b;4n + 2 — (—1)(‘“1)/2)q4n+27(71)(a_1)/2
n=0

= 2¢%p(q*)(¢*)o(¢)0(a®) + 24" (™) (¢*) 0 (") 0 (¢**)
+ 8% 2P (¢* ) (0") (") (a') + 80 (g ) (q" ) (¢*) b ().

On the other hand, using (1.8) and (1.11) we see that

w(a)e(@®) = (p(°) +2¢""¢(q 32“)+2Q“¢( SN (™) + 24°9(¢'°))
= 0(®)e(a'%) + 2¢%0 (") (¢° )+2q2“¢(q16“)1/1(q16a)
+4q3aw( Sa) ( 16a)+2q SO( )w(q32a)+4q6aw(q16a)w(q32a).

(4.2)

Hence

> N(a,2a,b,2b;n)q" = o(q") (4> ) (d")p(g™)

n=0

= (2(6*)e (") + 26" (¢* ) (¢**) + 2¢* (¢ ") (¢"%%)
+46°P(¢*) (") + 260 (¢*) Y (¢7*) + 4¢°*9 (") (¢7*))
x ((¢®)p(q") + 2¢°(®) ¥ (¢*) + 2¢° (¢ ) (¢")

+ 469 (¢*) (") + 24" (¢*") (%) + 4¢% P (¢" ) (¢°*)).

For a = b (mod 8) collecting the terms of the form g8 T4+2-D“"% iy (4.3) yields

Z N(a, 2&, b, 2b7 8N, + 4 + 2(_1)(a—l)/Z)q8n+4+2(—1)(a71)/2
n=0

= 445 (q"* ) (d***) 0 (¢*)p(a*%) + 4% 0 (¢**)p(a"* )0 (a"%") ¥ (¢*%)
+ 4 o (q" ) (0" (@ V() + 4g" () (¢ (0" (¢')
+16q3a+3b1/)( Sa) ( 16a)¢(q86) ( 166).

and so

3" N(a,2a,b,2; 80 + 4 + 2(—1) (0= D/2)gAns 2 (D0
n=0
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= 4¢P () (a")e(a*)0(¢®) + 4¢* 0 (q* ) (q**) b (¢™) (¢"%)
+ 4 0 (¢* ) (63 p(a™) ¥ (0'P) + 462 (") (¢ %) 0 (6*) ¥ (¢*)
+ 16630 2 (") (¢* ) (") (¢*°).

This together with (4.1) yields

o0

> (N(a,2a,b,2b;8n + 4 + 2(—1)*" /%)
n=0

4.4 ae
44 — N(a,2a,b,2b;4n + 2 + (—1)(‘1_1)/2))q4n+2+(_1)< b/

= 166> 24 (¢* )¢5 ) (™) ¥ (¢*)
3(a+b) _

Since 2% = 2 + (—1)(@=Y/2 (mod 4), substituting g with gt we get

[ee)

> (N(a,2a,b,2b;8n + 3(a + b)) — N(a,2a,b, 2b;4n + 3(a + b)/2))q"
(4.5) =0 .
= 16¢(¢")(*)(¢")e(q*) = t(a,2a,b,2b;n)q",
n=0

which yields the result in the case a = b (mod 8).
For a = 5b (mod 8) collecting the terms of the form (]&”4*2(*1)(‘1_1)/2 in (4.3) yields
g

S N(a,2a, b, 2b;8n + 4 — 2(—1) (- D/2)gsrta-2(- D

n=0

= 2¢*"0(¢")(d" )0 (d™) 0 (a"%) + 2¢* ()0 (¢')p(q" )2 (¢*)
+ 8™ () (g% ) (") (6**) + 8¢% T4 (q )b (4% ) (¢®) 1 (¢7)
+ 16¢°" T (%) (¢ v (¢*) v (¢'®).

and so

Z N(a,2a,b,2b;8n + 4 — 2(—1)(“_1)/2)(]4”*'2_(_1)@71)/2

n=0

=2¢"0(¢*)Y(*)p(a*)0(6*) + 26" (¢**) 0 (**) 0 (¢*) 10 (™)
+ 8% () (") (¢*) (") + 8¢** 20 (¢* )Y (¢"5") 0 (q™) ¥ (¢"%)
+ 1663020 (") (63 (g™ (¢™).

This together with (4.2) yields

> (N(a,2a,b,2b;8n + 4 — 2(—1)=1)/2)

n=0

4.6 a—
(+6) V(@ 20,b, 2B 4+ 2 — (—1)@ /2y o2 (-2

= 166>/ 2(g* )¢5 ) (™) ¥ (¢*)

Since M =2—(—1)(¢=D/2 (mod 4), substituting ¢ with qi in (4.6) yields (4.5). Hence
the result is true for a = 5b (mod 8). The proof is now complete.
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Theorem 4.14. Let n € N. Then
H1,1,1,6:n) = é(N(l, 1,1,6:320 4 36) ~ N(1,1,1,6;80 +9)).
Proof. By Theorem 4.11,
t(1,1,1,6;n) = %(N(l, 1,2,3;16n + 18) — N(1,1,1,6;8n + 9))
By Theorem 4.10,
N(1,1,2,3;2m + 4) = é(N(l, 1,1,6;4m +8) + 2N(1,1,1,6;m + 2)).
Thus,

N(1,1,2,3:16n + 18) = N(1,1,2,3;2(8n + 7) + 4)
1
=< (N(1, 1,1,6;32n + 36) + 2N(1,1,1,6;8n + 9)).

Now combining all the above gives the result.

Theorem 4.15. Letn € N.

(i) If 4n + 7 = 3°ny with 31 ny, then t(1,1,6,6;n) = 20(n1) + 2az4(4n + 7).

(ii) If 4n + 5 = 3Pny with 31 n1, then t(2,2,3,3;n) = 20(ny) — 2ag4(4n + 5).

Proof. By Corollary 4.3, ¢(1,1,6,6;n) = N(1,1,6,6;4n + 7) and (2,2,3,3;n) =
N(2,2,3,3;4n + 5). Now applying Lemma 2.9 yields the result.

Theorem 4.16. Suppose n € N and n + 2 = 2°7°ny with (ny,14) = 1. Then

2a+4

t(1,1,7,7;n) = o(ny) +§(al4(2n+4) —a14(4n + 8)).
Proof. By Corollary 4.4,
t(1,1,7,7;mn) = N(1,1,7,7;4n + 8) — N(1,1,7,7;2n + 4).
Now applying Lemma 2.10 we see that
H1,1,7, ;) = §(2a+3 — 3)o(ny) — §a14(4n +8)— §(2a+2 ~ 3)o(n) + §a14(2n +a),

which yields the result.

For a,b,c,d € N we search small values of a,b,c,d such that t(a,b,c,d;n) is a linear
combination of N(a,b,c,d;8n+a+b+c+d) and N(a,b,c,d;16n+2(a+b+c+d)). By
doing calculations with Maple we discover the following relations.

Theorem 4.17. Let n € N. Then

#(1,2,6,6;n) = 2N (1,2,6,6;8n + 15) — N(1,2,6,6; 16n + 30)

20



and
£(2,2,3,6:n) = 2N(2,2,3,6;8n + 13) — N(2,2,3,6; 16n + 26).
Proof. By (1.9) and (1.11),

D N(1,2,6,6:n)q" = o(q)p(q*)e(q°)?

n=>0

= (p(q"%) + 24" (¢**) + 2q¥(¢*)) (0(d®) + 2¢°¥(q"%))
% (80((]24)2 +4q12¢<q48)2 +4q6¢(q24)2)

= (2(g®)9(q"%) + 2q90(¢*)¥(¢®) + 26°(q")(q"%) + 4¢°¢(¢*) ¥ (") + 24 (¢®)(¢°)
+4¢%9 (0" (d%)) x (0(6**)* + 4420 (¢*)? + 4¢°¢(¢**)?).

Collecting the terms of the form ¢®"*7 yields

D ON(1,2,6,6;8n+ 7)¢* T = 16¢"0(¢*)1(¢"%)(q™)* + 84" o(¢®) v (¢°) b (¢**)?
n=0

and so

D UN(1,2,6,6;8n + 7)g" = 16q0(a)v(¢°)1(¢%)* + 8¢p(a)1(a)1b(a*)*.
n=0

If 16n + 30 = 22 + 2y? + 622 + 6w? for x,y,z,w € Z, then 2 | x and so 16n + 30 =
422 + 2% + 622 4 6w? for some x,y, z,w € Z. That is, 8n + 15 = 222 + y? + 322 + 3w? for
some x,y, z,w € Z. Hence

N(1,2,6,6;16n + 30) = N(1,2,3,3;8n + 15).
By (1.11),

> N(1,2,3,3;n)q" = o(q)e(q*)e(q”)?

n=0
= (p(q"%) + 2¢"0(¢*®) + 2q9(¢%)) (0(d®) + 2°0(¢"%)) (2(a"®) + 2¢"%1(¢”) + 2¢°1(¢*))?
= (2(¢®)e(q"®) + 2q0(a*) ¥ (¢°) + 2¢°0(q")b(¢"%) + 46° P (¢*)¥ (") + 2¢* () (¢*)

+ 4% (¢")0(6%%)) % (p(¢*)* + 46* ¢ (¢”°)* + 4¢°¢(¢**)?

+4¢20(q") Y (q°%) + 46° (") () + 8¢ (¢* )1 (¢”)).

Collecting the terms of the form ¢®"*7 yields

o
Z N(1,2,3,3;8n + 7)¢*" 7

n=0

= 8¢"p(q*)¥(d®)¥(a®*)? + 16¢"59(d*) ¥ (¢") p(¢**) v (¢*
+8¢"0(¢*) (@) (") (a®*) + 84" 0 (¢®)p(a' ) (¢*!) v (¢”)

and so

oo
Z N(1,2,3,3;8n + 7)¢"
n=0
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= 80(q)¥(q)¥(q*)? + 16¢¥(q)¥(¢*) o (¢°) ¥ (¢'?)
+ 80(a) ¥ (q")e(a®)¥(¢?) + 8ap(@)e(a®) v () v (q"?).

Now applying (1.7) and (1.10) we see that

oo
Z N(1,2,3,3;8n + 7)¢"
n=0

= 8p(q)v(q)¥(q*)* + 16q¥ () (g*)1 (%) + 8¢(q) v (a®) () ¥ (¢*)
= 160(q)v(9)(¢*)* + 16q1(q)yb () (¢°)*.

Hence

[o@)
Z(QN(L 2,6,6;8n+7) — N(1,2,3,3;80+7))¢"
n=0

= 32q¢(q)¥(q*)(¢°)* + 160(q) v (q)v(¢°)* — 160(q)1b(q)1(¢*)* — 16qv(q)v (q*)1b(q°)?

o0

= 16g0(q)(¢))¥(d°)* = D #(1,2,6,6;n)¢" .

n=0

Comparing the coefficients of ¢"*! on both sides yields

t(1,2,6,6;n) = 2N(1,2,6,6;8n + 15) — N(1,2,3,3; 8n + 15)
= 2N(1,2,6,6;8n + 15) — N(1,2,6,6; 16n + 30).

The remaining part can be proved similarly.

For a,b,c,d € N with a + b+ c+ d = 0 (mod 2) we search small values of a,b,c,d
such that t(a,b,c,d;n) is a linear combination of N(a,b,c,d;8n 4+ a + b+ ¢ + d) and
N(a,b,c,d;4n + (a + b+ ¢ + d)/2). With the help of Maple, we discover the following
result.

Theorem 4.18. Let n € N. Then
t(1,1,1,7;n) = AN(1,1,1,7;4n +5) — 2N(1,1,1,7; 8n + 10)
and
t(1,7,7,7;n) =4AN(1,7,7,7;4n 4+ 11) — 2N(1,7,7,7; 8n + 22).
Proof. By Lemma 2.7 and (1.11),

D> ON(1L,1,1,70)¢" = (g)’e(q)

n=0
= (0(q"%)® + 64" 0(q"%) ¥ (¢**) + 12¢°0(¢") ¥ (¢**)* + 8¢"*1(¢*)?
+6q9(¢)*0(q®) + 24¢°¥ () ¥ (¢"%)% + 12¢%¢(¢') ¥ (¢®)?
+24¢%(¢*)* 0 (¢*?) + 8¢*(¢*)?)
x (p(q"?) + 2¢"0(q°%) + 2¢% ¥ (¢***)).
Thus,

(o]
> ON(1,1,1,7;8n + 2)¢"
n=0
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= 12¢%0(¢"%)¥(¢*) %0 (¢"?) + 166" % (¢®)*¥(d°®) + 48¢* ¢ (¢®)* ¥ (¢*) 1 (¢***)

and so

oo
> ON(1,1,1,7;8n + 2)¢"

n=0
= 12¢(¢*)¥(q)*e(q™) + 16g1(¢)*¥(q") + 48¢ ¥ (q)*(¢*) ¥ (¢*®).

On the other hand, using [11, Lemma 2.2] we see that

> N(1,1,1,Tn)" = (9)*e(q")
n=0

= (0(g")® + 6q0(¢ ) (a")? + 12¢*0(¢")*¥(d®) + 8¢*1(¢®)*) (0 (¢*®) + 247 ¥ (¢°%)).
Thus,

Y ON(LL 1, Ti4n + 1) = 6q0(a)¥(a*) () + 24470 (a*) 0 (¢%)1 (4°°)
n=0

and so

> ON(L L1740+ 1)g" = 60(9)v(9)°e(q") + 246°¢(q) ¢ (q*) (")
n=0
Now from the above and Lemma 2.8 we get

o0
> (2N(1,1,1,7;4n 4 1) = N(1,1,1,7;8n + 2))q"

n=0

= ¥(q)*(12¢(q)¢(q") + 48¢*¢(¢*) b (g™
— 12¢(q%)p(q*) — 48¢™)(g*)¥(¢*®) — 16gy(q)¥(q7))

1 o0

=8¢0 (0)*(q") = 5 Y _t(L, 1,1, 7)™t

n=0

Therefore t(1,1,1,7;n) = 4N(1,1,1,7;4n + 5) — 2N(1,1,1,7;8n + 10). The remaining

part of the theorem can be proved similarly.

For1<a<3 a<b<9 b<ec<20and c <d < 30 we search the values of
a, b, c,d such that t(a,b,c,d;n) is a linear combination of N(a,b,c,d;8n + a + b+ ¢+ d)
and N(a,b,c,d;32n + 4(a+ b+ c+ d)). By doing calculations with Maple, we pose the

following two conjectures.
Conjecture 4.1. Let n € N. Then

H(1,1,1,7:n) = - (N(1, 1,1,7:16n + 20) — N(1,1,1,7;4n + 5))

DN W =

_z (N(1, 1,1,7;32n + 40) — 2N(1,1,1,7; 8n + 10))

N

and

t(1,7,7,7;n) = = (N(1,7,7,7; 16n + 44) — N(1,7,7,7;4n + 11))

W =
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P
= =(N(L,7,7,7:32n + 88) — 2N(1,7,7, 7:8n + 22)).

Conjecture 4.2. Letn € N. If(a,b,¢,d) = (1,1,6,9),(1,3,3,6),(1,6,9,9),(2,3,3,3),
then

t(a,b,c,d;n) = é(N(a,b,c,d;4(8n+a—l—b+c+d)) — N(a,b,c,d;8n+a+b+c+d)).
By calculations with Maple, the relation
t(a,b,c,d;n) = %(N(a,b,c,d;4(8n+a+b—|—c+d)) — N(a,b,c,d;8n+a+b+c+d))
holds for

(a,b,c,d) =(1,1,1,2), (1,1,1,3),(1,1,1,4),(1,1,1,5), (1,1,1,6), (1,1,2,2),(1,1,2,3),
(1,1,2,4),(1,1,3,3),(1,1,3,9), (1,1,6,9), (1,2,2,2),(1,2,2,3), (1,3,3,3),
(1,3,3,6),(1,3,6,6),(1,3,9,9), (1,6,9,9), (2,3, 3, 3).
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